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HAUSDORFF AND PACKING MEASURES
OF BALANCED CANTOR SETS

Abstract

We estimate the h-Hausdorff and h-packing measures of balanced
Cantor sets, and characterize the corresponding dimension partitions.
This generalizes results known for Cantor sets associated with positive
decreasing summable sequences and central Cantor sets.

1 Introduction

The size of a non-empty set £ C R can be characterized by its Hausdorff di-
mension or packing dimension, although the corresponding Hausdorff or pack-
ing measure of the set can be zero or infinity. In such a case, it is desirable to
have a more refined description of the dimension. The more general notions
of h-Hausdorff measure and h-packing measure were already considered by
Hausdorff ([7], or see [8]) and Tricot ([9, 10]), with the power functions z
replaced by more general dimension functions h. If there exists a function h
such that 0 < H"(E) < P"(E) < oo, the set E is said to be h-regular, and h
provides a more precise description of the dimension of E.

If F is a central Cantor set with ratio of dissection r; at step k, then it is
easy to see that E is h-regular if and only if h(ry---ry) = 55. The set of all
dimension functions h which make a set h-regular was similarly characterized
for the Cantor sets associated with positive decreasing summable sequences in
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114 KATHRYN HARE AND KA-SHING NG

[4] (called decreasing Cantor sets here). In this paper, we extend these results
to a broader class of Cantor sets that we call balanced. In particular, we show
that the balanced Cantor sets attain the maximal Hausdorff dimension within
the collection of all cut-out sets associated with a given sequence.

2 Dimension functions and measures

A function h is said to be doubling if there exists 7 > 0 such that h(2z) < 7h(x)
for all z. A function h : [0, A) — [0,00) is called a dimension function (or a
gauge function) if h is continuous, increasing, doubling and h(0) = 0. Let D
be the set of dimension functions. The power functions h(xz) = %, «a > 0, are
typical examples of dimension functions.

The diameter of any set A C R is denoted by |A|. Let h € D. The
h-Hausdorff measure of a set £ C R is defined to be

H"(E) = lim inf {;hqm) EC L_JlE |E;| < 5} :

A é-packing of a set F is a countable, disjoint family of open balls {B;};
centred at points in E with |B;| < §. The h-packing pre-measure of E is

PME) := (slinol+ sup {Z h(|Bi|) : {B;}:2, is a d-packing of E} ,
i=1

and the h-packing measure of F is

PME) := inf {i PINE):E = fj EZ} .

If h(z) = hq(x) = x* for some « > 0, this is the usual Hausdorfl measure
H*(E), packing pre-measure P§*(E) and packing measure P*(FE).
When h € D, it is proved in [10] that

H"(E) < P"(E) < PJ(E)

for E C R. A set E is called h-regular if 0 < H"(E) < P"(E) < co and
a-regular if 0 < H*(E) < P*(E) < co. In such cases we also call E an h-set
or an a-set, respectively. If F is an a-set, then « is the Hausdorff and packing
dimension of E.
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3 Balanced Cantor sets

By a Cantor set, C, we mean a subset of R of Lebesgue measure 0 that is
totally disconnected, compact and perfect. It will have the form

CZI\G!‘%
i=1

where I is a closed and bounded interval and {A;} is a sequence of disjoint
open subintervals A; C I with |I| = Y02, |A;].

Next, we introduce a symbol space W. For each integer k > 1, let ny > 2.
Let Do :={e}, Dy :={wyr--wr:0<w, <ny—1for 1 <Il<k}. Let

W .= fj Dk
k=0

be the set of all words with finite length. W is called a symbol space. If
w=w; - w, € W, its length is denoted as |w| = k.

