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Abstract

We study notions of absolute continuity for functions defined on R™
similar to the notion of a-absolute continuity in the sense of Bongiorno.
We confirm a conjecture of Maly that 1-absolutely continuous functions
do not need to be differentiable a.e., and we show several other patholog-
ical examples of functions in this class. We establish some containment
relations of the class 1-ACwpn~ which consits of all functions in 1-AC
which are in the Sobolev space Wllo’f, are differentiable a.e. and satisfy
the Luzin (N) property, with previously studied classes of absolutely
continuous functions.

1 Introduction

The classical Vitali’s definition says that when 2 C R, a function f: Q2 — R
is absolutely continuous if for all € > 0, there exists § > 0 so that for every finite
collection of disjoint intervals {[a;, b;]}¥_; C Q we have (below £" denotes the
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Lebesgue measure on R™)

k

k
> Llaibi] <6 = Z |f(a:) — f(bi)] < e (1.1)

i=1

The study of the space of absolutely continuous functions on [0, 1] and their
generalizations to domains in R is connected to the problem of finding regular
subclasses of Sobolev spaces which goes back to Cesari and Calderén [11, 9].
On the other hand, the Banach space of generalized absolutely continuous
functions on [0,1] is closely related to the famous James space, and it is an
example of a separable space not containing ¢; but with a non-separable dual
[22, 21]. Moreover it has a very rich subspace structure [1, 2], but several
questions about the Banach space structure of this space remain open, see [1].

There are several natural ways of generalizing the definition of absolute
continuity for functions of several variables (cf. [12, 20, 28, 34, 1]).

One approach is to replace the intervals in the antecedent of (1.1) by
balls in R™ and differences in the conclusion of (1.1) by oscillations of f on
the images of balls from (1.1). This approach goes back to Banach, Vitali
and Tonelli [5, 31, 30] (cf. [20]). More recently Maly [26] suggested another
fruitful approach which is to replace the intervals in the antecedent of (1.1) by
balls of a selected norm in R™ and replace sums in the conclusion of (1.1) by
sums of oscillations raised to the power equal to the dimension of the domain
space. This generalized notion gives functions in the Sobolev space VVliC"(Q),
when €2 C R™, and it has been extensively studied by Maly, Csornyei, Hencl
and Bongiorno [13, 17, 18, 19, 8]. Csornyei [13] proved that this notion does
depend on the shape of the balls substituted for intervals in (1.1). Thus the
incomparable classes Q-AC and B-AC are defined where cubes (i.e. balls in
the ¢2 -norm) or Euclidean balls are used, respectively. Hencl [17] introduced a
shape-independent class ACy (see Definition 2.2) which contains both classes
Q-AC and B-AC and so that ACy is contained in the Sobolev space VVllof
and that all functions in ACy are differentiable a.e. and satisfy the Luzin (N)
property and the change of variable formula.

Bongiorno [6] introduced another generalization of Vitali’s classical def-
inition for functions of several variables, which is simultaneously similar to
Arzeld’s notion of bounded variation for functions on R?, cf. [12], and to
Maly’s definition [26].

Definition 1.1. (Bongiorno [6]) Let 0 < o < 1. A function f : Q — Rl
where  C R™ is open, is said to be a-absolutely continuous (denoted
a-AC™ (Q,RY) or a-AC) if for all e > 0, there exists § > 0, such that for any
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finite collection of disjoint a-reqular intervals {[a;, b;] C Q}F_, we have
k k
Zﬁn([ambi]) <5:>Z|f(ai)_f(bi)‘n <e. (1.2)
i=1 i=1
Here, for a € R, |a| denotes the Euclidean norm of a, and, given o € (0, 1],
we say that an interval
[a,b] = {x = (z,)"_, €R" a, <z, <b,,v=1,....,n}
is a-regular if

L"([a, b])
(max, |a, — by|)" 2 o

Note that the class of 1-regular intervals is precisely the class of cubes with
sides parallel to the co-ordinate axes.
Bongiorno [6] showed that for all 0 < a < 1,

Q-AC™(Q,RY) € a-AC™ (Q,RY) € ACT(Q,RY).

In 2012, Maly [24] asked us about the properties of absolutely continuous
functions in a sense similar to Definition 1.1, but without restriction to a-
regular intervals for a specified 0 < a < 1. This question led us to the
following definitions:

Definition 1.2. We say that a function f : @ — R (Q C R” open) is O-
absolutely continuous, denoted 0-AC™ (Q,RY) or 0-AC, (resp. strongly
0-absolutely continuous, denoted strong-0-AC™ (Q, R or strong-0-AC') if for
every € > 0, there exists § > 0, such that for any finite collection of disjoint
arbitrary intervals {[a;, b;] C Q}E_| we have

k k
> lai—bi" <= > |f(a) — f(bi)|" <, (1.3)
=1 1=1
respectively,
k k
> L'(anb]) <6= > |f(ai) = f(b)]" <e. (1.4)
=1 i=1

Note that the antecedent of implication (1.3) is equivalent to the antecedent
of (1.2), since intervals in (1.2) are a-regular for a fixed o € (0,1], so the
notion of the a-absolute continuity is naturally extended by the notion of the
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0-absolute continuity, despite the visual similarity of the conditions (1.2) and
(1.4). In fact, the antecedent of (1.4) is much weaker than that of (1.2), since
there is no assumption of a-regularity of intervals.
We show that, when n > 2, the condition (1.4) characterizes constant func-
tions, and (1.3) characterizes functions that are locally L-Lipschitz (Section 3).
The main goal of this paper is to study an analog of Bongiorno’s notion
for a = 1.

Definition 1.3. We say that a function f : @ — R (Q C R" open) is 1-
absolutely continuous, denoted 1-AC™) (Q,RY) or 1-AC, if for every e > 0,
there exists > 0, such that for any finite collection of disjoint 1-regular
intervals {[a;, b;] C Q}r_, we have

k k
> L(jag b)) <= |f(ai) — f(bi)|" <e.
i=1

i=1

We show that the class 1-AC' is not contained in ACH. We show that,
similarly as the Sobolev space W™ (Q), when Q C R"™ and n > 1, cf. [15, 25],
the class 1-AC contains functions with pathological properties such as:

(i) bounded but nowhere continuous,
(ii) continuous but nowhere differentiable,
(iii) differentiable a.e. but without the Luzin (N) property.

However we prove that every function in 1-AC has a directional derivative
in the direction (1,...,1) at a.e. point of the domain (Theorem 5.8).

