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Abstract

This paper provides a list of statements of single-variable Real Anal-
ysis, including well-known theorems, that are equivalent to the com-
pleteness or Archimedean properties of totally ordered fields. There
are 72 characterizations of completeness and 42 characterizations of the
Archimedean property, among them many that appear to be new in the
sense that they do not seem to have previously been mentioned in this
context. An attempt is made to be as comprehensive as possible and to
give a complete account of the current state of knowledge of the mat-
ter. Proofs are provided whenever they are not readily available in the
literature.

1 Introduction

Completeness is a — in some ways the — defining property of the real numbers.
While this statement may appear to be a truism, in the last decade or so
it has taken on a new meaning. It has been recognized that large swaths
of the landscape of single-variable Real Analysis are actually equivalent to
completeness [12, 11, 18]. That is to say that many “marquee” theorems of
Real Analysis could equivalently be used to define the completeness of the real
numbers and could replace the standard definitions by means of the existence
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of suprema or the convergence of Cauchy sequences.! Or, put differently, if
we were to imagine the Analysis landscape in a “mathematical world” (i.e.
totally ordered field) without completeness, it would be barren one indeed:
many of the most beloved landmarks of Analysis would simply not exist in
such a world.

The purpose of this paper is to give an encyclopedic account of this phe-
nomenon. Accordingly, the main part of this paper consists of a massive list
of mostly familiar statements of Real Analysis, each of which turns out to
be equivalent to completeness in totally ordered fields. We adopt Dedekind’s
original definition of completeness? by means of the “Cut Aziom”, which stipu-
lates the absence of “gaps”; see Section 2.3 below. In addition, we also provide
a list of statements equivalent to the Archimedean property (AP) of ordered
fields. About half of the items on the lists are new (to our knowledge) and
have not been mentioned in this context before; the other half are, with few
exceptions, drawn from the three references mentioned previously [12, 11, 18].

As Propp points out [11], the exercise of identifying Analysis statements
equivalent to completeness has the flavour of Reverse Mathematics (RM), with
second-order arithmetic used in RM [17] replaced with ZF(C);? if O denotes
the collection of axioms for totally ordered fields, (CA) denotes the axiom of
completeness, and T is a (possibly second-order) theorem of analysis, we want
to show that, in ZF(C), T+ O < (CA) 4 O, which is sometimes expressed as
T being equivalent to (CA) “over O”. Since we only work in ordered fields, we
simplify this notation by writing T < (CA). Frequently, we need to enhance
the axiom system O by (AP) or the weaker condition of the existence of
unbounded sequences, called “countable cofinality”, to obtain the equivalence
of a given statement T to completeness. In these cases, we write “T+(AP) <
(CA)” or “T+(x) & (CA)”, respectively. We emphasize, however, that this is
not supposed to imply that the addition of the AP or countable cofinality is
necessary. In a number of cases this is an open problem.

When proving a particular equivalence, the proof of the standard implica-
tion that completeness implies the property in question will often be omitted
or reduced to a brief remark on how completeness enters the argument. The
unusual part is the proof of the other implication (“reversal” in the parlance
of RM), which is almost always accomplished by the construction of a counter
example,? assuming that the underlying field is not complete.

1The latter definition requires the Archimedean property in addition, a fact that is some-
times overlooked.

2For a brief historical account, see [18].

3The full Axiom of Choice is never invoked.

4playing the role of a “recursive counter example” in RM



72 4+ 42: COMPLETENESS AND ARCHIMEDEAN PROPERTIES 263

The Intermediate Value Theorem (IVT) may serve as a quintessential ex-
ample of the basic reasoning applied in this paper. The fact that the IVT is
critically based on completeness is well known; so the “reversal” part is the
interesting one. Its proof amounts to the construction of a continuous func-
tion not satisfying the Intermediate Value Property. If the underlying field is
incomplete, it possesses a gap, and the characteristic function associated with
that gap provides a counterexample.

This construction illustrates a common feature of a large number of coun-
terexamples to be exhibited in this paper: many continuous functions con-
structed to violate a particular property are piecewise constant and are more-
or-less elaborate variations on the theme of step functions or “devil’s stair-
cases”. This may be seen as a reflection of the fact that the order topology of
an incomplete field is very fine® — one may say too fine, in the sense that simple
continuity with respect to this topology allows for pathological functions which
are piecewise constant. One possible solution to eliminating these pathologi-
cal examples is to coarsen the topology, which is the idea behind the “weak
topology” for the Levi-Civita field in [13, 15]. Another option is to strengthen
the notion of continuity. And indeed, in many cases replacing the assumption
of continuity by uniform continuity weakens a statement in such a way that it
is no longer equivalent to completeness; instead, it may become equivalent to
the AP. In fact, this may be turned into a systematic way of generating conjec-
tures:% if a statement about continuous or differentiable functions is known to
be equivalent to completeness, the same statement for uniform continuous or
differentiable functions is a good candidate to be equivalent to the AP. While
this scheme works in some instances such as (CA25) and (AP23), there are
a number of cases where we don’t know what happens. The most prominent
— and most troubling to the authors — of those is again the IVT: while it is
easy to see that the uniform version of the IVT implies the AP, it is unclear
whether this version is still strong enough to imply completeness.

In some sense this is only the tip of the iceberg in that there are many
open problems and conjectures that have arisen in the course of this project.
A collection will be provided at the end of this paper.

Before outlining the structure of this paper, we briefly comment on how it
might be read. Readers may want to look for their favourite fact of Analysis
and see if it, too, happens to be equivalent to completeness; instructors of
Real Analysis may want to consider regaling their students with defining R
as the unique ordered field in which some obscure property is satisfied (for
example, how about “every equicontinuous family of functions defined on a

5An incomplete field is totally disconnected; see (CA8) in Section 3.1.
Saffectionately called the “conjecture machine” by the authors
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closed and bounded interval is uniformly equicontinuous” or the Weierstrafl
Approximation Theorem?); or one may simply marvel at the sheer size of the
lists: who would have thought that there are more than 70 ways of expressing
completeness and another 40+ statements equivalent to the AP? The authors
certainly had no idea when they started this project. Maybe readers will start
feeling the thrill of the chase that the authors felt, and will start searching for
their own characterizations of completeness or the AP. The authors certainly
do not think that this is the end of the story, nor do they believe that the
story will ever be complete...

This paper is organized as follows: we first present a quick overview of
ordered fields and their properties, including a more formal description of
some of the terms mentioned in this introduction. We then present the list
of statements equivalent to completeness (Section 3.1). The proofs of equiv-
alence appear in section following the list (3.2). We then repeat this with
the list / proofs for statements equivalent to the Archimedean Property (Sec-
tions 4.1 and 4.2). Finally, we remark on some open problems and conjectures
(Section 5).

2 Ordered fields: preliminaries

In this section we collect some basic definitions and properties of (totally)
ordered fields, which we denote by F with order <.

2.1 Intervals, convex sets, and order topology

We use the familiar notations [a,b] = {x € F | a <z < b}, (—o00,b) ={z € F |
x < b} etc., with the obvious meaning of <. Moreover, Ft := (0,00) = {z €
F |z > 0}. Asubset I CFisan interval if it is of one of the types [a, b], [a, b),
(a’a b]a (a7 b)v (70071)]3 (7007 b)a [CL, OO), (av OO), or (700, OO) =F (Wlth a, be Fa
a <b). A subset C CFis convez if [a,b] C C for all a,b € C with a <b. We
consider F with the order topology, i.e. with the topology generated by the
intervals (a,b).

It is easy to see that every interval is a convex set. However, the converse
is not always true, but depends on the completeness of F (see (CA6) in Sec-
tion 3.1). Similarly, every connected set is convex, but if F is not complete,
there exist convex sets that are not connected such as [0, 1]; see (CA5) and
(CAT) in Section 3.1.
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2.2 Archimedean property, countable cofinality, Q(X)

The natural and rational numbers are contained in any ordered field F; that
is, there is a canonical order-preserving field homomorphism from Q into F.

Definition 2.1 (Archimedean Property, Countable Cofinality).

A field F is said to be Archimedean or to have the Archimedean Property, if,
for every pair a,b € F¥, there is an n € N such that a < nb.

F is said to be countably cofinal if there exists a sequence {\,}nen that is
unbounded in F.

Archimedean fields are countably cofinal (since {n},en is an unbounded
sequence); the rational fraction field Q(X) provides an example of a non-
Archimedean countably cofinal field. Q(X) is the field of fractions for the poly-
nomial ring Q[X]. The order for Q(X) is defined as follows: let = be an element
of Q(X) with lowest-terms representation « = (37, i X)) (o 1 XF).
Let p be the non-zero p; with the smallest index (or 0 if all p; are 0), and
similarly let ¢ be the non-zero g with the smallest index. Then x is positive
iff p/q is positive. With this order, Q(X) is clearly not Archimedean, as, for
example, 1/X > n for all n € N. However, Q(X) is countably cofinal; the
sequence A\, = 1/X" is easily seen to be unbounded.

In fact, elements like X and 1/X occur in every non-Archimedean field,
which warrants the following definition.

Definition 2.2 (Infinitesimals and Infinitely Large Elements).

An element § € F is called infinitesimal if |§| < L for all n € N. This is also
denoted by |6] < 1. (Note that 0 is an infinitesimal.)

An element X\ € F is called infinitely large if n < A for all n € N. This is also
denoted by 1 < \.

2.3 Cuts, gaps, completeness

A pair of non—-empty subsets A, B C F satisfying AUB = F and a < b for
alla € A and b € B, is called a cut of F. Cuts were introduced by Dedekind
[3] for the purpose of defining a notion of completeness as well as constructing
the real numbers.