If we fix a symbol space W, we can always obtain a representation of C
corresponding to W, by which we mean we can find closed intervals I, for

w € Dy, such that
c= U (1)
k=1 wEDy
One way to do this is as follows. Let I, := I. For each kK > 1 and w € W
of length |w| = k — 1, we can find nj — 1 largest gaps, Gy, in each I, \ C
by the total disconnectedness and perfectness of C. Since C is perfect, the
endpoints of the gaps will not touch one another and I,, \ |, Gw,: gives ny
closed subintervals I,,; of I,,. Inductively, we obtain a family of closed intervals
F = {l, : w € W} with property (1). Of course there can be many other
choices for the intervals I,.
If |lw| = k, I, is called a Cantor interval of level k. Denote the number of
intervals at level k by Ny = |Dy| = ny - - -ny and the average length of Cantor

intervals at level k by
1

we Dy

Since w € Dy can be mapped bijectively to 1 < j < Ng, we also label I, as
IJ’?, j=1,---, N, and with IJ’»C placed to the left of Ijk+1' We will use both
notations interchangeably. The Cantor set then also has the form

oo N

c= U1 (2)

k=1j=1
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We identify a subcollection of the Cantor sets which satisfies a certain
balancing property in this representation. The collection of Cantor sets under
consideration will include all the central Cantor sets and the decreasing Cantor
sets. In the rest of the paper, we assume M := sup, ni < co.

Definition 1. Let W be a symbol space. A Cantor set C is said to be W-
balanced if C' has a W-representation as in (2), with the associated Cantor
intervals satisfying the property that there exist some K > 1 and Ly, Ls >0
such that
k
Sk+Ly < |G| < Sk—L,

forany £ > K and 1 < j < Ng. C will be called balanced if it is W-balanced
for some symbol space W. Let ¥ denote the collection of all balanced Cantor
sets.

Example 1 (Central Cantor sets and homogeneous Cantor sets). Let ny = 2
and 0 <rp <b< % for all k. For each interval I, of level k — 1, let I,,0 and
I,,1 be the left and right intervals of level k obtained by removing a centred,
open interval from I, so that |I,o| = |lw1| = |lw|rk- Two and I, share,
respectively, the left and right endpoints with I,,. The Cantor set C formed
is called a central Cantor set and has a representation corresponding to
W = Uy~ D, where Dy = {0, 1}".

More generally, let ni > 2, 0 < ri and ngry < b < 1 for all k. For each
interval I, of level k — 1, let I,,;, 0 < j < ng — 1, be ny, subintervals of equal
length in I, so that |Iu| = - = |[Lym,—1)| = Tw|Tk- Two and Ly, —1)
share, respectively, the left and right endpoints with I,,. Moreover, we require
the subintervals to be equally spaced; i.e., the gap lengths between adjacent
subintervals I,; and I, j41) are all the same. The Cantor set formed is called
a homogeneous Cantor set. An example is C' + C' where C' is the middle
fourth Cantor set. Here I = [0,2], ny, = 3 and r, = i for all k.

In both cases, the average length of the intervals of level k is

sk=r1 Tk = [Ty
for any w with |w| = k, so the Cantor set is balanced.

Example 2 (Decreasing Cantor sets). Let a = (a;)$2, be a positive, decreas-
ing, summable sequence, and let I be a closed interval with |I| = >"7°, a;.
Remove an open interval A; of length a; from I, leaving two closed non-trivial
intervals I on the left and I on the right with lengths

oo 2711 oo 20—1

11| = Z Z a1 4p and L] = Z Z G2l4p-

=1 p=0 =1 p=2i-1
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Recursively, suppose we have constructed {I f}lgjggk at level k, ordered from

left to right. Remove from each interval, I j’a an open interval of length agx ;4

and obtain two closed intervals Igj‘_ll, Igj‘l of step k 4+ 1, where

0o (2j-1)2'—1 o (29)2'-1
k+1 _2: 2: k+1_§: 2:
‘I2j—1| = Agl+k+14p and |I2j | = Agl+k+14p-
=0 p=(25—2)2! =0 p=(2j—-1)2!

The positions of the gaps A; removed and the intervals I Jk are uniquely deter-
mined. We call the Cantor set

oo 2F

c.- AUz

k=1j=1

a decreasing Cantor set. It also corresponds to the symbol space W =
UrZo{0, 13,
Since a = (a;) is decreasing, {|I ]’?|}(k’j) is lexicographically decreasing. In
consequence,
sk < P < |IF] < I | < sea
for all j, and this C is balanced.