Moreover the class 1-AC' is useful for the study of the Bongiorno’s classes
a-AC. Namely, in [29] it is proved that

Theorem 1.4. (/29, Theorem 3.2]) For all 0 < a < 1,
a-AC = 1-ACN ACH.

We finish the paper by showing where the class 1-ACwpn, (consisting of
all functions in 1-AC' which are in the Sobolev space Wll’" are differentiable

oc?

a.e. and satisfy the Luzin (N) property) fits in the hierarchy of previously
studied classes. Namely we prove that (Theorem 5.9):

Q-AC C a-AC = 1-ACwpN N ACH C 1-ACwpN
g 1'AOWDN U ACH g hIl span(l-ACWDN U ACH) g 1-146’[{\]\/]:)1\]7

1-ACpn \ ACy # 0,
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where 1-AChxwpn denotes the set of functions in 1-ACyH (see Defnition 4.1
and Remark 4.3) which are in the Sobolev space VVllof7 are differentiable a.e.,
and satisfy the Luzin (N) property. We pose some open questions.

On the other hand, we observe that a small adjustment of the function

constructed by Csornyei in [13, Theorem 2] (see (5.12) below) shows that

I—ACWDN \ B-AC 7& @, and B-AC \ 1—AOWDN 7é @

2 Preliminaries

Let Co(R™,R!) denote the set of all continuous functions f : R* — R! with
compact support. For f € Co(R™,R!), and a measurable set A C R", let
osc(f, A) denote the oscillation of f on A, i.e.

osc(f, A) = diamf(A).

Let Ko C R™ be a fixed symmetric closed convex set with non-empty interior,
and let /C denote the set of all balls of R™ in the norm defined by set K, i.e.,

K={a+rKy:aeR" r>0}

Definition 2.1. (Csdrnyei [13]) We say that a function f € Co(R™,R!) is
absolutely continuous with respect to K (denoted f € K-AC) if for
every € > 0, there exists § > 0 such that for every finite collection of disjoint
sets {K;}F_, C K,

k

k
Zﬁ"(Ki) <0= Zosc”(f, K;) <e.

i=1 i=1

Maly [26] considered functions absolutely continuous with respect to the
family B of Euclidean balls in R™ and showed that all functions in B-AC are
differentiable a.e. and satisfy the change of variables formula, similarly as
functions in Q-AC, where Q denotes the family of cubes, i.e. balls in the £72 -
norm. Csornyei [13] and Hencl and Maly [19] showed that the classes B-AC
and Q-AC are incomparable.

In 2002, Hencl [17] introduced the following shape-independent class of
absolutely continuous functions which contains both classes Q-AC and B-AC.

Definition 2.2. (Hencl [17]) We say that a function f : Q — Rl (Q C R®
open) is in AC'J(L?)(Q, RY) (briefly ACy ) if there exists X € (0,1) (equivalently,
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for all X\ € (0,1)) so that for all € > 0, there exists & > 0 so that for any finite
collection of disjoint closed balls { B(x;, ;) C Q}F_,

k

k
ZE"(B(xi,ri)) <i= Zosc”(f,B(xi,)\m)) <e.

i=1 =1

Hencl [17] proved that ACy C VVllof and that all functions in AC'y are dif-
ferentiable a.e. and satisfy the Luzin (N) property and the change of variables
formula.

3 Classes 0-AC and strong-0-AC

The main result of this section is the following.

Theorem 3.1. Let n > 2, Q C R™ be open and connected, and f : Q — R,
Then:

(a) f € strong-0-AC' if and only if f is constant on €,

(b) f € 0-AC if and only if f is locally L-Lipschitz on Q, i.e. there exists
L > 0 so that for all a € §, there exists an open neighborhood U, of a
so that f is Lipschitz with constant L on U,.

Remark 3.2. It is well known that if a function f is locally L-Lipschitz on
a quasiconvex set 2, then f is Lipschitz on 2. Recall that a set  is called
quasiconvex if there exists C > 0, so that every pair of points a,b € ) can
be joined by a curve v in £ such that length(y) < Cla — b|, where by the
length of a curve we mean as usual the quantity,

N-1
length(v) = sup Z Iy(tis1) — ()],
i=0

where the supremum is taken over all partitions 0 =t < t; < --- <ty =1
for a curve 7y : [0,1] — Q.

For a simple example of a function f : Q@ — R? which is locally 1-Lipschitz
on Q C R?, and thus it is in 0-AC(®(Q,R), but is not Lipschitz on , take Q
to be the “slit plane” Q = {(r,0) : 0 < r < oo, —7 < § < 7} C R?, in polar
coordinates, and put f(r,0) = (r,0/2).

PROOF. (a) It is enough to show that every strong-0-AC™ (Q, R!) function f
is constant. Clearly, if f € strong-0-AC(™ (€, R!) then f is continuous on .
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Since (2 is open and connected, it is enough to show that for every a € Q there
exists r > 0 such that B(a,r) C 2 and

Vb e B(a,r), f(b)= f(a). (3.1)

To see this, fix e > 0 and b € B(a,r). For each j =0,1,...,n, put

), = (b i<
ai, if i > j.

Then ¢(® = a, ¢(™ = b, for each 0 < j < n, ¢¥) € B(a,r), and cV) and
¢+ differ only on the (j + 1)-th coordinate. Since f is continuous, there
exists d; > 0, such that for all 0 < j < n and all x with |x — c(j)| < §; we

have x € B(a,r), and
€

W) - o 3.2
7e) = F()] < o (3:2)
To create non-degenerate intervals of small measure, for ¢ > 0, we put
)= {00 g, =
(cW); +tsgn((cW)); — (c9));), ifi# .

Then, for j =1,...,n,
X () — 9| =vn—1t, (3.3)

and £7([x),c=D] = t"L|a; — b;|. By (1.4), there exists d> > 0, such that
if t”_1|aj - bjl < Ty < 02, then

D) = pxD @) < (o) (3.4)
Let 6 = min(6y/v/n — 1, (02/r)Y/ 1) and 0 < t < 6. Then, by (3.2),
(3.3) and (3.4), we have

1) = F(57D)] < [£(e) = (1) + £ (1) = F(eU V)
<fiif-f

Thus

|ﬂ®—f®ﬂ§§:u@®)—ﬂ&fﬂﬂ<n%:a
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Since € > 0 is arbitrary, this proves (3.1), and ends the proof of part (a).