If A, B is a cut of F, a number ¢ € F such that a < ¢ < b for all a € A and
b € B is called a cutpoint of A, B. Tt is easy to show that ¢ is unique, so we
might say it is the cutpoint of A, B.

A cut A, B without a cutpoint is called a gap (or Dedekind cut [16]) for F.

Suppose A, B is a gap for F. If we can find a § € FT such that for every
a€ Aand b€ B, b—a > §, then we say that A, B is an irregular gap and



266 M. DEVEAU AND H. TEISMANN

that the gap length of A, B is (at least) 0. If no such ¢ exists, A, B is a regular
gap. Note that if A, B is a gap, then both A and B are open (and closed).

Definition 2.3 (Cut Axiom for Completeness).
A field is (Dedekind) complete if there are no gaps; i.e., if every cut has a
cutpoint.

2.4 Integration

In general ordered fields — in particular non-Archimedean ones — integration
is more multifaceted than in the reals, i.e. several definitions that are equiva-
lent in R may result in different sets of integrable functions when considered
in general fields F.

Let a,b € F, a < b. The set of step functions on [a,b], denoted Si, ), is
the set of all functions that are of the form Y }_, arxa,(z) where {4,} is
an interval partition of [a,b], ar, € F, and x4, (x) denotes the characteristic
function for Ay. Let f : [a,b] — F be an arbitrary function. Then the sets of
step functions above and below f are defined by Uy = {s € S, 3 | s > f} and
Ly ={s€ S l|s< [}, repectively.

Definition 2.4 (Darboux Integrability, Darboux Integral).
A function f : [a,b] — F is Darboux integrable if, for any e € FT, there exist
step functions g € Ly and h € Uy such that f: h— f;g <e.
We say that f has a Darboux integral if L¢ and Uy are non-empty and there

is a unique number J € F such thatfjg <J<L f; h for all g € L¢ and for all
h eUy. If f has a Darbous integral, we set f(ff =J.

It is easy to see that having a Darboux integral implies Darboux integra-
bility; however, in an incomplete field, the converse is not true; see (CA34)
below. This approach to integration is adapted from Olmsted [9]. However,
Olmsted calls this “having a Riemann integral” and “Riemann integrable”.
We reserve the term “Riemann” for the standard integral defined, as in R, by
limits of Riemann sums. While Darboux integrability and the Darboux and
Riemann integrals coincide on R, this is generally not the case in incomplete
and non-Archimedean fields.

The following definitions will prove useful later.

Definition 2.5 (Step-Regulated & Limit-Regulated Functions).

A function f : [a,b] — F is called step-regulated if it can be written as the
uniform limit of step functions. f is said to be limit-regulated if its one-sided
limits exist at every point of [a, b].

The one-sided limits, if existent, are denoted by f(z~) and f(x™).
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2.5 Uniform differentiability and uniform equicontinuity

Generally speaking, all “e-d-definitions” of Real Analysis such as (uniform)
convergence, (uniform) continuity, or differentiability may be used verbatim
in general ordered fields F. In this section we explicitly state two lesser-familiar
definitions, namely uniform differentiability and uniform equicontinuity.

Definition 2.6 (Uniform Differentiability).
A function f : [a,b] = F is uniformly differentiable on [a,b] if there exists a
function g : [a,b] — F such that for every e € FT, there is a 6 € F* such that

f(x) = f(y)
T —y

—9g(y)| <e

for every pair x,y € [a,b] with 0 < |z —y| < §. In this case, we write f' = g.

A function from R to R is uniformly differentiable iff its derivative is uni-
formly continuous. It turns out that the “«<"—direction of this statement is
equivalent to the completeness of Archimedean fields; see (CA52).

Definition 2.7 (Uniform Equicontinuity).

A family {fn} of functions fn : [a,b] = F is called uniformly equicontinuous
on [a,b] if, for every e € F, there is a 6 € F* such that |f,(z) — fu(y)| < e
for every pair x,y € [a,b] with |x —y| < 6 and n € N.

In Real Analysis a family of functions is equicontinuous iff it is uniformly
equicontinuous. While “<” is obvious, the “=”-implication is equivalent to
completeness (see (CA62)).

3 Characterizations of Dedekind Completeness

The statements listed below are equivalent to the completeness of a totally
ordered a (countably cofinal) field F.

Many of these statements are collected from other authors and, therefore, a
statement may be “tagged” with up to three references, each indicating an ex-
isting list and the position of the property on that list. (R##), (P#+#) and
(T##) are adapted from [12], [11] and [18], respectively, while any property
that is unmarked is not included in those lists and will be proven equivalent
to completeness in Section 3.2. If the author provides a proof, the tag will
indicate as such with a ‘{’. If no proof is given by any of the authors, an ad-
ditional citation will be given to a published — and to our knowledge, correct
— proof, although this proof may not be the oldest or original version.
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Additionally, a property may only be equivalent to the completeness of
fields that are Archimedean. In that case, the property will include “+(AP)”
and the additional condition that “F is Archimedean” will be added to the
property’s definition. If we make reference to a particular statement that is
equivalent to the Archimedean Property, it will be listed as “(AP##)” and can
be found in full in the second half of this document (Section 4.1). Statements
whose proofs make use of the assumption of countable cofinality are marked
with a “*’. Note however that we do not claim that the Archimedean Property
(or countable cofinality) is necessary in all cases; it is possible that a statement
is equivalent to completeness under some weaker assumption or perhaps with
no additional assumptions at all.

To avoid any impression of circular reasoning, when proving a given result,
we will only make use of results with lower indices on the list. The label
“(CA)” means “any equivalent formulation of completeness”; more precisely,
“(CA) & (CAn)” is to be interpreted as “(CAk) < (CAn) forall k <n—1.7

3.1 The List

CAQ. (Cut Property): (R12), (P3), (T1)
If A, B C F are non—empty subsets such that AU B =TF and a < b, for
all a € A and b € B, then there exists a ¢ € F such that a < ¢ < b for
alla e Aand b € B.

CAl. (Modified Cut Property / Tarksi’s Axiom 3): (T2})
If A, B C F are non—empty subsets such that a < b, for all « € A and
b € B, then there exists a ¢ € F such that a < ¢ < b for all a € A and
be B.

CA2. (Existence of Suprema): (R61), (R6’), (P1), (T5%)
All bounded, non-empty subsets of F have a least upper bound.

CA3. (Intervals are Connected): (R9f})
If I C F is an interval and A, B C I are non-empty subsets of I such
that AU B = I, then one of A, B is not (relatively) open in I.

CA4. (F is Connected): (R11%1), (P4t), (T3)
F is a connected topological space.

CA5. (Unit Interval is Connected): (R7Y)
The subset [0,1] C F is connected.

CA6. (Convex Sets Are Intervals):
Every convex subset of F is an interval.
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CAT.

CAS.

CA9.

CA10.

CA1l.

CA12.

CA13.

CAl4.

CA15.

CA16.

(Convex Sets Are Connected):
Every convex subset of F is connected.

(F is Not Totally Disconnected): (R87)
There exists a connected subset I C [ that contains more than one
element.

(Principle of Real Induction): (T4), [1]
If S C [a,b] is a subset that satisfies (i) a € S (ii) Vo € S\ {b} Ty > =
such that [z,y] C S (iii) [a,z) C S = [a,2] C S, then S = [a, b].

(Unit Interval is Compact): (R23%)
If {Us : o € A} is a collection of open subsets of F such that [0,1] C
Uaca Ua, then there exists a finite subset J of A such that [0,1] C

jeJ Uj~

(Heine-Borel):
Every closed and bounded subset of F is compact.

(Lebesgue’s Lemma)+(AP): (R24%)

F is Archimedean and for every open cover {U, : a € A} of [a,b] there
exists a & € F™ such that, if 2,y € [a,b] with |z — y| < 4, there exists
B € A such that z,y € Ug.

(Bounded Monotone Convergence Property): (R2t), (P107), (T6)
Every sequence {z,} C F satisfying z,, < z,41 < B, for all n € N and
some B € F, converges in F.

(Bolzano-Weierstrass): (R57), (T7)
For every bounded sequence {z,} in F, there exists a strictly increasing
sequence {n;} C N such that {z,,} converges in F.

(Strong Nested Interval Property (NIP))4(AP): (R3t),(P18),(T8)
F is Archimedean and for every sequence of closed and bounded intervals
{I,} satisfying I,,11 C I, for all n € N, there exists some ¢ € F such
that ¢ € I,, for all n € N.

(Weak NIP)+(AP): (R4f)

F is Archimedean and for every sequence of intervals {[a, b,]} such that
[@n+1,bnt1] C [an,bn] (Vn € N) and the sequence {b, — a,} converges
to zero, there exists some ¢ € F such that ¢ € [ay, by,] for all n € N.
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CA17.

CA18.

CA19.

CA20.

CAZ21.

CA22.

CA23.
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(Strong Base g NIP): (P(5.3))7
For all g € N with ¢ > 1 and {d,} C Z,, and if the intervals I,, are given

by
I, = [Z drg ™Y drg P97
k=0 k=0

for all n € N, then there exists a unique ¢ € F such that ¢ € I, for all
n € N.

(Arbitrary Base g Expansion Property): (R34f)
For every g € N with g > 1, let the set G of formal power series be
defined as

G= {i angt"
n=0

Then any element of G converges in F and every z € F can be expressed
as an element of G.8

{an} C Z, andk;EZ}.

(Intermediate Value Property): (R101), (P51), (T9%)
For every continuous function f : [a,b] — F and y € F between f(a) and
f(b), there is some c € [a,b] such that f(c) =y.

(Strictly Monotonic Continuous Functions Have the IVP):
Every strictly monotonic, continuous function has the Intermediate Value
Property.