Example 3. Let a = (a;)52,, let I be defined as in Example 2 and let W =
Ui—o D be an arbitrary symbol space. Recall that N, = |Dg| = ny - ny.
Let 0 : N — N be a permutation of natural numbers such that for all £ > 1,
if N, <@ < Nggq—1, then Ny < 0(i) < Npy1 — 1. Define a sequence b = (b;)
by b; := a,(;). At the first step, we remove n; — 1 open intervals B; with
length b;, 1 <i < nj—1, from I and obtain n; closed intervals ]}, 1<j5<n;.
Repeat as above and define

oo Nk

C’XV = ﬂ UI]k

k=1j=1

We can check that sgy1 < \Ijk| < s_1 for all j, so C’XV is balanced as well. If
o is the identity map, then b = a; i.e., b; = a; for all i > 1. We call O}V a
general decreasing Cantor set.

4 Hausdorff and packing measure of a balanced Cantor
set

First, we estimate the Hausdorff and packing pre-measure of a balanced Cantor
set. This generalizes the results in [1] and [3].
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Theorem 1. Let C be a balanced Cantor set with the number of Cantor inter-
vals Ny = ny---ng and the average length sy, at level k. There exist positive
constants A, B such that for any h € D, we have:

2. Alimsup,,_, . Nih(si) < PH(C) < Blimsup,,_, ., Nph(sk)-

PROOF. (1) The proof is based on the idea in [1, Lemma 4].
(1) (a) With the balanced property, we have

Ny,
D h(|Tf]) < Nih(sp-r,) < M* Ni_p,h(sy-1,)

j=1

when k is large enough. The upper bound is obtained by taking the liminf
and putting B := M2,

(1) (b) Let A = liminfy_,o0 Nih(sk). If A = 0, then the lower bound is
trivial, so assume A > 0. For any € > 0, there exists Ky such that for any
k > Ky, we have (1 —e)X < Nih(sx) and also spir, < |I]k| by the balanced
property.

Let 0 < ¢ < min, |IJKU|. Let {B;}; be a d-covering of C' by open intervals
and let R = |J, B;. As C is compact, we can assume the covering consists of
finitely many intervals, say {B;},. There exists K > 1 such that U;V:’i I JK C
R, by the finite intersection property of a compact set.

We can also assume the intervals B; in the covering are disjoint. Otherwise,
the intersection of two intervals will be open and must contain some gap of
the Cantor set. We can then shrink down the intervals to make them disjoint
and get a lower estimate of H"(C).

In order to obtain a further lower bound, we replace each B; by the smallest
possible (single) closed interval, V;, containing BiﬁU;y:Kl I jK . Then > A(|V;]) <
STh(|B;|). If V; = 0, then we simply discard it.

Let 7; be the number of intervals of level K contained in V;. Then 7; > 1
and EZ 7, = Nk = nq1---ng. For each i, let p; be the non-negative integer
such that

N N,
NKfpi NK*Pifl
For any integer j, let Q(j) = %
J
If pi = 0, then 1 < 7 < my, and V; contains some If¥. In this case,

1| < |Vi| < |Bi| < 6, and hence K > K. Thus,

1 1
(I-e)A<

(1 =)A< h(sk+r,) < h(L]) < R(Vi)).-

Nk —p+L141 Nrir,
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If p; > 1, then 2 < Q(K —p;) <7, < Q(K —p; —1). Note that V; contains
at least Q(K — p;) consecutive intervals of level K and
QK —pi) > 2Q(K —p; +1).

Consider the level i —p; + 1. Each interval I; K=pit

subintervals of level K. It follows that V; must contain an interval I

! contains Q(K — p; + 1)
K—p;+1

for some j, and the length of V; must be at least |IJK Pitl S0 we have
[P < | <6
In particular, this forces K — p; + 1 > Ky, and hence,
1 K—p;+1
m(l =)A< h(sK—p4r,+1) < RGP <AV (4)

by the balanced property.
Using (3) and (4) we obtain

1 (I—e)A 1
ML1+2(1*5) - ML1+2 175}‘2 Nk _p,— _ MLi+2

(1—5AZNK - <Zh|w <Zh\B|

Since {B;}; is any d-covering of C and ¢ > 0 is arbitrary, we get

1
i hmlnf Nyh(sy) < HM(C).