(b) To see that locally L-Lipschitz functions are 0-absolutely continuous,
suppose that f : Q — R! is locally L-Lipschitz for some L > 0. Then, by
compactness, for any interval [a, b] C Q there exists a finite set {¢;}}¥., C [0,1]
so that 0 = t; < --- < t§y = 1 and f is L-Lipschitz on each subinterval
{a+t(b—a):te[t;tit+1]}. Thus

[f(a) = f(b)| < > |f(a+titi(b—a)) — fla+ti(b—a))
=1 (3.5)
<D Ll@+tii(b—a)) ~ (a+hi(b—a))] = Lla~b|

By (3.5), for any € > 0, and for any finite collection of non-overlapping

arbitrary intervals {[a;, b;] C Q}F_, with Zle la; — by|" < 0 = £, we have

k k

> IF(a) = f(b)[" < DL —bif" < L' =,
i=1 =1

which completes the proof.

The proof in the other direction is smilar. Let 6 > 0 be such that (1.3) is
satisfied with ¢ = 1. Let a € Q and r > 0 be such that B(a,nr) C Q. For
any b € B(a,r), let kK € N be such that §/2 < |a — b|"/k"~! < §. We split
the interval [a, b] into k subintervals of equal length, i.e. for i = 0,...,k we
define points a; = a + i(b — a). Then, for each 4, [a;_; — a;] C B(a,nr), and

: w_p(poalyr
;\ai—ai,ﬂ = ( 2 ) < 0.

Thus, by (1.3), the Jensen’s inequality, and the definition of k, we have

k
[f(b) = f(a)|" < k"1 |f(ai) = flaia)|" < k" < %Ib —al".
i=1

4 The Hencl type extension of the class 1-AC

We give an analog of Definition 2.2, and we prove that, similarly as for other
classes of absolutely continuous functions, the classes 1-AC'’\ do not depend
on A when 0 < A < 1.
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Following [7], we use the following notation: given an interval [x,y] and
0 < XA < 1, we denote |f([x,y])| = |f(y) — f(X)|, and by *[x,y] we mean the
interval with center (x +y)/2 and sides of length A(y, —z,),v=1,...,n.

Definition 4.1. (cf. [7]) Let a € (0,1] and A € (0,1). A function f: Q — R
(Q C R™ open) is said to be in a—AC’;n)(Q,Rl) (briefly a-AC)) if for each
e > 0, there exists § > 0 such that for any finite collection of disjoint -
regular intervals {[a;, b;] C Q}%_ we have

k k
ZE”([ai,bi]) <6:>Z|f(’\[ai,bi})|" <e. (4.1)

Bongiorno [7] proved that for all @ < 1, the class a-AC) is independent of
A. We prove the same result for 1-AC).

Theorem 4.2. Let 0 < A\ < Ay < 1. Then
1-ACY (Q,R) = 1-ACY (Q,RY).

Proor. Clearly, 1-AC), C 1-AC),. For the other direction, suppose f €
1-AC,, and € > 0. Fix p € N such that p > m, and let § > 0 be such
that (4.1) holds with ¢/p™.

Let {[a;, b;] C Q} be a finite family of disjoint 1-regular intervals such that
>, L£"([ai, by]) < 8, and denote *2[a;, b;] = [c;,d;]. Then

p—1 . .
(di —ci)j (di —ci))(i+1)

£l D)l = 1 ([es dil)] < 3 1F([e: + cit DI

prd p p
Thus there exists jo € {0,...,p — 1} such that for

— d; —c;)j d; —c;)(jo+1
@, b;] = A1 [Ci + (di CL)jO,Ci n (di — ;) (jo + )]7
p p
we have -
£ (*2[ai, b)) < plf (M [@0, b)) (4.2)

Since p > =54y, the intervals [a;,b;] C [a;,b;] and thus are disjoint, and

>\ )
> LM([ag, b)) < Z L™([a;,b;]) < §. Thus, by the choice of § and (4.2), w
get

S lan bl <9 3O B <7 =

i
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Remark 4.3. By Theorem 4.2, in analogy with Definition 2.2 and [7], we will
write 1-ACy and 1-ACU7 (Q,RY), instead of 1-ACy and 1-AC{™ (Q,RY).

Corollary 4.4.
ACTY(Q,RY) C 1-ACTY (Q,RY).

PRrROOF. By the definition of the a-regularity of intervals, if & < 1 then
a-ACy C 1-ACy. Bongiorno [7] proved that for all « < 1, a-ACy = ACH.
Thus ACH g ].—ACH O]

Remark 4.5. It follows directly from the definitions that 1-AC C 1-ACy.
We will prove in the next section that 1-ACy \ ACy 2 1-AC'\ ACy # 0, and
that ACy \ 1-AC # 0, see Theorem 5.9.

5 Class 1-AC

To simplify notation, the results of this section, except Theorem 5.8, are stated
for functions defined on subsets of R? with range in R. However they can be
easily generalized to functions from Q C R” to R! for any n > 2,1 € N.

For d € (0,00) let S; C R? denote the open square with vertices (2d,0),
(0,42d); and for d = oo we set Sy = S, = R%2. Let d € (0,00]. First we
restrict our attention to measurable functions f : Sy — R with separated
variables in the sense that there exist functions h, g : (—d,d) — R so that for
all s,t € (—d, d),

f(sx1 +tx2) = h(s)g(t), (5.1)

where x; = (—1,1),x2 = (1, 1), or, equivalently, for all (z,y) € Sq,

o) = n(* 7)o ()

Theorem 5.1. Let d € (0,00] and f : Sq — R be a measurable function that
satisfies (5.1). Then

(a) if g is constant and h is any measurable function, then f € 1-AC?(S4, R).
(b) if h is bounded and g is Lipschitz, then f € 1-AC?(Sq,R).

(c) If f € 1-AC%(S4,R), f # 0 a.e., and supp(g) C (—d,d), then g is 1-
Holder.