(Rolle’s Property): (R15%)
For every continuous function f : [a,b] — T, differentiable on (a,b) with
f(a) = f(b), there is some ¢ € [a, b] such that f'(c) = 0.

(Mean Value Property): (R177), (P8%), (T10f)
For every continuous function f : [a,b] — T, differentiable on (a, b), there
is some ¢ € [a, b] such that f'(c) = (f(b) — f(a))/(b— a).

(Cauchy’s Mean Value Property): (R16t)
For every pair of continuous functions f : [a,b] — F and g : [a,b] — T,

both differentiable on (a,b), there is some ¢ € [a, b] such that

(9(b) = g(a)) f'(c) = (f(b) = f(a)g'(c).

"This property is described in Section 5.3 of [11], but is not formally listed as an axiom
there, nor is a proof given.

8Putting these together gives a bijection between G and F, but this formulation exposes
the difference between this and (AP16).
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CA24.

CA25.

CA26.

CA27.

CA28.

CA29.

CA30.

CA31.

CA32.

CA33.

CA34.

(Extreme Value Property): (R14t), (P71), (T117)
For every continuous function f : [a,b] — F there is some ¢ € [a, b] such
that f(z) < f(c) for any z € [a, b].

(Bounded Value Property) + (*): (R271), (P6)°, (T14¢})
For every continuous function f : [a,b] — F there is some B € F* such
that | f(z)| < B for all z € [a, b)].

(Modified Bounded Value Property): (R28¢%)
For every continuous function f : [a,b] — F there is some B € N such
that | f(z)| < B for all z € [a, b)].

(Darboux’s Property): (T12f)
For every differentiable function f : [a,b] — T, the derivative f’ has the
Intermediate Value Property on [a, b].

(Open Function Property): (T13), [§]
Every continuous and injective function maps open sets to open sets.

(Uniform Continuity Property) + (*): (R251), (T15%)
Every continuous function defined on a closed and bounded interval is
uniformly continuous.

(Extensibility to the Boundary) + (*):
Every uniformly continuous function f : (a,b] — F has a continuous
extension to [a, b].

(C! Functions Are Uniformly Continuous)+(AP):
F is Archimedean and every continuously differentiable function defined
on a closed and bounded interval is uniformly continuous.

(Darboux Integral Property) + (*): (T167)
Every continuous function defined on a closed and bounded interval has
a Darboux integral.

(Uniform Darboux Integral Property):
Every uniformly continuous function defined on a closed and bounded
interval has a Darboux integral.

(Integral Equivalence Property)+(AP): (T18%)
F is Archimedean and every Darboux integrable function has a Darboux
integral.

9Propp proves that the assumption of countable cofinality is necessary, unlike the other
authors, but does not prove the result as a whole.



272

CA35.

CA36.

CA37.

CA38.

CA39.

CA40.

CAA41.

CA42.

CA43.
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(Cauchy Completeness)+(AP): (R11), (P11)1°, (T177)
F is Archimedean and all Cauchy sequences in F are convergent in F.

(Taylor’s Expansion Property): (R18t)

For every function f : [a,b] — F that is n times continuously differen-
tiable on [a,b] and n+1 times continuously differentiable on (a,b), there
exists a number ¢ € (a,x) for every = € (a,b] such that

(k) (g (n+1) (¢

(Characterization of Polynomials): (R197)
Every function f : [a,b] — F that is n times continuously differentiable
on [a, b], n+1 times continuously differentiable on (a, b) and that satisfies
f+1) =0 is a polynomial of degree at most n.

(Constant Value Property): (R207), (P97)
Every continuous function f : [a,b] — F, continuously differentiable on
(a,b) with f' =0, is constant on [a, b].

(Monotonicity Property): (R217)
Every function f : [a,b] — F, differentiable on (a,b) with f/(z) > 0 for
all z € (a,b), is increasing,.

(Convexity Property): (R221)
Every function f : [a,b] — F, twice differentiable on (a, b) with f”(x) > 0
for all z € (a,b), is convex.

(Uniform Approximation by Step Functions): (R26t)
Every continuous function defined on a closed and bounded interval is
step-regulated.

(Increasing Antiderivative Property):
If f: [a,b] — F is a continuous function satisfying f(xz) > 0 for all
x € |a,b], then any antiderivative of f is increasing.

(Antiderivatives Differ by Constants):
For every continuous function f : [a,b] — F and any pair of antideriva-
tives F, G : [a,b] — F of f, the function (F — G) is constant on [a, b].

10Propp proves that (AP) is necessary but does not prove the result as a whole.
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CA44.

CA45.

CA46.

CA47.

CA48.

CA49.

CA50.

CA5L.

CAbB2.

CA5B3.

(Maximal Archimedean Property)+(AP): (R337)

F is Archimedean and any Archimedean totally ordered field can be
embedded in F, i.e. for every Archimedean totally ordered field K there
exists an order-preserving field homomorphism from K to F.

(Fixed Point Property): (P127)
For every continuous function f : [a,b] — [a,b], there exists a number
z € [a,b] such that f(z) = z.

(Contraction Mapping Property): (P137)
For every function f : F — F satisfying |f(x) — f(y)| < c|z — y| for all
x,y € F and some ¢ < 1, there exists a number z such that f(z) = z.

(Ratio Test): (P167)
For every sequence {a,} in F such that lim,, o |@n4+1/an| < 1, the series
27010:1 a, converges in F.

(Comparison Test) + (AP): (R35)

F is Archimedean and if {a,}, {b,} are non-negative sequences with
an < by foralln € N, then > a,, converges in F if >~ (b, converges
in FF.

(Rearrangement Property) + (AP): (R367)
F is Archimedean and if Y7 a,, is an absolutely convergent series, then
any rearrangement series also converges absolutely.

(Absolute Convergence Test) + (AP): (R371)
F is Archimedean and if {a,} is a sequence such that >~ ;|a,| con-
verges, then ZZOZO a,, also converges.

(Weierstrass Approximation Property) + (*):
For every continuous function f : [a,b] — F and € € FT, there exists a
polynomial p : [a,b] — F such that |f(z) — p(z)| < e for all x € [a, ]].

(' Uniformly Continuous Implies f Uniformly Differentiable)
+(AP):

F is Archimedean and every function f : [a,b] — F whose derivative
(exists and) is uniformly continuous is uniformly differentiable.

(Modified FTC I)4(AP):

F is Archimedean and for every continuous function f : [a,b] — F there
exists a uniformly differentiable function F : [a, b] — F such that F'(z) =
f(z) for every x € [a,b].
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CA54.

CAS55.

CA56.

CA5T.

CAB8.

CAb9.

CA60.

CAG61.

CA62.

CAG63.

CA64.

M. DEVEAU AND H. TEISMANN

(FTC II: Evaluation Property):
For every function f : [a,b] — F possessing a Darboux intergral and an

antiderivative F' the identity f: f(x)dx = F(b) — F(a) holds.

(One-Sided Limits of Monotone Functions) + (*):
Every monotone function is limit-regulated.

(Step-Regulated Implies Limit-Regulated) + (AP):
F is Archimedean and every step-regulated function is limit-regulated.!!

(Limit-Regulated Implies Step-Regulated):
Every limit-regulated function is step-regulated.

(Limit-Regulated Implies Bounded) + (*):
Every limit-regulated function is bounded.

(Jumps of Limit-Regulated Functions 1):
For every limit-regulated function f : [a,b] — F and € € FT, the set

D.(f) = {x € [a, ]| max{|f(z~) — ()], |f(a*) = F(x)[} > &} is finite.

(Jumps of Limit-Regulated Functions 2):
There exists an ¢ € FT such that the set D.(f) is finite for every limit-
regulated function f.

(Convergence of Derivative & Uniform Convergence) + (*):
For every sequence {f,} of differentiable functions f, : [a,b] — F such
that {f]} converges uniformly in F and there is some ¢ € [a, b] such that
{fn(c)} converges in F, {f,} converges uniformly in F.

(Equicontinuity Implies Uniform Equicontinuity) + (*):
Every equicontinuous family { f,,} of functions f,, : [a,b] — F is uniformly
equicontinuous.

(Arzela—Ascoli 1):
Every uniformly bounded equicontinuous family of functions has a point-
wise convergent subsequence.

(Arzela—Ascoli 2) + (*):
Every pointwise convergent equicontinuous family of functions converges
uniformly.

HNote that limit— and step-regulated functions are defined on closed and bounded inter-
vals; see Def. 2.5
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CAG65.

CA66.

CAG67.

CAG6S.

CA69.

CA70.

CAT1.

CAT2.

(C* Functions Are Lipschitz) + (*):
Every continuously differentiable function defined on a closed and bounded
interval is Lipschitz.

(Continuous Functions Preserve Cauchy Sequences) + (*):
If f:[a,b] = F is a continuous function and {z,} C [a,b] is a Cauchy
sequence, then {f(x,)} is also a Cauchy sequence.

(L’Hépital’s Rule 1)+(*):

For every pair of differentiable functions f,g : (a,b) — F with ¢’(z) # 0
anywhere, lim,_, .+ f(z) = lim,_ o+ g(2) = 0 and lim,_, .+ f'(2)/¢'(z) =
L for some L € F, the limit lim,_,,+ f(z)/g(x) exists and is equal to L.

(L’Hépital’s Rule 2)+4(*):

For every pair of differentiable functions f, g : (a,00) — F with ¢’(z) # 0
anywhere, lim,_,. g(z) = oo and lim,_, f/'(z)/¢'(x) = L for some
L €T, the limit lim,_,~ f(x)/g(z) exists and is equal to L.