(2) We modify the proof of [3, Theorem 4.2].

(2) (a) Let d < limsupy,_, ., Nih(si). There exists a subsequence {k;,}p>1
such that d < Ny, h(sg,) < Ny, h (\Ik 7L1|), where the second inequality fol-
lows from the balanced property

For any 6 > 0, take k, large enough that |Ik r=ln

| < ¢ for all j. Let us

take the family of intervals {B; := B(x;, )}Nk{’ "7 where r = sy, /2 and z;
is the left endpoint of I”’; = Ng,—L,- The balls are centred in C. Since

kp—L , . . kp—L1—1
[I;7 | > si, > r for any j, we have the inclusion B; C I;* ™

balls are pairwise disjoint.
As |B;| = s, < 4, this is a J-packing and

and the

Nip—rp1-1

d
SThIBD = D hsk,) = Neyosa-ih(sn,) >t
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Thus,
1.
s lllzrisgp Nih(sy) < P(O).
(2) (b) Let € > 0. There exists kg such that

sup Nih(si) < limsup Nih(sg) + €.
k>ko k—o00

Choose ¢ small enough that 26 < \If°+L2+2| for all j.
Let {B;}; be a é-packing of C' and take

k; := min{k : Ij’vC C B; for some 1 < j < Ng}.

Then k; > ko+ Lo+ 2 and B; is centred at a point of an interval of level k; — 1,
but does not contain the interval. Therefore, |B;|/2 < |I]].i_i71|, where Ij’ii*l is
the interval of level k; — 1 containing the center of B;. As nj > 2,

|Bi| < 2|Iﬁ"'_1| < My —Lo—18k;—Lo—1 < Sk;—Ly—2

from the balanced property, and therefore,
D h(Bil) < hlsk-r,-2)-
i i

Let I < -+ < l,;, be the distinct k;’s, and let 8, be the number of repe-
titions of I,; i.e., 8, is the number of B;’s containing an interval of level [,,
but none of those at level [, — 1. Each ball B; of the packing associated to

I, contains at least JJ\\’;I’" intervals of step l,,. Since {B;}; is a disjoint family,
p

Z;n:_ll 0, ]J\Glm intervals of level [,,, are already covered by the B;’s correspond-
p

ing to Iy, -+ ,l;_1. 0, can only be at most the number of the remaining
intervals at level 1,,:

m—1 N m—1 0
O <Ni, — > O, =N, (1- Y 2.
p=1 Np p=1 Nlp

This implies Y7, 7= < 1.
p

As a result,
S (Bl <> h(sk-r,-2) = Y _ Oph(s,—1,-2)
i % p=1

L)
S ML2+2 Z ﬁNlp—Lz—Qh(slp_L2_2)

p=1_""
< M™% (lim sup Nyh(sy) + ¢€),

k—o0
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since l,, — Ly — 2 > kg. Hence,

PH(C) < MP2+2lim sup Nyh(sy).

k— o0

O

In Theorem 1, only the packing pre-measure is estimated, but not the
packing measure. In general, we only know that P*(E) < P}(E) for E C R,
and the strict inequality can happen. However, the packing measure P"(C)
and the packing pre-measure P(C) are finite and positive simultaneously for
a balanced Cantor set C. To prove this, we will make use of the following
version of the mass distribution principle.

Lemma 2 ([10, 4]). Let E C R. Let p1 be a finite reqular Borel measure, and
let h € D be a dimension function. If

li£n_361f W <c (5)

for all zg € E, then

wE)

Theorem 3. Let C be a balanced Cantor set and h € D. If PH(C) = oo, then
P"(C) = . If PX(C) > 0, then P*(C) > 0.