PROOF OF THEOREM 5.1. (a) Since f is constant on segments of slope 1,
for any l-regular interval [a,b] C S; we have |f(a) — f(b)|? = 0. Thus
[ € 1-AC?(S4,R).
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(b) Let M € R be a bound of h(s) and L > 0 be a Lipschitz constant for
g(t). Then for all s,t1,t3 € (—d, d) we have

|f(sx1 +ti1x2) — f(sx1 +tax2)| = [h(s)| - [g(t1) — g(t2)| < ML|t1 —ta]. (5.2)

Let € > 0. Put § = 5575 Let {[a;,b;] C Sq}¥_; be any finite collection
of disjoint 1-regular intervals with Zf L?%([a;,b;]) < §. By l-regularity of
intervals [a;, b;], there exist s;,t;1,t,2 € (—d,d) so that a; = s;x1 + t;1Xo,
b; = s;x1 + t; 2% and L£3([a;, b;] = |t;1 — t;2|?. Thus, by (5.2), we have

k

k
D I (as) = f(i)]* < Z(ML|ti,1 —ti2])?

i=1

k
=M°L*>  L%([ai,b]) < MPL? -6 =e.
=1

So f € 1-AC?(S4,R).

(¢) Since f is measurable and f # 0 a.e., there exists ¢ > 0 and a set
A C R of positive measure so that |h(s)| > ¢ for all s € A. Fix A € (0,1),
and let § > 0 be such that (4.1) is satisfied for ¢ = 1. Let ¢ > 0 be such
that supp(g) C [~d + o,d — 0], and fix n < min{d, £L!(A),1,20}. For any
t,t’ € supp(g) with [t —¢'| < A, there exists k € N, so that

klt —t'| << (k+1)t—1t] (5.3)
B
g(t)
A
O—Z‘
h(s)

Since n < L1(A), there exist {s;}¥_, C A so such that |s; — s;| > n/k for
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all i # j. Put
t+t 1)t -t
s+ (535
(5.4)
b — sx +(t+t’ 1|1€—t’|)X
i — SiX1 2 B\ 9 2-

Then for alli = 1,...,k, {[a;, b;]}}_, is a 1-regular interval with the side of
length [t —t'|/A < n/k < |s; — s;|. Thus intervals {[a;, b;]}}_, are disjoint and
Zle LQ[ai,bi] = k(%|t—t/|)2 < % < 4, and A[ai,bi] = [SiX1+tX2, Sixl—i—t/Xz],
for all i. for all 4. Since t,t’ € supp(g) and |t — ¢'| < A\np < Ao, each [a;,b;] is
contained in Sg. Thus, by (4.1), we have

k
1> Z | (si%1 + txg) — f(si%1 + 'x2)[?

:1
= 3" (s Plott) — o0

> ke?|g(t) — g(t")]*.
By (5.3) we get

2 < 2
k+1) — 2\

1
l9(t) = g(t))* < 5 < 2 t—t|.

Thus g is 2-Holder for all ¢t,t’ € (—d,d) with |t —t| < An. Since g is uniformly

continuous, it is also %-Hélder for distances larger than An. O

Remark 5.2. It is possible to supplement part (c), by stating that when
f € 1-AC%(S4,R), f # 0 a.e., and supp(g) S (—d, d), then g is in the class V?2
of generalized absolutely continuous functions, based on the 2nd power total
variation of functions on R introduced by Wiener [32] and Young [33]. For any
p > 1, the class VP, is defined in [23] as the class of functions g : (a,b) — R,
(here (a,b) C R) such that for every ¢ > 0, there exists ¢ > 0 such that for all
finite sets of disjoint intervals (¢,,t,) C (a,b)

k 1 k 1
(St -tr) <6 = (Xlott) —g@)lP)" <= (55)
v=1 v=1

Indeed, we can proceed in a way analogous to the proof of part (c), and
define points a; ., b;,,, so that for all ¢, v the intervals [a; ,, b; ] C Sy are dis-
joint and *[aw, b; ] = [six1 +1t,X2, ;X1 +1,,%2]. Then the same computation
as in part (c) shows that g satisfies (5.5) with p = 2.
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Love [23, Theorems 2 and 4] proved that a measurable function f is in the
class VP if and only if

lim V,(f(zx+h)— f(z);a<x<b—h)=0, (5.6)
h—0+
where V,(f(z);a < < b) denotes the Wiener-Young p-th power generaliza-
tion of total variation, defined by

k

Vo(f(z)ia <z <b)= sup{(2|f(éri) - f(x¢—1)|p)%}a

i=1

where the supremum is taken over all finite partitions of (a,b).

We note, that the condition (5.6) is similar, but not the same as the classical
characterization of functions in the Sobolev space WP through the p-th power
estimate of the L,-modulus of continuity of f, i.e. if f € L,, then f € WP
iff there exists M > 0 so that for all § > 0,

WP (5, f) = sup / Fa+€) — f(o)Pde < Mo»,
[£]<6 J (a,b)

It would be interesting to determine whether there are some conditions on
the function & in (5.1), so that if f € 1-AC? then g € W12, and some, possibly
different, mild conditions on h, so that if g € W2 then f € 1-AC?.

On the other hand, it also would be interesting to determine if f € 1-AC?
provided that A is measurable, and bounded, and ¢ is any function in V2.

Remark 5.3. Since a-AC C 1-AC, 1-AC and 1-ACy also contain functions
which do not satisfy (5.1). We do not know whether, in general, fs(t) L
f(sx1 + tx2) is 1-Holder whenever f € 1-AC%(Sq4,R) and s € (—d,d). How-
ever, in Theorem 5.8 below, we prove that for a.e. s in the domain, fy is
differentiable a.e.

Using Theorem 5.1(c) we can obtain examples of functions with “nice”
properties, but not in 1-ACy. In particular we have:

Corollary 5.4. There exists a function differentiable everywhere which does
not belong to 1-AC.

PROOF. It is enough to take a function satisfying (5.1) with h constant and
g differentiable but not %—Hélder, e.g. g(t) =t*sin1/t*. O

On the other hand, using Theorem 5.1(a) and (b) with g constant or Lips-
chitz and appropriately chosen h, we can construct functions in 1-AC?%(R?,R)
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with various pathological properties. We note that to obtain examples that
do not separate variables in the sense of (5.1), it is enough to use a sum of
described examples and any function in 1-AC. Thus we obtain:

Corollary 5.5. There exist examples of functions f in 1-AC such that
(a) f is bounded and nowhere continuous;

(b) f is continuous, but nowhere differentiable in any direction other than
v={(1,1).