(Convergence Property for Darboux Integration)+(AP):
F is Archimedean and every function that is the uniform limit of func-
tions possessing Darboux integrals has a Darboux integral as well.

(Injective Functions are Monotonic):
Every continuous, injective function on [a,b] is monotonic on [a, b].

(Approximate Intermediate Value Property):
For every continuous function f : [a,b] — F, ¢ € F™ and y € F between
f(a) and f(b), there is some ¢ € [a, b] such that |f(c) —y| < e.

(Weak Intermediate Value Property):

There exists an ¢ € F' such that, for every continuous function
f:]a,b] = F and y € F between f(a) and f(b), there is some ¢ € [a, D]
such that |f(c) —y| <e.

Remarks. (a) In (CA32), (CA33),(CA34),(CA54), and (CA69) “f has a
Darboux integral” can be replaced with “f is Riemann-integrable.”
(b) In (CA63) “equicontinuous” may be replaced by “uniformly equicontinu-

ous”.

(c) Technically, the list could be extended by another eight items, as there are

also

“approximate” and “weak” versions of Rolle’s (CA21), the Mean Value

(CA22), Cauchy’s Mean Value (CA23) and Darboux’s (CA27) Properties,
which are all equivalent to completeness. However, we thought it sufficient
to only list two representative cases, (CA71) and (CAT72).



276 M. DEVEAU AND H. TEISMANN

3.2 Assorted proofs

PRrOOF OF (CA) < (CAG).

(=): Standard Real Analysis (note that, if C' is a bounded convex set, its
endpoints are given by inf(C') and sup(C)).

(<): Let F be incomplete, A, B a gap, a € A, and C := [a,00) N A. Then
C is convex: to see this, let a,b € C, @ < b, and a < x < b. Then, clearly,
x € (a,00). Moreover, if x were in B, then b > x would be in B as well;
contradiction. So x € A and x € C. Now assume that there was an element
b € F such that C = [a,b] or C = [a,b) (the case [a,00) does not occur, since
C' is bounded above by any element of B). Considering the first case, by the
definition of C, b € A and b < y for all y € B. Since b cannot be a cut point
for A, B, there must be an © € A such that b < z, which implies z € C'\ [a, }],
a contradiction. If C' = [a,b), b € A would lead to the same contradiction, so
assume b € B. As before, since b cannot be a cutpoint, there is an y € B such
that y < b. But this means y € [a,0) =C C Aand soy € AN B = (), again a
contradiction. O

Proor oF (CA) & (CAT).
(=): Follows from (CA3) and (CAG).
(«<): If F is incomplete, the set [0, 1] is convex but not connected by (CA5). O

PRrROOF OF (CA) & (CA11).

(=): Standard Real Analysis.

(«<): If we assume (CA11), it immediately follows that [0, 1] is compact, which
is the statement of (CA10). O

ProOF OF (CA) & (CA20).
This proof is straight-forward and omitted. O

In the next lemma we list the properties of a particular function, which will
serve as a counter example in a number of proofs. The idea of the construction
goes back to an earlier version of [11]; a detailed proof is given in [4].

Lemma 3.1.

Let F be an incomplete Archimedean field (considered as a subfield of R) and
¢ € R\F with 3/8 < ¢ < 5/8. There exists a (uniformly) continuous real func-
tion f:[0,1]g — R with fol f(z)dx = ¢ so that flg : [0,1] = [0,1]g NF — F
is well-defined. Furthermore, the function takes on non-negative values every-
where in [0, 1]r and hence its antiderivative function F is strictly increasing.
Finally, there is a sequence of Riemann-integrable functions in F uniformly
convergent to f.
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ProOF OF (CA) < (CA30).

(=): This is a standard proof. However, we note that it only uses Cauchy
completeness and makes no assumption about the field being Archimedean.
Hence, the statement holds true in any Cauchy complete field and so the
assumption of Archimedean is necessary.

(«): If F is non-Archimedean, then the function constructed in the proof of
[18, Prop.4 (ix)] provides a counterexample. So suppose F is an incomplete
Archimedean ordered field. Let f be the function from Lemma 3.1 and define
F:(0,1]g = R by F(x) = le f(¢)dt. F is uniformly continuous and hence
F|r is as well. However, if F|r could be extended to [0, 1], it would agree with
the extension of F to [0,1]g at 0, i.e. F|p(0) = F(0) = fol f(t)dt = ¢, which
is impossible since ¢ ¢ F. O

ProOOF OF (CA) & (CA31).
(=): This is a standard proof of Real Analysis based on (CA25) and (CA22).

(«<): Suppose F is not Dedekind complete and suppose F is Archimedean. Let
A, B be a gap. Let a € A and b € B be arbitrary, and define f : [a,b] — F as

)0, ifze ANn]a,b]
f(x)_{l, if x € BNJa,b]

Then f' =0, so f is continuously differentiable, but f is not uniformly con-
tinuous, since the gap A, B is regular by (AP9). O

We now state a helpful lemma. We do not provide the proof; it is a standard
exercise in undergraduate analysis.

Lemma 3.2 (Continuous Extension of Uniformly Continuous Functions).
Let F be an ordered subfield of R, hr : [a,b] — F a uniformly continuous
function, and a,b € F with [a,b] C F. Then there exists a unique continuous
function h : [a,blg — R such that h(z) = hp(x) for all x € [a,b]. We term
h the continuous extension of hy to R. (Note also that h is even uniformly
continuous.)

Lemma 3.3.

Let F be a Archimedean field and let f : [a,blg — R be a function with a
Darboux integral J. Let F = f|g be the restriction of f to [a,b] = [a,bjg NF
and suppose F(F) C F. Let Lr and Up be the set of step functions with
coefficients in F below and above F, respectively. If there is an I € F such that
Vg € Ly, Vh € Up, f:g <I< ff h, then I = J and hence F has a Darbouz
integral in F equal to J.
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PROOF.

Suppose I # J. We will consider the case I < J; the case where I > J
is similar. Since J is the Darboux integral for f and is hence unique, J >
(I + J)/2 is not the Darboux integral, and so there is some step function
s € Ly so that (I +J)/2 < ffs.

Let the representation of s be given by s(z) = Y;_; axxa,(z) where
{ar} C R and the Ags are disjoint intervals and have union [a,b]. By (AP3),
for each k, there exists a 8y € Q such that o, — (J —1)/(2(b—a)) < B < ag.
Define the step function ¢ by t(z) = >.}'_, Brxa,(z) and note that B <
for all k and so t < s < f. Since ¢ takes on only rational values, ¢|p maps only
into F. t|r < f|r and therefore t|p € Lp. Then,

/bt| /bt>/b J-1 /b Il I+d J-T
a e a a ’ 2(b_a’) - as 2 2 2 o

But this contradicts the definition of I, since t|p € L and yet f: tlr > I. So
I = J, from which it is obvious that I is the unique value with this property
and so F' has a Darboux integral in F equal to I = J. O

Corollary 3.4.

Let F be an Archimedean field and let f : [a,blg — R be a function with a
Darbouz integral J € R. Suppose F' = f|r satisfies F(F) C F. Then F has a
Darboux integral in F if and only if J € F.

PROOF.

(=): Let I € F be the value of the Darboux integral of F'. Then by definition,
Vg € L, Vh € U, fabg <I< fabh and hence by Lemma 3.3, I = J and so
JeF.

(«<): All step functions in L and Up appear in Ly and Uy, respectively, and
thus J satisfies the conditions of I in Lemma 3.3. Therefore, F' has a Darboux
integral with value J, as desired. O

This corollary provides a criterion for a restricted function having a Darboux
integral, based on the value of the Darboux integral of the unrestricted func-
tion.

PRroOF OF (CA) < (CA33).

(=): In R, all continuous functions have Darboux integrals, so in particular,
the uniformly continuous ones.

(«<): If F is non-Archimedean, then as proven in [18] (Lemma D), there exists
a function (which is uniformly continuous) that does not have a Darboux
integral.
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So suppose F is Archimedean and let f : [0,1]g — R be the function in
Lemma 3.1, and fr : [0,1] — F its restriction to F. Note that fg is uniformly
continuous. Since f has (Darboux) integral ¢ but ¢ ¢ F, by Cor. 3.4, fr does
not have a Darboux integral in F. O

PROOF OF (CA) & (CA42) & (CA43).
(CA) = (CA42): This is a simple argument based on (CA22).

(CA42) = (CA43): Let F,G be antiderivatives for a function f. Define
H =G — F. Then H' =0 and hence by assumption both H and (—H)
are increasing, i.e. H is constant.

(CA43) = (CA) : Suppose f : [a,b] — F is continuous on [a,b] with f' = 0.
Then both f and the zero function are antiderivatives of the zero function
and so they differ by a constant, i.e. f is constant. This proves (CA38),
which is equivalent to completeness. O

Remark. These two axioms were originally proven to be equivalent to com-
pleteness in [12]. Those proofs used countable cofinality, however, while the
proofs presented here do not.

PRrROOF OF (CA) & (CA48).

(=): This is a standard proof, using (CA13) to establish convergence of partial
sums.

(«<): Let F be an incomplete Archimedean ordered field. Then there is some
value ¢ € R\ F. Without loss of generality, we may assume 0 < ¢ < 1. Then ¢
has a binary expansion with bit sequence {d,} so that > °  d, /2" = ¢ with
each d,, either 0 or 1. Let a,, = d,,/2" and b, = 1/2". Then a,, < b, for all
n, as required, and Y o> b, = 1. But Y .-, a, = ¢ by definition and hence
cannot converge in I since ¢ ¢ F. O

We now state two standard results without proof. It is easy to verify that the
proofs are valid in any totally ordered field.

Lemma 3.5.
If a sequence of bounded functions converges uniformly on a closed interval
[a, b], then the limit function is bounded on [a,b].