PME) >

PROOF. Let u be the uniform Cantor measure defined by ,u(I]’-“) = NL;? Let

xo € C and r > 0. The balanced property tells us that there exist L, Ly such
that spiz, < |[I| < sp_r, for large enough k.
Suppose k is the minimal integer such that B(zq, ) contains an interval of
level k. The minimality of k ensures that B(zg,r) can intersect at most 2ny
2

intervals of level k, which implies p(B(zg,7)) < 2nkN%C = 5. Let IJ’?c be a

level k interval contained in B(zg,r), so | Jk| < 2r. Since h is doubling, there
exists some 7 > 0 such that

M(sissy) < h(ZE) < h(2r) < Thr).

Then
w(B(zg,7)) 2T 2r ML+l

< = )
h(r) 7 Ni—1h(se4r,)  Nitrih(se+r,)

so that
(B(z0,7)) < 2r ML+l

h(r)  ~ limsup,_ ., Neh(sk)

co := liminf i
r—0
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By the inequalities in Theorem 1, P(C) > 0 implies lim sup Nyh(s;) > 0,
while Pl(C) = oo implies lim sup Nyh(s;) = oco. If PP(C) > 0, then ¢o < oo
and P"(C) > m9 5 g by the lemma. Correspondingly, if Pl(C) = oo, then

Co

co = 0. Hence P"(C) > @ > 0 for every ¢ > 0 and P"(C) = oco. O
Corollary 4. Let C be a balanced Cantor set and h € D. Then

1. P}(C) =0 if and only if P*(C) =0,

2. PM(C) = oo if and only if P"(C) = oo, and

3. 0 < PMC) < oo if and only if 0 < P"(C) < 0.

5 Dimension partition of a balanced Cantor set

The dimension partition of a set ¥ C R (as defined in [4]) is a partition of the
set D of dimension functions into six sets, Hg N IP’,];J, for 8 <~ € {0,1,00},
where

HE ={heD:0< H"E) < oo}, PP ={heD:0 < P"E) < o0},
and for n =0, oo,
E . h _ E __ . ph —
HY ={heD:H"(E) =n}, P} ={heD: P"(E) =n}.

Assume C' is a balanced Cantor set with the number of Cantor inter-
vals Ny = ny---ng and the average length si at level k. Define ho(sy) =
N%c and extend h¢ to a piecewise linear function on [0,00) with he(0) =
lim,_,g+ he(z) = 0. Then he can be shown to be a dimension function, and
C is he-regular by Theorem 1 and Corollary 4. We call h¢o an associated
dimension function of C.

This means that H{ N P{ is always non-empty for the balanced Cantor
sets. Indeed, we get immediately from Theorem 1 and Corollary 4 the following
description of the dimension partition for the balanced Cantor sets, which was
previously shown for the decreasing Cantor sets in [4].

Corollary 5. Let C be a balanced Cantor set with the number of Cantor
intervals N = ny ---ny and the average length sy at level k. Then

H{ ={heD:0< lim inf Nyh(sy) < oo}, Hf ={heD: lim inf Nyh(si) = B},
—00 —00

P{ = {h €D : 0 < limsup Nph(sy) < oo}, Pg = {h € D : limsup Nih(s;) = G},

k—o0 k—o0

where B =0, co.



BALANCED CANTOR SETS 123

Corollary 6. Let C be a balanced Cantor set with the number of Cantor
intervals N = ny ---ny and the average length sy at level k. Then

logNk —logNk

dimpy C = liminf — and dimp C' = lim sup
k—oo  log sk koo  lOg sg

In fact, we can further describe the dimension partition of a balanced
Cantor set in terms of its associated dimension function h¢.

Proposition 7. Let C' be a balanced Cantor set with an associated dimension
function he and g € D.

1. If liminf, .o+ hgc(g) > 0 (or finite), then H9(C) > 0 (or HI(C)

<
o0). In particular, if iminf, g+ % = oo (or 0), then HI(C) = oo
(respectively H9(C') = 0).