PROOF. The proofs rely on Theorem 5.1. For (a), take g constant and h
discontinuous at every point of (—d, d). For (b) take g : (—1,1) — R defined by
g(t) = 1—]t|, and let h : (—1,1) — R be any continuous, nowhere differentiable
function. It is easy to see that f is not differentiable at any point p = spx1 +
toxz € supp f in any direction v = v1xX; +vaXg other than xo = (1,1). Indeed,
we have

h(so + Av1)g(to + Avz) — h(sg)g(to)

e ) = )y
_ i (= (o + Ava[)h(so + Avs) — (1 — [to]) h(s0)
A—0 A
1 h(so + A1) — h(so)] _ ..
= )1\1_%(1 — |t0|)[ N :| + )I\ILI%) UQh(S() + )\’Ul)
T h(SO + >\'U1) - h(SO)
— lim (1~ [to])| . | # vh(so).

Since v; # 0 and h is nowhere differentiable, limy_,q w does not

exist anywhere. Therefore Dy f does not exist at any p € supp f. O

Next we show that there exists a function f € 1-AC so that f is differen-
tiable almost everywhere, but f does not satisfy the Luzin (V) property.

Recall that a function f : R™ — R! is said to satisfy the Luzin (N) property
if H*(f(F)) = 0 whenever E C R™ and L"(E) = 0, where I > n and H"
denotes the n-dimensional Hausdorff measure on R', see e.g. [34].

It is known that all absolutely continuous functions on R and all functions
in ACy satisfy the Luzin (N) property. However, when n > 1, we have the
following:

Theorem 5.6. Suppose n > 1 and | > 1 are integers. Then there exists an
almost everywhere differentiable function f in 1-AC(R™,R!) and a set U C R"
with L(U) =0 and L(f(U)) > 0.
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Remark 5.7. Note that when [ > n, any subset of R! with positive I-dimensio-
nal Lebesgue measure, has positive n-dimensional Hausdorff measure. In fact,
if [ > n, the n-dimensional Hausdorff measure of such a set is necessarily
infinite. Hence, Theorem 5.6 shows that functions in the class 1-ACp(R", R!)
(that consists of all almost eveywhere differentiable functions in 1-AC(R"™, R!))
may be severely expanding; when [ > n, the conclusion of Theorem 5.6 is
stronger than the assertion that f does not have the Luzin (N) property.

PROOF OF THEOREM 5.6. Let ¢ : R — [0, 1] be an extension of the Cantor
function (see [10], [14]) on [0,1] such that ¢ is constant on R\ [0,1]. Let C
denote the standard ternary Cantor set. Recall that ¢(C) = [0,1] and ¢ is
constant on each connected component of [0, 1]\ C. Hence, ¢ is differentiable
with derivative zero almost everywhere.

Let p : [0,1] — R!'~! denote a space filling curve with £!=1(p([0,1])) > 0,
(see [3]). Note that the function po ¢ : [0,1] — RI=! is differentiable with
derivative zero almost everywhere.

Let x1,...,%X, be an orthonormal basis of R" so that x,, = (1/v/n)(e1 +
...+ e,). Define a set U C R™ by

U:{t1X1+...+tnxn2tlec,tg...7tn€R}.

We note that U has Lebesgue measure zero, since it is an isomorphic image of
C xR 1. Let f:R™ — R! be the function defined by

f(t1x1 =+ ... +tnxn) = {(pO(P(tl)>t2) if I > 1.

Then

~ 10,1] ifl=1,
1) = {p([O, 1) xR ifl>1.

Hence, L!(f(U)) > 0, and f does not have the Luzin (N) property. Further,
note that f is differentiable almost everywhere.

It only remains to verify that f € 1-AC(R™,R!). One can check that
each component of the function f has the form given by the generalization of
Theorem 5.1(b) (for R™ rather than R?). By an adaptation of the proof of
Theorem 5.1(b), we get that f € 1-AC(R",R!). O

The next theorem contains a positive result about properties of functions
in I—ACH.

Theorem 5.8. Every function f € 1—AC$)(R",RZ) is differentiable a.e. in
the direction e; +es + -+ -+ e,.
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ProoOF. Letn > 1, x, =e;+e3+---+e, and choose vectors X1,...,X,_1 €
R"™ so that x1,...,X, is an orthogonal basis. In what follows we will identify
R™! with the n — 1 dimensional subspace of R" spanned by x1,...,X,_1 via

the correspondence s <> s;x7 + ...+ $,_1X,_1. For u € R"”, we define a
function f, : R — R! by fu(t) = f(u+ tx,). Moreover, given a point t; € R
and a function ¢ : R — R! we define

Lip(g, tp) = limsup 7|g(t) — 9(to)| .

5.7
t—to |t — tol (5:1)

We will show that the set
E:={ueR": Lip(fy,0) = cc}

has n-dimensional Lebesgue measure zero.

We claim that this suffices: Indeed, if F has measure zero then, using
Fubini’s Theorem, we get that for almost every s € R" ™! Lip(fsi4x, ,0) < 00
for almost every ¢ € R. Observe that Lip(fs,t) = Lip(fsttx,,0) for all s €
R~ and t € R. It follows that Lip(fs,t) < oo for almost every s € R"~! and
almost every ¢t € R. Now, applying the Stepanov Theorem [4], we conclude
that for almost every s € R"~!, fs is differentiable almost everywhere (in
R). Clearly f is differentiable at s + tx,, in the direction x, if and only if
fs is differentiable at t. Hence f is differentiable in the direction x,, almost
everywhere.

We now prove that E has measure zero. Choose > 0 such that

" (Jag, by]) < 8 = Z ]f(a’“zi?’b’“) —f(@)‘n <1, (5.8)

Mz

k=1

whenever {[ay,bi|}_, is a finite collection of disjoint, 1-regular intervals in
R™. Let {A4,,}5_; be a countable collection of closed intervals with pairwise
disjoint, non-empty interiors such that R" = |J°_; A,,, and L"(4,,) < § for

all m. It suffices to show that the outer measure L™*(E N A,,) = 0 for all m.
Fix m > 1. For each p € N, we define a collection of intervals V, by

at3b) _ ¢(3atb
Vp:{[a,b]gAm: ‘f( ! ng( ! )’ zp}. (5.9)

Note that V, is a Vitali cover of E N Int(A,,). Hence, by the Vitali Cover-
ing Theorem, we can find a collection {I} = [a, bg]}?2; of pairwise disjoint
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intervals from V, such that
L ((E Nnt(An) \ | Ik> =0.
k=1

Choose an integer K > 1 so that Zszl Lr(Iy) > L"(ENA,) — %.
Since the intervals I}, are pairwise disjoint and contained in A,, we have that
SO L™(I) < L™(A,,) < 6. Thus, using (5.8) and (5.9), we get

K
3b 3 b
>3 () - ()
=1
K
>27"p" Z [|[br — aan
=1

K
> 2" 3L (I

k=1

2 (25 - 1).

n

Hence,
. o1
LTENAL,) < —+—.
prp
Letting p — oo, we deduce that L**(E N A,,) = 0. O

In view of the presented above pathological examples of functions in 1-AC),
it becomes of interest to define the restricted class 1-AC\wpn which consists of
all functions in 1-AC' which are in the Sobolev space Wli’cn, are differentiable
a.e. and satisfy the Luzin (N) property (we will sometimes restrict 1-AC' to
only some of these good properties).