Lemma 3.6.
Let p: [a,b] = T be a polynomial with coefficients in F. Then p is bounded on
[a,b].
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ProOOF OF (CA) & (CA51L).

(=): Weierstrass Approximation Theorem.

(«<): Suppose F is not Dedekind complete, and yet (CA51) still holds. We
know by —(CA25) there exists a continuous function on a closed interval that
is unbounded, call it f. By assumption, there exists a sequence of polynomials
uniformly convergent to f. But, by Lemma 3.6, polynomials are bounded on
closed intervals and so by Lemma 3.5, their uniform limit, f, must be bounded
as well. Contradiction. O

PROOF OF (CA) & (CA52).

(=): Tt is relatively simple to show that this follows directly from (CA22).
(«<): Suppose F is not Dedekind complete and Archimedean. The the function
in the proof of “(CA31) = (CA)” above provides a counter example here as
well — for a similar reason. O

PrROOF OF (CA) < (CAB3). See [4] O

PrOOF OF (CA) & (CA54).
(=): This is a standard proof, using (CA22).
(«<): Let F be incomplete and A, B a gap in F. Choose some a € A and b € B
and define
Flz) = {0, %fm €la,bNA
1, if z € [a,b] N B.

Then F’ =0 on [a,b]. If we now consider f = F’, we obviously get that f has
a Darboux integral with fj f(z)dx = 0, however F(b) — F(a) = 1, proving
the result. O

PROOF OF (CA) & (CAB5).

(=): This follows easily from (CA13).

(<): Let F be a countably cofinal ordered field and assume first that F is
non-Archimedean, i.e. contains an infinitely large element A (cf. (AP2) in
Section 4.1). Let {e,} be a positive, decreasing null sequence in F, and define
Zp =1—¢€y,. Define f:F — F by

0, if z < xg
flx)=<n, ifz,1 <z <x,
A, ifx > 1.

Certainly, f is increasing. We claim that f has no left-hand limit at 1 and
hence (CA55) fails on, say, the interval [0,2]. But this is obvious, as f(z,) =n
is clearly not a Cauchy sequence, and hence not convergent.
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So F must be Archimedean. If F is incomplete, we know by Lemma 3.1
that there is some function f : [0,1]g — R with integral ¢ ¢ F. Define,
similar to the proof of (CA30), F': [0,1]g — R by F(z) = fgcl f(t)dt and let
g :[-1,1] = F be defined by

—Flp(—x) +5/8 if z € [~1,0)
gx)=40,ifz=0
Flp(x) —5/8, if z € (0,1].

Now let {g,,} be a positive null sequence in Q. Then g(0") = lim,, 0 9(gn) =
limy, 00 Flr(gn) —5/8 = limy, 00 F(gn) —5/8 = F(0)—5/8 = c—5/8 ¢ F and
hence g(0™) does not exist in F. Similarly, g(0~) does not exist in F. However,
g is clearly (strictly) monotonic on [—1, 1] and hence (CA55) fails, proving the
result. O

PROOF OF (CA) < (CA56).

(=): The proof is given in [5]. We note that it only uses completeness in
the sense of Cauchy convergence, and hence our additional stipulation of the
Archimedean Property is necessary for equivalence.

(«<): Let F be Archimedean and incomplete. Let g be the function used in
the previous proof. We know from that proof that g is not limit-regulated,
so it remains to show that g is step-regulated. We only show that ¢ is step-
regulated on (0, 1], since it is then easy to show that it is step-regulated on
[—1,1].

Let € € F* be given. We will construct an e-close step function for g on
(0,1]. Since g is continuous on (0, 1], for every x € (0,1], there is some §,, € F*
so that |z —y| < d, implies |g(z) —g(y)| < e. Let I, = (x — 5, 2+ 0,). The set
of open intervals {I, | ¢ € (0,1] N Q} is an open cover of [0, 1]z by the density
of Q in R and hence by (CA10) has a finite subcover {I,,,1Iy,,..., I, }. Then
the function s(x) = g(q0)X(0.q0) (@) + =1 9(4:)X[g..q04:1 () + 9(@n)X(g,..1)(%)
is a e-close step function for g on (0, 1] defined using only values in F. O

PROOF OF (CA) < (CA5T).
(=): The proof is given in [5] and uses (CA11) to construct the partition used
for the desired step function.
(«<): Clearly, all continuous functions are limit-regulated. Hence, by assump-
tion, they are step-regulated, proving (CA41), which is equivalent to com-
pleteness. O

PROOF OF (CA) < (CA58).
(=): Standard proof by contradiction using (CA14).
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(«<): Suppose F is countably cofinal and incomplete. Then —(CA25) gives a
continuous function that is unbounded. Since continuous functions are obvi-
ously limit-regulated, this proves the result. O

PrOOF OF (CA) & (CA59) < (CAG0).

(CA) = (CAB9): This may be shown by contradiction. Although the proof
does not always seem to be part of the real-analysis syllabus, we never-
theless omit it here.

(CA59) = (CA60): Trivial.

(CA60) = (CA): Let F be an incomplete field. If F is Archimedean, choose
some ¢ € (0,2)g \ F and some strictly increasing sequence {e,} drawn
from IF convergent to ¢ in R. If IF is non-Archimedean, let €, = nd, where
0 is a positive infinitesimal in F (cf. (AP1) in Section 4.1).

Note that in either case, all &, are contained in [0,2]. Let ¢ € Ft be
given. Then we define the function f : [0,2] — F as

_ € (71)n7 ifze [€n75n+1)
f) = 2 {1, otherwise

and note that since f is piecewise-constant, it must be limit-regulated.
Then at every e,, we have a “jump” of size ¢ and so {e,} C D.(f),
which means D.(f) is not finite. O

We now present a lemma that allows us to shift gaps. The result is quite
intuitive, so we omit the proof.

Lemma 3.7.

Let F be an incomplete field, and let A, B be a gap. Suppose f : F — F is
surjective and strictly increasing. Define f(A) = {f(x) |z € A} and similarly
define f(B) = {f(z) | x € B}. Then f(A), f(B) is also a gap in F.

Corollary 3.8.

Let F be an incomplete field, and let A, B be a gap. Let m € F* and define
mA = {mx | x € A} and similarly define mB = {mz | x € B}. Then mA, mB
is also a gap in F.

PROOF.
The result follows directly from Lemma 3.7, using f(z) = ma. O
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Definition 3.9. s R
Let F be an incomplete field, with gap A, B so that ANF* is non-empty, and let
{zn}oZo C FF be a strictly decreasing sequence in F convergent to 1. Define

A, =z, A and B, = x,B. We can define a partition A, By, By,... of F by
BOZBO Bk:BkﬂAk,1 (](,‘21) A:mlei
i=0

We say that this partition is the gap sequence generated by {zn} using the gap
A, B.

Although the definition is somewhat technical, the idea of a gap sequence is
relatively simple. A pictorial example of the construction is shown in Figure 1.

Aﬂ Bﬂ
A, B,
AZ BZ
Ak—‘l Bk‘l
~ R -
bod i i >
A B, B, B B

Figure 1: Example construction of a gap sequence.

A gap sequence, such as the one shown in the figure, has a number of useful
properties, which we present as a lemma but do not prove.

Lemma 3.10.
Let A, {B}.} be the gap sequence generated by some sequence {x,} using some
gap A, B. Then

o A=A and\J;, By = B.
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o A< By forallk, i.e. ifz € A andy € By for some k, then x < y.
e B; < B; whenever i > j.
e A and all By, are open and convex sets.

PrOOF OF (CA) & (CAG61).
(=): This is a standard proof, which establishes the sequence of functions is
uniformly Cauchy and then uses (CA35) to show uniform convergence.

(«<): Let {\,} be an unbounded sequence in F. W.l.o.g. we may assume that
the sequence is strictly increasing and that Ag = 1. Define z,, = 1+ 1/}, and
note that {z,} is a sequence in F convergent to 1. Suppose F is not complete
and let A, B be a gap in F. W.lLo.g. assume that 0 € A and 1/2 € B. Let
Ag, {Bn} be the gap sequence generated by A, B using {x,,}.

We define the sequence of functions {f,} on [—1,1] as follows:
fola) = {())\;€7 ifx e Bk N [—1,1] for some k < n, (1)
, otherwise.

Since each f,, is locally constant, we have f/ =0 and {f/} trivially converges
uniformly. Furthermore, since 1 € By, f,(1) = Ao = 1 for all n € N, and so
{fn(1)} converges in F.

However, each f,, is bounded on [—1,1] by A, and so if {f,} converged
uniformly, then by Lemma 3.5, the limit function f would be bounded. But
it is obvious from the definition of {f,} that the limit cannot be bounded.
Contradiction. O

PRrROOF OF (CA) & (CA62).

(=): This is a standard proof and is almost exactly the same as the proof
that (CA29) holds in R.

(<): Let F be a countably cofinal incomplete field. Then —(CA29) gives us
some function f that is continuous but not uniformly continuous on some
interval [a,b]. Define f,, = f for all n € N. Then {f,} is obviously equicontin-
uous but not uniformly equicontinuous (note that each function of a uniformly
equicontinuous family is uniformly continuous). O

PROOF OF (CA) < (CA63).

(=): For this argument, usually a step in proof of the Arzela-Ascoli Theorem,
the density of Q may be used.

(«<): If F is not complete, there exists a bounded sequence (y,) C F that
does not have a convergent subsequence (by —(CA14)). Define f, = yn,
which is equicontinuous (even uniformly equicontinuous), as each function is
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constant. However, {f,} cannot have a pointwise convergent subsequence,
since y, = fn(x) does not have one. O

PROOF OF (CA) & (CA64).