2. If limsup,_,o+ % > 0 (or finite), then PJ(C) > 0 (or PJ(C) <
o0). In particular, if limsup,_, o+ % = o0 (or0), then P§(C) = o0
(respectively P§(C) =0).

PROOF. (1) Let A, := liminf,_,q+ hgc(?i) > 0. For any 0 < a < A, there is a
d > 0 such that g(z) > aho(z) for all 0 < 2 < §. Then H9(C) > aH" (C) >
0 by the definition of Hausdorff measure. If A\, = oo, then a can be arbitrarily
large, and hence, H9(C) = oc.

Suppose A\, < oo. For any a > A., there exists a positive decreasing
sequence {d,, }m such that lim,, o 6, = 0 and ¢(6,,) < ahe(dy,). Let k =
k(m) be the integer such that s < d,, < sx—1. Then |If+L2| < 8k < O, and
{IJI.H'L2 }; is a dp,-covering of C. Therefore,

Ni+roy

H{ (C)< Y g(If™2)) < Niy£,9(0m)

j=1
< Niyr,0ho(0m) < aMP2TIN, 1he(sp_1) = aM P2t

Taking limits gives
HI(C) < A, M2 < o0,

(2) Let \* := limsup,_, o+ % > 0. For any 0 < a < X*, there exists a
positive decreasing sequence {d,,}n, such that lim,, ;o 0, = 0 and g(d,,)

>
ahc(6m). Let k be the integer such that sp < 0, < sg—1. For 1 < j <
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Ni—r,—2, take as x; the left endpoint of the interval IﬁL_Ll_l, where n =
Ng—r,—1. The collection {B(z;, 6, /2)}; will be disjoint. Thus,

Nk—r,—2

Py (C) > Z 9(0m) > aNg—r,—2hc(sk) >
=1

ML s Niehe(sk),

and therefore P§(C) > 0.
The proof that P§(C') < oo if limsup,_, o+ hc(?a)c) < 00 is similar to the first
part of (1).
O

The following corollary can be compared with the result for the self-similar
sets with the open set condition in [11].

Corollary 8. Let C be a balanced Cantor set with an associated dimension
function he. Then for 8 =0, 00,

H?—{ge]]]) 0<hm1nf () < 00 }Hg—{géD hmmf 9() - 8},

) () ()
P ={geD: O<h£>%1iphc( ) <o}, P§ ={geD: hﬁ%‘iphc() B}

Corollary 9. Let Cy and Cy be balanced Cantor sets with he, and he, as their
respective associated dimension functions. Then the following are equivalent.

(a) hey, = he,; i.e., there are A,B > 0 such that Ahc,(x) < he,(x) <
Bhe, (x) for all small z > 0.

(b) HS* NPS* = HG NPS2 for all B < v € {0,1,00}.
(c) HS NPT = HE2 NP2,
Note that C; and Cy can be balanced with respect to different symbol

spaces.

Remark 1. Similar arguments to those given in [6] can be used to show that
if Cy and Cy are both W—balanced then hc, = he, if and only if there exists
an integer L such that sgjL <591 <592 for all k > L. Here {s5'}}, are the
average interval lengths of C;.
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6 Balanced Cantor sets within the collection of cut-out
sets

Let a = (a;) be a positive, decreasing, summable sequence, |I| = > 7 a;, and
let A; C I be a sequence of disjoint open subintervals with |A;| = a;. Then
E :=T1\UJ;Z, A; is called a cut-out set associated with the sequence a = (a;).
The collection of all these cut-out sets E is denoted by %,.

It is known that among all the sets in %,, the decreasing Cantor set C,
associated with the sequence a has the maximal Hausdorff dimension and
maximal Hausdorfl measure up to a constant [1, 5]. On the other hand, the
prepacking dimensions of all the sets in %, are the same and equal to the
upper box dimension [2]. Since the packing and prepacking dimensions of Cj,
coincide [4], it follows that dimp E < dimp, E = dimp, C, = dimp C, for any
E € %,. However, it is shown in [5] that C, has the least packing premeasure
up to a constant among the sets in %,. In the following we will prove similar
results for the balanced Cantor sets in 4.