Our final result shows where the classes 1-ACwpn fits in the hierarchy of

previously studied classes.
Theorem 5.9. The following holds
Q-AC - a-AC = 1-ACwpn N ACy C 1-ACwpN
g 1'ACVVDN U ACH g lin span(l-ACWDN U ACH) g 1'ACHWDN7

1-ACpn \ ACy # 0, (5.11)

(5.10)

and

1—AOWDN \B—AC 75 (Z), and B—AC\ I—ACWDN 75 0. (5.12)



66 M. DymMoND, B. RANDRIANANTOANINA, AND H. XU

Here 1-ACywpn denotes the set of functions in 1-ACy which are in the
Sobolev space I/Vllof, are differentiable a.e. and satisfy the Luzin (N) prop-

erty.

Remark 5.10. We note an open problem which we did not resolve. In view
of all other examples, one would expect that the set 1-ACpN \ 1-ACwpn is
nonempty. However we do not have an example to illustrate this, see also
Remark 5.2. If the function that we construct below to prove (5.11) belongs
to 1-ACwpn, it would also clarify the nature of the third relation in (5.10).

Remark 5.11. Bongiorno [8] introduced another class of absolute continu-
ity denoted ACT(Q,RY), or simply ACy, so that ACy ¢ AC, and all func-
tions in AC, are differentiable a.e. and satisfy the Luzin (N) property, but
ACR(Q,RY ¢ Wllo’C"(Q, R!). It would be interesting to determine what are the
classes 1-AC N ACy, 1-ACyg N AC, and 1-ACxwpn N ACH.

It also would be interesting to determine what are the relations between
ACA N VVll’" 1-ACHwpN and the linear span of 1-ACwpn U ACH.

oc?
PROOF OF THEOREM 5.9. The first containment of (5.10) is due to Bon-
giorno [6]. The next equality follows from Theorem 1.4, since all functions
in ACy are in the Sobolev space Wllo’f, are differentiable a.e. and satisfy the
Luzin (N) property. All following containments are clear.
The proof of (5.11) is technical and we postpone it till the end. The

Bongiorno’s example [6, Example 4.(1)] shows that
ACyg \ 1-ACwpn # 0. (5.13)

Since both ACy and 1-ACwpn are linearly closed it follows from (5.13)
that lin Span(l—ACWDN U ACH) \ (1'ACWDN U ACH) #* .

The first part of (5.12) follows from (5.11) since B-AC C ACy.

The other part of (5.12) follows from a small adjustment of the function
constructed by Csornyei in [13, Theorem 2].

Indeed, let f be the function defined in [13, Theorem 2]. We rotate f clock-
wise by 90° to obtain the function g. Csérnyei showed that f ¢ Q-AC?(, R).
By a similar argument, using the same notation, since the right-upper corner of
each Qmk = [amk, bmk] is a 1-regular interval for m € Nand k =1,2,...,7p,,
and since the collection {Q,,r} forms a pairwise disjoint system of 1-regular
intervals, we have for the new function g

19(Bimi) — g(amn)| = win.
Thus,

o0

5SS g(bo) — glame) =

m=1 k=1 m=1 k=1 m=1 m=1
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Therefore, g ¢ 1-AC?(Q,R!). However, by the same argument as in [13,
Theorem 2], g is in B-AC?(Q, R).

We now prove (5.11). The construction is an adjustment of [13, Theorem 2]
and [6, Example 4.(2)]. Since the construction is very technical we provide all
details for the convenience of the reader. We note that the presented below
example does not satisfy (5.1). We do not know whether an example satisfying
(5.1) exists.

We define f as the sum of an absolutely convergent series of non-negative
continuous functions f,, so that the support of each f,, is covered by the union
of

T = 4™ Hm — 1)!m!

pairwise disjoint squares

th QmQa ey erm’
with

Tm+1 Tm m
c? < U Q<m+1>k> < %52 (U ka> < (;) £*(Qm), (5.14)
k=1 k=1
and such that
Fn = o
max f,, m = G
The square Q17 is arbitrarily chosen in €. Assume that, for a given m,
the functions f1, fo,..., fm—1 and the squares Qpi,1 < h < m,1 < k < 7,
have been defined. We define f,,, and the squares Q(,,41);, for j = 1,... 741
as follows: for a fixed k € 1,...,r,,, we put a horizontal and a vertical line
through the midpoint O = (01,02) of the square Q.,x. Denote by 2d; the
length of the side of @, and by

Ay = (01 +di,00+d1), As = (01 + dy,02 — dy),
Az = (01 —dy,00 —dy), Ay = (01 —di1,02 + dy),
the verices of the square Q-
Let d = %dl. We construct a smaller square A; B;C7 D1 in the upper right
corner of the square A1 AsA3A,, where
By = (01 +dy,00 + d), C) = (01 +d, o0 + d),Dl = (01 +dy,00 + d) (515)
The length of side A1 B; = d; —d = d. Note that the interval T,,,x = [0, B1] C

Qmp is %—regular since

L2(Tnr)  L£20,By] d-dy 1
= k. = (5.16)
&2 &2 & 2
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Figure 1: Qx when m = 2

Similarly we construct a square A3B3C3D3 in the lower left corner of the
square Ay A A3 Ay, where

B3 = (01 —dy,02 —d),C3 = (01 —d,03 — d), D3 = (01 — d, 02 — dy).

Look at the square A1 B1CyD; with the side length equal to d, cf. Figure 1.
For every interval

(£, 54 )i=1,2,...,m—1,

[a;, b;] = 0, ¢

0, 2,,17,1}77, =1m,
we put 2(m + 1) small disjoint squares Q(,,,+1); inside each strip

M; = {(x,y) € R27p($,y) € 3 ; 3

n DAlBlchl} s

where p(z,y) = |x — 01 — d| + |y — 02 — d| (as shaded in Figure 1); and we also
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put 2(m + 1) small disjoint squares Q,, 1), inside each strip

2a; +b; a; + 2b;

3 7 3
where p'(z,y) = |z —o1 +d| + |y — 02+ d|.