(=): Standard argument in the proof of the Arzela-Ascoli Theorem.

(«<): Suppose F is incomplete and let {f,} be the family of functions defined
in (1). It is obvious that the sequence is pointwise convergent on [—1, 1] and
that the family is equicontinuous on that interval. But, as shown above, it is
impossible for {f,} to converge uniformly. O

PROOF OF (CA) & (CAG5).

(=): This standard proof relies on (CA22).

(<): Let f be the pointwise limit of the sequence { f,,} defined in (1). f exists
since at each point in [—1, 1] the sequence of function values associated with
that point is eventually constant. Since f’ = 0, f is obviously continuously
differentiable on [—1, 1]. However, f is not Lipschitz since it is unbounded by
construction. O

PRrROOF OF (CA) & (CAG66).

(=): This statement does not require completeness if the function is unifomly
continuous. The crux of the proof, then, is appealing to (CA29).

(«<): Let f be the function used in the previous proof. Let {y,} be any
sequence so that y,, € By, for all n, i.e. f(y,) = A, and so forms an unbounded
— hence not Cauchy — sequence. It remains to show that {y,} is Cauchy.

Let e € F* be given. Since {z,,} monotonically tends to 1 from above, there
is some N € N so that zy — 1 < &. Suppose m >n > N. A simple argument
shows that y, € Ay. Since m > n, ym < Yn, and since y,, € B C B,
TNYm € By and S0 TNYm > Yn-

SO [Yn = Ym!| = Yn = Ym < TNYm = Ym = (TN — 1)Ym < €Ym < €, where the
last inequality follows from 1 € By and m > N > 0. O

We now present two alternate types of gap sequences. These are natural
modifications to make and hence we leave it to the reader to verify that they
are well-defined in the same way as the previous gap sequence.

Definition 3.11.

Let F be a (countably cofinal) incomplete field, with gap A, B so that ANTF+
is non-empty, and let {x,}°2, C FT be a strictly decreasing sequence in F
convergent to 0. Then we define the gap sequence A, By in the same way as
the standard gap sequence. This definition yields the following properties:

o A= (—00,0] and Jy—y Br = (0,00).
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e B; < B; whenever i > j.
e All By, are open and convex sets.

We might refer to this modification as a null gap sequence.

Definition 3.12.

Let F be a (countably cofinal) incomplete field, with gap A, B so that ANF* is
non-empty, and let {x,}>°, C FT be a strictly increasing unbounded sequence
in FT. Then we define the gap sequence Ay, in the following way, which bears
much similarity to the standard gap sequence:

Ay = 4y Ay =A,NBy_y (k>1)
This definition yields the following properties:
o UpeoAr =F.
o A; < A; wheneveri < j.
o All Ay are open and convex sets.
We might refer to this modification as a unbounded gap sequence.

We now use these two new gap sequences to prove similar results, namely
equivalence of completeness and the two versions of ’'Hopital’s Rule.

PROOF OF (CA) < (CAG6T).

(=): Standard analysis proof, typically based on (CA23).

(<): Let {\,} be an unbounded sequence in F. W.l.o.g. we may assume that
the sequence is strictly increasing, A,+1 > 2\, for all n € N and that Ay =1
and Ay = 2. Denote 1/X, by ¢, and note that {e,} is a null sequence in
F. Suppose F is not Dedekind complete and let A, B be a gap in F. W.lo.g.
assume that 1 € A and 2 € B. Let A, {B,} be the null gap sequence generated
by A, B using {en}. We define g : (0,1) — F by g(z) = z, and define f as
f(z) = —x 4+ 2e,_1 if x € B,. Since a gap sequence is a partition of F and
1 € By, this is well-defined.

We must show that f and g satisfy the conditions of 'Hopital’s Rule. Cer-
tainly g is differentiable on (0,1) and has derivative 1 everywhere. Further-
more, lim,_,o+ g(x) = 0. Additionally, it is easy to see that f is differentiable
with derivative -1 on (0, 1), since it is linear on each B,,.

We claim that lim,_,o+ f(z) = 0. To this end, let ¢ € F* be arbitrary
and fixed. Since {e,} is a null sequence, there exists some N € N such that
en < /2. Take § = ey, and let = € (0,9) be arbitrary. Then it is easily seen
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that ey € By41 and hence, since x > 0, there is some n > N + 1 such that
x € B,. We know 2¢,,_1 > f(x) by definition of f on B,. Furthermore, by
definition of the gap sequence, if x € B,,, then = € en_1A and so z < 2e,_1,
since 2 € B. Thus, f(z) = —z +26,_1 > 0 and so |f(z)| = f(z) < 26,1 <
2en < g, which implies lim,_,o+ f(z) = 0, as desired.

Now, since f/'(z) = —1 and ¢'(x) =1 on (0,1), it must be the case that

fx) =1 _

im = =-1
=0t ¢’ (x) 1

But both f and g are positive on (0,1) and so f(x)/g(z) is positive on
(0,1). Thus lim, ,o+ f(x)/g(z) > 0 # —1 or lim, ,o+ f(x)/g(x) does not
exist, both of which violate the conclusion of 'Hopital’s Rule. O

We now modify this proof for the second version of ’'Hépital’s Rule, namely
the “infinite limit” case.

PRrROOF OF (CA) & (CAG8).

(=): This is proven in a manner similar to (CAGT).

(«<): The proof is similar to the previous one. Let {\,} C (2,00) again be
an unbounded sequence, w.l.o.g. strictly increasing. Let A, B be a gap with
2 € B and let {A,,} be the unbounded gap sequence generated by A, B using
{An}. We define g : (1,00) — F as g(z) = x, and define f as f(x) = —x +2\2
ifx e A,.

We must show that f and g satisfy the conditions of 'Hopital’s Rule.
Certainly ¢ is differentiable on (1,00) and has derivative 1 everywhere. It
is obvious that lim,_,. g(z) = co. Additionally, it is easy to see that f
is differentiable with derivative -1 on (0,1). It remains to be shown that
lim, o0 f(x) = c0. Let € (1,00) be fixed. We know that there is some
n € N so that © € A,. Hence z € A, and since 2 € B, 2\, € B, i.e. < 2)\,.
Hence f(z) = —x+2X2 > 2\,,(=14\,) > A, which is a unbounded sequence
by assumption.

Now the proof may be concluded as above. O

PrOOF OF (CA) & (CA69).

(=): This is a standard result of Real Analysis.

(«<): From Lemma 3.1 we know that in a incomplete Archimedean field,
we have a function f that is the uniform limit of functions with Darboux
integrals, but cannot itself have a Darboux integral, for its value would be

f: f(z)dx = ¢ ¢ F, which is impossible. O

PROOF OF (CA) & (CAT0).
This proof is quite easy and omitted. O
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PrROOF OF (CA) & (CAT71) & (CAT2).

(CA) = (CAT1): Immediately follows from (CA19).

(CAT1) = (CAT2): Trivial.

(CA72) = (CA) : Suppose F is incomplete and let A, BbeagapinF, a € A
and b € B. Let € € F™ be given. Define f : [a,b] — F by

0, ifxela,bNA
flay= % el
2e, if x € [a,b]N B

and note that f is continuous on [a, b]. Then between a and b, f takes on only
values of 0 and 2e¢ and hence there is no value c in [a, b] so that |f(c)—¢| <e. O

4 Characterizations of the Archimedean Property

The following statements are equivalent to the Archimedean Property of a
totally ordered field F (assumed to be countably cofinal).

Again, many of these statements are collected from other authors and
a statement may be tagged with up to two references, each indicating an
existing list and the position of the property on that list. (R#) and (T#) are
adapted from [12] and [18], respectively, while any property that is unmarked
is not included on either list and will be proven equivalent to the Archimedean
Property in the following section.

Again, we mark those statements as in the previous list with ‘¥’ and ‘7’ or
a reference.

4.1 The List

APO. (Archimedean Property): (Riii)
For every pair of elements a,b in FT, there is some n € N such that
a < nb.

AP1. (No Infinitesimals): (Tii), [7]
F has no non-zero infinitesimals.

AP2. (All Elements are Finite): (Tiii), [7]
F has no infinitely large elements.

AP3. (Density of Q): (Rvit), (Rviif), (Tiv)
Q is dense in F, that is for every pair a,b € F with a < b, there is some
q € Q such that ¢ € (a,b).



72 + 42: COMPLETENESS AND ARCHIMEDEAN PROPERTIES 289

AP4.

AP5.

AP6.

APT.

APS.

AP9.

AP10.

AP11.

AP12.

AP13.

AP14.

AP15.

AP16.

(Subfield of R): (Tv), [10]
F can be embedded in R, i.e. there exists an order-preserving homomor-
phism from F into R.

(Harmonic Sequence 1): (Riif), (Tvi)
The sequence {1/n | n € N, n > 1} converges to zero.

(Harmonic Sequence 2):
The sequence {1/n | n € N, n > 1} converges in F.

(N is Unbounded): (Rif)
The sequence {n : n € N} is unbounded in F.

(Rational Cauchy Sequence):
There is some rational sequence {¢,} C Q that is Cauchy in F but not
eventually constant.

(Cuts Are Regular): (Tviif)
For every cut A, B and ¢ € FT here exist © € A,y € B such that
y—z<e.

(Bounded Monotone Cauchy Property): (Tviiif)
Every bounded monotone sequence is a Cauchy sequence.

(Bolzano-Weierstrass-Cauchy Property):
Every bounded sequence has a subsequence that is a Cauchy sequence.

(Monotone Functions Are Darboux Integrable): (Txt)
Every monotone function defined on [a, b] is Darboux integrable.

(Floor Function):
For every x in F*, there is some n € N such that n <z <n + 1.