For any £ C R and r > 0, let

k
N(E,r) =min{k : E C U B(zi,r)}
i=1

and
P(E,r) =max{k : {B(x;,r)}1<i<k is a 2r-packing of E}.

They can be compared by following lemma.

Lemma 10 ([5]). For any E1, E2 € 6, and r > 0,
P(EQ,T) S 2N(E1,T) S 2P(E1,7“/2) S 4N(E2,’I"/2)

Theorem 11. Let C be a balanced Cantor set in €, for some a = (a;). If
h €D and E is any set in 6, then H"(E) < AH"(C) and P}(C) < B P}(E)
for some constants A and B, which depend only on h and C.

PROOF. Recall that h € D is doubling; i.e., h(22) < 7h(z) for some 7. The
previous lemma implies that for any cut-out set F € %, we have

H"(E) < lim inf N(E,7)h(2r) < 272 lim inf N(C,7)h(r).
r— r—

If r > 0 is small, then there exists k € N such that s, < r < s;_1. Consider

the Cantor intervals {IJ]HL2 };VZITLQ at level k 4+ Ly. Take their left endpoints
as centres and form Ny, balls with radius r (which is at least the length of
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any Cantor interval of level k + Ls). This is an r-covering of C. So N(C,r) <
N/C+L2 .
Taking into account Theorem 1, we obtain that for a suitable constant A,

H"(E) < 27%lim inf N (C,r)h(r)
T
< 272 M tt lim inf Nifi(sx) < AHM(C).
—00

For the pre-packing measure, the previous lemma also gives that for any
FE e€%,,

%p(c, r)h(r) < P(E,r/2)h(r) < PM(E).

As above, let 7 > 0 be small and take k € N such that sy <17 < s5. Take the

subset of Cantor intervals {If,;Ll}jy:k{LI*I at level kK — Ly, where n = ny_p,.
Take their left endpoints as centres and form Nj_r, 1 balls with radii . Then
Nig—r1,—1 < P(C,r) and again, applying Theorem 1, we deduce that there are

constants By, By, B such that

Pl(C) < By limsup Nyh(sy,) < By limsup P(C,r)h(r) < BPM(E).

k—o0 r—0

O

Corollary 12. Let C be a balanced Cantor set in 6, for some a = (a;). If
h €D and E is any set in €,, then dimyg E < dimg C.

PRrROOF. This is because H*(E) < AH*(C) for any o > 0. O

Corollary 13. If Cy,Cs € 6, are both balanced Cantor sets, then there exist
positive constants A, B such that for all h € D,

1. AHMCy) < HM(Cy) < BHMC),
2. AP} (Cy) < Pi(Ch) < BP}(Ca).

Hence, Hgl = ng and Pgl = sz for B = 0,1 and oco. In particular,
dimy C; = dimyg Cy and dimp Cy = dimp Cs.

It follows that for any balanced Cantor set C' in %,, C' and C, have the
same dimension partition. Note that once the sequence a = (a;) is fixed,
we can construct many general decreasing Cantor sets C}V as in Example 3,
with respect to different symbol spaces W. Since they are balanced Cantor
sets, they all have the maximal Hausdorff dimension within the collection %,
namely dimg C,.

Notice, also, that if £ € %, and dimyg F < dimg C,, then E is not W-
balanced for any symbol space W.
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Remark 2. The self-similar Cantor sets with the open set condition are known
to be a-regular and have the same dimension partition as the a-regular bal-
anced Cantor sets ([11]). But we do not know whether they are balanced.
Moreover, note that the criterion in the last paragraph of not being balanced
does not apply in this case. In fact, let dimp denote the lower box dimension
and let E be a self-similar Cantor set. It is well known that dimyg £ = dimpFE
([2])- On the other hand, if a is the sequence of gap lengths of E arranged
decreasingly, then dimp F = dim;C,,, since the lower box dimensions of any
pair of sets in €, coincide ([2]), and also dimzC, = dimg C, ([3]). Therefore,
F attains the maximal Hausdorfl dimension of the sets in €.
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