Thus all squares Q) (,,41); are contained in the union of of squares A1 B1C1 D
and A3 B3C3D3, whose union has measure equal to é of the measure of square
Qmk, so that (5.14) is satisfied.

We require that the distribution of the squares inside the strips is the
following (we will describe the situation for the strip M;, and the strip M/ will
be symmetric):

Case 1: if m is even, then we put

AﬂZ{mweR?ﬂ%we QD%&@D*,

@ m/2 + 1 squares Q(y,41); inside each of the following strips:

d
Miﬁ{(x,y):x>01+d,0<y—02—d<W};

d
Miﬂ{(m7y):0<x—01—d< 2l.+2,y>02—i-d};

@ m/2 squares Q(;,41); into the interval [p1, p2] with endpoints p;,p2 on

the line y = oo+d+(x—01—d)/2 and so that p(p1) = %'%vﬁ(l&) = %%%

@ m/2 squares Q(;,+1); into the interval [qi, qs] with endpoints qi,q2 on
the line y = 02 +d+2(x—o01 —d) and so that p(q;) = %-%,p(qg) = %21
Case 2: if m is odd, then we put
@ (m +1)/2 squares Q(;,41); inside each of the strips in (D;

® (m+1)/2 squares Q(;,+1); into the interval [p1, p2] with endpoints p,p2

on the line y = 0o +d+ (2 — 01 —d)/2 and so that p(p1) = 3 - &, p(p2) =
5. d

320
® (m+1)/2squares Q(,,+1; into the interval [q1, q2] with endpoints q1,q2

on the line y = 03 +d +2(z — 0y — d) and so that p(qi) = 3 - &, p(q2) =
5.4

32
_ On the square A1 B1C1D; C Qmk, we define the function f,, by fm(x) =
fm(p(x)), where

0, if p>d;
Sm(p) = Q&m  ifp=d/2"i=1,2,...,m—1;
W, if p=0;
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Moreover, on the intervals [a;, b;], i = 1,2, ..., m, we define fum by

fm(p) = ’

- (fm(aa‘,);‘fm(bi)), if pe [2ai;‘bi’ ai‘g2bi].
linear, if p € [ay, %] U [%ﬂ”, b
We perform the same construction in the square A3B3C3Ds3.

On the polygon B;CiD;1BsC3Ds the function f,,, is constant along the
lines with slope 1. Outside the polygon By A;D,B3A3D3 the function f, is
0. We define the function

o0
f = Z fm~
m=1

For every x € (, there exists the m, € N such that for all m > m,,
fm(2) =0. Thus f is well defined.

Claim 1: f is differentiable almost everywhere.

By the Rademacher-Stepanov theorem (see e.g. [16, Theorem 3.1.9], a
short proof in [27]), it is enough to prove that Lip(f,z) < oo for a.e. = € Q,
where Lip(f, z) was defined in (5.7).

For every = € Q, there exists the smallest m, € N such that for all m > m,,
fm(z) = 0 and without loss of generality m, > 1. Moreover for every z there
exists a neighborhood B(x,r) such that for any y € B(x,r) and any m # my,
we have fi,(x) = fm(y). Thus Lip(f,z) = Lip(fm,, ). Since functions f,, are
Lipschitz for every m, we conclude that Lip(f,,,z), and thus also Lip(f, x),
is finite.

Claim 2: f satisfies the Luzin (N) property.
This is clear since f scalar valued.
Claim 3: f ¢ %—ACQ(Q,R).

By (5.16) for each m € N, and k = 1,2,...,7,,, the disjoint intervals
Tk C Qi are %—regular, and by (5.14), for every § > 0, there exists mg € N

so that
oo Tm 1
2 2
L ( U Uka> < Wﬁ (Qu1) <.
m=mg k=1
Since, for each m € Ny and k= 1,2,...,7, |f(Timk)| = wm, we have

Tm T'm o0

)OI DICHSEESD DD ST P S S

m=mgo k=1 m=mg k=1 m=mgq m=mgo
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Therefore, f ¢ $-AC?(Q,R).
Claim 4: f € 1-AC?(Q,R) \ AC% (X, R).

By Theorem 1.4 and Claim 3, it is enough to show that f is in 1-AC?(Q, R).
To see this, first note that, by an adaptation of [13, Lemma 3], for every
1-regular interval I = [a, b], there exists an index m = m(I), so that,

|f(a) = f(B)]* < 16| fou(ry (@) — fou(ry(B)[*-
Let

D, = {I = [a,b] : I is 1-regular and |f,,(5)(a) = fr(n)(b)] < 90.4,,([(;)) } ,
m

wm
Dy = {I = [a,b] : I is 1-regular and |fp,(1y(a) = f(r)(b)| > 9 m((ll)) } .
We will prove that there exist two measures p; and p2, absolutely contin-
uous with respect to the Lebesgue measure, such that

| fn(ry(@) = frn(n (B)* < pua ([, b)) (5.17)
for each [a,b] € Dy, and
[ fn(ry (@) = fr( (B)* < p2([a, b]) (5.18)

for each [a, b] € Ds.

If such measures exist, then the absolute continuity of p; and po implies
that for all € > 0, there exists 6 > 0, such that for each finite collection of

non-overlapping 1-regular intervals {[a;, b;]} with £2({U[a;,b;]) <,

J

Ml(LjJ[aj,bj]) < 36—2’ Mz(LjJ[aj7bj]) < 3%

Hence, we obtain

Z f(a;) — f(b;)]> < 162 | finta; b7 (@5) = Fin(lay b7 (05) [
<16 m([aj,b;]) +16 Y pa(fay, by])
j j

- 16m(U[aj,bj]) v 16u2(U[aj,bj]) <&,
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which proves that f € 1-AC?(Q,R).
Thus, to complete the proof, it is enough to prove the existence of measures
w1 and po.

Existence of the measure p,

For a fixed 1-regular interval I = [a,b] € Dy, let m = m(I) be such that
17(@) — FB)] < Afonr (@) — Fonry (D)) TE |fon(@) — fn(B)] = 0, then we can
remove this interval [a, b] without affecting our results. If | f,,(a) — fmn(b)| > 0,
then let I’ = [a’,b] be the smallest 1-regular sub-interval of I such that
|[fm(@) — fr(®)| = |fm(a) = fim(b)|. Then I’ C Qi for some k, and there
are three cases:

@ Both points a’ and b’ are in AB;C Ds.
® Both points a’ and b’ are in AB3C3Ds.
@ Point b’ is in ABgC:;Dg, and a’ is in ABlchl.