(Analytically Nilpotent Elements): (Riv{)
For every x € F such that |z| < 1, the sequence {z™} converges to zero.

(Analytically Nilpotent Rational):
There is some ¢ € Q% so that ¢" — 0 in F.

(Base g Expansion): (Rvf)
For every g € N with g > 1, let the set G of formal power series be
defined as

G= {Zangk” {an} CZgand k € Z}.

n=0

For any x € F*, there exists an element of G convergent to .
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AP17

AP18.

AP19.

AP20.

AP21.

AP22.

AP23.

AP24.

AP25.

AP26.

AP27.

AP28.

AP29.

M. DEVEAU AND H. TEISMANN

(Step Function Approximation 1):
f(z) = z, defined on [0, 1], is step-regulated.

(Step Function Approximation 2):
Every uniformly continuous function defined on [a, b] is step-regulated.

(Polynomial Approximation):
Every polynomial of degree n defined on [a, b] can be uniformly approx-
imated by piecewise polynomial functions of degree at most n — 1.

(Identity Has a Darboux Integral):
f(z) = z, defined on [0, 1], has a Darboux integral.

(Identity is Darboux Integrable):
f(z) = z, defined on [0, 1], is Darboux integrable.

(Uniformly Continuous Functions Are Darboux Integrable):
Every uniformly continuous function on [a, b] is Darboux integrable.

(Uniform Bounded Value Property) + (*): (Tix{)
For every uniformly continuous function f : [a,b] — F there is some
B € F' such that |f(z)| < B for all z € [a, ].

(Modified Uniform Bounded Value Property):
For every uniformly continuous function f : [a,b] — F there is some
B € N such that |f(z)| < B for all = € [a, b)].

(Uniformly Differentiable Functions Are Lipschitz) + (*):
For every uniformly differentiable function f : [a,b] — F is Lipschitz.

(Uniformly Differentiable Functions Are Bounded) + (*):
For every uniformly differentiable function f : [a,b] — F is bounded.

(Modified Weierstrass Approximation Property) + (*):

For every uniformly continuous function f : [a,b] — F and € € F' there
exists a polynomial p : [a,b] — F such that |f(z) — p(z)| < e for all
x € [a,b].

(Modified (CA61)) + (*):

For every sequence {f,} of uniformly differentiable functions

fn : la,b] — F such that {f},} is uniformly Cauchy and there is some
¢ € la, b] such that {f,(c)} is Cauchy, {f,} is uniformly Cauchy.

(Modified Arzela—Ascoli 1):
Every uniformly bounded uniformly equicontinuous family of functions
has a subsequence that is pointwise Cauchy.



72 4+ 42: COMPLETENESS AND ARCHIMEDEAN PROPERTIES 291

AP30.

AP3L1.

AP32.

AP33.

AP34.

AP35.

AP36.

AP37.

AP38.

AP39.

AP40.

(Modified Arzela—Ascoli 2) 4 (*):
Every uniformly equicontinuous family of functions that is pointwise
Cauchy is uniformly Cauchy.

(Null Sequences 1):
There exists a null sequence {x,,} C F such that {nz, } does not converge
in IF.

(Null Sequences 2):
There exists a null sequence {z,} C F and a sequence {r,} C Q such
that {r,x,} does not converge in F.

(Non-Trivial Quasi-Cauchy Sequences):

There exists a sequence {a,} such that for all ¢ € F*, there is some
N € N such that for all n > N, |ap+1 — an| < € and yet {z,} is not a
Cauchy sequence. Such a sequence is called a quasi-Cauchy sequence.

(Q(X) Not a Subfield):
There does not exist an order-preserving field homomorphism from Q(X)
into F.

(Series Convergence Test):
There is a null sequence {a,,} C F such that {}_;_; ax} is not a Cauchy
sequence.

(Jumps of Monotone Functions 1) + (*):
For every monotone function f : [a,b] — F and € € FT, the set D.(f) =
{z € [a,b]|Vé e F*,Ty € (x — 0,2+ 6): |f(x) — f(y)| > e} is finite.

(Jumps of Monotone Functions 2) + (*):
There exists an € € FT such that the set D.(f) is finite for every mono-
tone function f : [a,b] — F.

(Rational Geometric Series):
There exists an # € Q1 such that the series >~ 2™ converges in F.

(Rational Power Series 1):

For every sequence {c,} drawn from Q with limsup,,_, . V/|cn| < o0
(where the limit superior is taken in R), there exists an x € Q% such
that the series Z;O:l cpa™ is Cauchy in F (i.e. its sequence of partial
sums is Cauchy in F).

(Rational Power Series 2):
There is some sequence {¢,, } drawn from Q with limsup,, ,., V/|en| < o0
and z € Q7 so that the series Y -, ¢,2™ is Cauchy in F.
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AP41. (Approximate Uniform Intermediate Value Property):
For every uniformly continuous function f : [a,b] - F,y € Fand ¢ € F+
between f(a) and f(b), there is some ¢ € [a, b] such that |f(c) — y| < e.

AP42. (Weak Uniform Intermediate Value Property):
There exists an e € FT such that, for every uniformly continuous function
f:]a,b] = F and y € F between f(a) and f(b), there is some ¢ € [a, D]
such that |f(c) —y| < e.

Remark. As with completeness, the list could be extended by another eight
items, as there are also “approximate” and “weak” versions of Rolle’s, the
Mean Value, Cauchy’s Mean Value, and Darboux’s properties for uniformly
differentiable functions, which are all equivalent to the AP.

4.2 Assorted proofs

PROOF OF (AP) < (APG).

(=): Clear by (AP5).

(«<): Suppose F is non-Archimedean. Then by —(AP1), there exists a positive
infinitesimal d. Suppose the harmonic sequence converges in F to some L € F.
It is obvious that L cannot be negative. Furthermore, if L = 0, then (AP5)
would hold and F would be Archimedean, so L > 0.

In fact, L must be an infinitesimal, for, if not, there would be an N € N
such that 1/N < L, and so foralln > N, [L— 1| =L -1 > %t —1>§and
so {1/n} would not converge to L.

So there exists an N’ € N such that 1/n — L < § for all n > N’. But then
L+6>1/N’', and so ¢ is not infinitesimal, a contradiction. So the harmonic
sequence does not converge in F. O

PRrROOF OF (AP) < (APS).
(=): It is easy to see that the sequence {(1/2)"} is a Cauchy sequence in any
Archimedean ordered field.
(«<): Suppose F is non-Archimedean. Let {g,} be a rational sequence that is
not eventually constant. Then for all n, |g,+1 —qn| € QT and hence, if § € F¥
is infinitesimal, |gn4+1 — gn| > 0. So {gn} is not Cauchy. O

PROOF OF (AP) < (AP13).

(=): Let F be an Archimedean field, and x be an arbitrary element of F*.
Then using a = z, b = 1 in (APO) gives us a k € N such that z < k. Then
the set A = {n € N : 2 < n} contains k and is thus non-empty. By well-
ordering, A contains a least element which we denote by m. It is easy to see
that defining n as m — 1 will work and is unique.

(«<): Assuming —(AP13) implies =(AP2) through a simple argument. O
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PrROOF OF (AP) & (AP15).

(=): Follows from (AP14) using any ¢ € Q" such that ¢ < 1.

(<): Suppose F is a non-Archimedean ordered field and let § € FT be in-
finitesimal. Suppose ¢ = a/b for some a,b € N. Then 1/b™ > § by definition of
infinitesimals, and hence ¢ = a™/b™ > 1/b" > § and so ¢™ does not converge
to 0. O

PRrROOF OF (AP) < (AP17).
(=): For an arbitrary € € F*, define s : [0,1] — F by s(z) = ¢|x/e], which is
well-defined by (AP13). One readily checks that |s(x) — f(x)| < e, as desired.

(«<): Suppose F is non-Archimedean. Then by —(AP9), F has an irregular
gap, A, B, with gap length § € F*, wlo.g. § € (0,1). If (AP17) were to
hold, we could find a s(z) for e = §/2. Let S = {x,}}_, be the partition
points of s(x). Let a = max{zx : x € SN A} and b = min{z : x € SN B},
i.e. (a,b) contains the gap and s|(, ;) (7) = ¢, where c is a constant. Choose
x € AN(a,b) andy € BN (a,b). Theny—z=ly—z|=|y—c+c—z| <
ly —s(y)|+|s(zx) —z| < d/2+0/2=0andsoy—x <. Butz € Aandy € B
and so y — x > §, a contradiction. So (AP17) cannot hold. O

PRrROOF OF (AP) < (AP18).

(=): This is a typical proof when dealing with the regulated integral.!? Those
proofs require the uniform continuity of the function — although in R, this is
easily achieved by continuous functions on a closed and bounded interval by
(CA29) — and uses the Archimedean Property implicitly when splitting the
interval into finitely many subintervals of an arbitrary width, since if the width
happened to be infinitesimal, this would be impossible on any interval of finite
length.

(«<): If (AP18) holds, we can easily verify (AP17). O

PROOF OF (AP) < (AP19).