In case (©), let Fy be the intersection point of line a’b’ and the side B;Cy (or
C1Dy), and I* = [Fy,b'] C I'. If | f,,(F1) — fin(D')] > 9%=, then we put this
interval I* into set Dy. If [fr, (F1) — fin(D')] < 922 then we set I’ = I*.
Therefore, combining these cases, without loss of generality, we can assume
that I' C O0A1B1C1D;.

For 1 <i<m—29, we set

149
S; = {X €R?:p(x) € U[%bj]}v

j=i

Since |fm(a') — fm(b")] < 992 we have a’,b’ € S; for some integer 1 < i <

m

m—9. Now notice that f,, is Lipschitz on U;J;? [aj,b;] with Lipschitz constant

o= W [2m < Wi /2m
L N2 (hia—aeia) L2 ir9—1 _ 7/9i+9
EID) (b1+9 al+9) 372 (d/2 d/2 )
1
—3.929°1. Q.Wﬂ.%.
vz m  d/2
Therefore

/ N2 17 (JJZn (diam[’)z
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Since (diaml’)? < 2£%(I") and £%(S;) < 8- (d/2%)?, we have

2
|fm(b/) - fm(a,)‘z <9.221. .

then p satisfies (5.17) for each interval [a, b] € Dy (cf. [13, p. 154] for details).
Existence of the measure pus

Let po be an absolutely continuous measure for which

4
p2(Qmr) = , meNE=1,...,rp.
m-rm

This measure exists because
Tm+1/7“m
4 4
Z NQ(Q(erl)j) = ( < = ,UQ(ka)a

m4+1)-r,  m-ry,

Jj=1
and

“"' 4
> 12(Quk) = — — 0.
i=1 mn

As before, for a fixed 1-regular interval I = [a,b] € Dq, let m = m(I)
be such that [f(a) — f(b)| < 4|fm)(a) = fm)(b)|. Let I’ = [a’,b] be the
smallest 1-regular sub-interval of I such that |f,,(a’) — fi (b)) = |fim(a) —
fm(D)|. Then I' C @k for some k, and by the argument above, without loss
of generality, we can assume that I’ ¢ OA; B,C1D;.

Let
/(@) — f(b)] - m

Wm

b=

Since I € Dy, we have 8 > 9. For simplicity, we can assume that C; = (0,0).

Let j be the smallest integer with p(b’) > %, and i be the biggest integer
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with p(a’) > 5. We denote a’ = (a1, a2),b’ = (b1,bs), and, for 1 < v < i,
we set

Sv:{xeR":p(x)E 2;%,2]%{171}}

Let aj; and ag; be the points on the lines y = 2z and y = /2, respectively,
so that

t d
p(as) = p(ag) = , with 4 <t <5.

3 20t
Let by, bos and ¢y, cor be the images of the orthogonal projections of ajy,

ag; onto the horizontal line and onto the vertical line through C4, respectively.
Finally let d¢ = (% - ,0), £ = 0,%- 54 ). Since

|C1 — c1t] = |a1y — b1t = 2|C1 — byy| = 2|ay, — ¢y,

\blt - dt\ = |alt - b1t|, and |alt - C1t| = |ft - Clt|a
we have
t d
g . 2j+v = |Cl - dt| = 3‘01 - b1t|7 (519)
and
t d
g . 9j+v = |01 - ft‘ = 3|a1t - C1t|. (520)

Moreover, since
lags — cot| = [C1 — boy| = 2|ag, — bay| = 2|C1 — ca4l,

|ags — bat| = |bar — dy|, and |cor — | = |ag: — cotl,

we have , p

3 9itv |C1 — d¢| = 3|agt — ba, (5.21)
and

t d

3 g = |G — B =3]01 — |- (5.22)

Therefore, if v < i —1, by (5.19),

t d 4 d d
lase =b1e| = 2:|C1 —bu| = 55 7 > 35 5T > gt 2 g > 92
and, by (5.22),
e ot d 4 d d__ d
Az —cor| = 2-[C1 —e2e| = 32 9jtu—1 > 32 " 9jtu—1 > 9j+v—1 = 9j+i > a1
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Moreover, if v < i —2, by (5.21)

t d 4 d d

1
lag; — bat| = 3 |C1 —d¢| = 32 ite 32 95tv itz = 5w~ %

and, by (5.20),

1 t d 4 d d d
>

e —cul =311 —fil =55 550 > 33 g5 > e 2 g o

Thus, to see that the points aj¢, as; belong to the interval I’, it suffices to

show that
|ais — bi¢| < by and |ag; — boy| < by;

\alt — Clt‘ < by and |a2t — Cgt| < by.

First of all, we have
d

b1>ﬁandb2>ﬁ.

Indeed, if by < 5%, then by > 4. Thus

b d d d >b b
2—a2>2j+1—2j+i>2j+3f 1> 01 —ay,

which contradicts 1-regularity of [a’, b’]. Similarly by < 21.%.
Therefore, if v > 4, we have

5 d d d

laz; — bye| < 33 el < Sire < 5775 < bo;
L5 d _d _d
a2 = 2| < 55 5 < o5 < gig < B2
d d
lar, — c1y] < 35 it < 57w < 5748 < b1;
d d d
< by.

las — | < 32 " 9jtu-1 < 9j+v—1 S 2i+3

In conclusion, we have proved that, if 4 < v < ¢ — 2, then the interval I’
contains the points ajs, as; for all 4 < ¢t < 5. Thus I’ contains the intervals
[a14,a15] and [ag4,as5]. Therefore, I’ covers at least (i — 5)m/2 of the 7,41
squares Q(m41)n, 1 < h < rypr. Thus

4 4m 9

pa([a’,b']) > (i = 5)m - m =(—5)- m "W
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and, since 8 < m and § < i+ 2, we have

2 2 m 2
) )P = Og i < O 4(m(+_”5) o', B)
e

4(i — 5)m?

Moreover, since m > 9, we have 5m? — 22m + 7 > 0. Since 7 > 9, we have
i(3m? —2m + 1) > 22m? + 4m + 2. Thus, (i +2)(m + 1)% < 2(i — 5)m?, and
hence

(@) = F(B)]* < pa(fa’, B]).
O
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