(=): Let F be Archimedean and let P(n) be the statement “Every polynomial
on [0, 1] of degree n can be uniformly approximated by piecewise polynomial
functions of degree at most n — 1”7. We proceed by induction on n. P(1) is
equivalent to (AP17) and so holds, since our field is Archimedean by assump-
tion. Now we assume P(n — 1) holds. Let p : [0,1] — F be a polynomial
of degree n. Approximating p allows us to approximate the entire class of
functions {p(z) + ¢ : ¢ € F} and so without loss of generality we may assume
p(0) = 0, i.e. p(z) = apz™ + ap—12" 1 + -+ + a1x. Now define ¢(x) to be
q(x) = apa™ '+ a,_ 12" % + .-+ + a1, a polynomial of degree n — 1 such

123ee, e.g., Theorem 1.5.5 in [6].
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that ¢(z) = zp(xz). By P(n — 1), ¢ can be uniformly approximated on [0, 1]
by piecewise polynomial functions of degree at most n — 2. That is, for any
e € FT, there is a function g(x) defined by g(z) = EnN:1 qr(x)x1, () where
{qx}_, is a sequence of polynomials of degree at most n —2 and {I;}1_, is a
sequence of disjoint intervals whose union is [0, 1], such that for any « € [0, 1],
lg(z) — q(z)] <e.

Define p(z) to be p(x) = 27]:[:1 (xqr(x)) x1, () and note that p is a piecewise
polynomial of degree at most n — 1. It is now not difficult to show that p
approximates p uniformly e-closely.

(«<): Since this holds for any polynomial on [0,1], it in particular holds for
f(x) = x. Thus, f(z) = x can be uniformly approximated by piecewise con-
stant functions, i.e. step functions. This is exactly the statement of (AP17),
which we know by the above to be equivalent to the AP. O

PRrROOF OF (AP) < (AP20) < (AP21).

(AP) = (AP20): Assume F is Archimedean. We know ¢ : [0, 1]g — R with
g(z) = = has a Darboux integral in R with value 1/2. It is also easy to
see that glr = f has f(F) =T, and so by Lemma 3.4, f has a Darboux
integral as well (with value 1/2).

(AP20) = (AP21): If f(x) = « has a Darboux integral, then is it Darboux
integrable as well.

(AP21) = (AP) : Let F be non-Archimedean and A, B a gap of length ¢ €
(0,1). Suppose f(x) = z is Darboux integrable. Then there exist g € Ly
and h € Uy (wlo.g. based on a common partition) such that fol h —
fol g < 62. Let [a,b] C [0,1] be an interval containing the gap with g and
h constant on (a,b). Let x € AN (a,b) and y € BN (a,b) be arbitrary.
Note that y —z > 4. Since g € Ly, g(z) < f(z) = x and since h € Uy,

1 1
h(y) > f(y) =y So Jyh=Jy 9= [[n—[lg> [Jy— [ o= (y—2)* >
§2. This contradicts the choice of h and g and so f cannot be Darboux
integrable. O

PROOF OF (AP) < (AP22).

(=): Suppose F is Archimedean and let f : [a,b] — F be uniformly continuous.
Let € € FT be given. Then by (AP18) we can find an £/(4(b — a))-close step
function for f, call it s. So |s(z) — f(z)| < &/(4(b—a)) and thus s(x)+e/(4(b—
a)) > f(x) and s(x)—e/4(b—a)) < f(x). Define h(x) = s(x)+e/(4(b—a)) and
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g(x) = s(z) —e/(4(b — a)). Clearly, h and g are step functions. Furthermore,
h €Uy and g € L. Thus,

/abh/abg/ab(hg)/abs/(2(ba))5/2<€’

so f is Darboux integrable, as desired.
(<): (AP22) obviously implies (AP21). O

A proof of “(AP) < (AP23)” is given in [18]; however the presentation has
the slightly unsatisfactory feature that the counterexample constructed for
the “«<” direction is defined on [0,1) rather than [0,1].}*> We repeat the
construction to show how this restriction can be avoided. The argument is
based on the following refinement of Lemma A in [18].

Lemma 4.1.
Let F be a non—Archimedean ordered field. Then, for any xq € F, positive in-
finitesimal &, and ng € N\ {0, 1}, there exists an irreqular gap A, B satisfying

xXo € A, (23)
Ya e Abe B b—a>d;,°, and (2b)

Yy € [xg,00) (EInEN,n<n0 Y — Zo 253/2) = yeB. (2

PROOF. Let ¢ := ¢)° and define A, B as in Lemma A of [18]. This gap will
satisfy (2a) and (2b) according to that lemma. So it remains to be shown that
(2¢) holds. To this end, assume that y — zg > 0 /2 for some n < ng, and
that y € A. Then there exists m € N such that y < z¢o + mdj°. Thus, by
assumption, & /2 <y —zo < mdy® = 5= < 63°"", which is impossible, since
0p° "™ is an infinitesimal. O

PRrROOF OF (AP) < (AP23).

(=): Simple consequence of (AP4) and Lemma 3.2.

(<): Let F be non—Archimedean (with countable cofinality), let 2o = 0, and
T, = 3+ndy (n > 1). Define C := (downward closure of {z,,}) and D := F\C.
Then C, D is an irregular gap with D — C' > §y. Finally, let C := C' N[0, 1]
and D := DN [0,1] and y,, = 257> Note that Unsol#ns #ni1] = C. Now,
for each n € N, let A,,, B, be an irregular gap satisfying

Yn € A~n; (38.)
Vac A,,be B, b—a>62  and (3b)
Yy € [yn,o0) Y — yn > 0o/2 implies that y € B, (3¢)

13 Accordingly, the statement was phrased “Every uniformly continuous function maps
bounded sets to bounded sets.”
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(exist by Lemma 4.1 above). Note that (3a) and (3c) imply A, := A, N
[Tn, Tny1] # O and B, := B, N [Tn,Tnr1] # 0, respectively, since y, €
(Tn, Tny1) and Tpy1 — Y, = %. Finally, let (A;)nen C F be an unbounded

sequence. Now define f : [0,1] — F by

>

)\n, T e An
V.T S [-Tn,xn+1]7 f(fl')) = { >\n+1 xT € Bn

and Ve € D, f(z)=0. (4)
Clearly, f is well-defined and unbounded. It remains to be shown that it is

uniformly continuous. This follows as in the proof of [18, Prop.4 (ix)], since
f(z) = f(y) for all z,y € [0,1] such that |z — y| < 63. O

Remark. It is not difficult to verify that the function defined in (4) is also
uniformly differentiable.

PROOF OF (AP) < (AP24).

(=): Suppose F is Archimedean, and let f : [a,b] — F be a uniformly contin-
uous function. Then by (AP4), Lemma 3.2 and (CA26), f can be extended to
a continuous function in R, which is bounded by the completeness of R. Since
R is Archimedean, the bound may be chosen as a natural number. Hence f is
bounded by a natural number as well.

(<): Suppose F is non-Archimedean. Then the function f(x) = A for some
infinite A provides a trivial counterexample. O]

Next we quote a critical result on uniformly differentiable functions; see [4,
Thrm 4] for a proof.

Lemma 4.2 (Extensions of Uniformly Differentiable Functions).

Let F be Archimedean and f : [a,b] — F a uniformly differentiable function.
Then f is uniformly continuous and its unique (uniformly) continuous exten-
sion f : [a,b]g — R (where [a,b] = [a,blg N'F) is uniformly differentiable
with f'(z) = f'(x) for all x € [a,b]. Furthermore, the extension of f' exists

(uniquely) and coincides with ' on [a, b]g.
PROOF OF (AP) < (AP25) & (AP26).

(AP) = (AP25): Suppose F is Archimedean and f : [a,b] — F is a uniformly
differentiable function. Let f : [a,b]g — R be the extension of f to
[a, b]g according to Lemma 4.2, where [a,b] = [a,b]lg NF. f is uniformly
differentiable, in particular C! and thus, by (CA65), Lipschitz. Clearly,
its restriction f = f| [a,b] 18 also Lipschitz.

(AP25) = (AP26): Clear.
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(AP32) = (AP): Assume that F is not Archimedean. Then the function
constructed in the proof of the implication “(AP23) = (AP)” can be
shown to be uniformly differentiable and unbounded. O

PRrROOF OF (AP) & (AP27).

(=): Suppose F is Archimedean, and let f : [0, 1] — F be uniformly continuous
and € € F* arbitrary. Then, by Lemma 3.2, f has a continuous extension to
R, which we denote fg. Since R is complete, (CA51) holds and so there exists
a polynomial p with coefficients in R such that |fr(z) — p(x)| < &/2 for all
z € 10,1].

Let p(z) = Y p_,arz®. Since Q is dense in R, for each a, there ex-
ists a by € Q such that |ax — bg] < €/(2(n + 1)). Define the polynomial
q= ZZ:O brz®. A simple calculation shows that ¢ is a polynomial with coef-
ficients in Q C F which is e-close to f.

(«<): Suppose F is non-Archimedean. Then by —(AP23) there exists a uni-
formly continuous and unbounded function f : [0,1] — F. If (AP27) were
true, we could find a sequence of polynomials that converge uniformly to f,
which is impossible in light of Lemmas 3.5 and 3.6. O

PROOF OF (AP) < (AP28).

(=): Let F be Archimedean and f,, : [a,b]g — R (where [a, b] = [a, b]g NTF) the
uniformly differentiable extension of f, : [a,b] — F according to Lemma 4.2.
Then the assertion follows by applying (CA61) to the sequence {f,}.

(«<): Let f:[0,1] — F be the function constructed in (4) and f,, defined by

fn|[0,xn+1]UD =f and fnlC\[O,xn+1] = A1 (5)

Then f;, = 0 for all n, so {f}} converges uniformly and {f,(3)} converges
pointwise. However, {f,} cannot be uniformly Cauchy, since the set {f,(z) |
x € [0,1], n € N} is unbounded.

PRrROOF OF (AP) & (AP29).

(=): Since {f,} is uniformly equicontinuous, every function f, : [a,b] — F is
in particular uniformly continuous. So, by Lemma 3.2 (and the assumption
that F is Archimedean), each function f,, may be extended to a (uniformly
continuous) function f, : [a,b]g — R, where [a,b] = [a,b]g N F. Now the
assertion follows by applying (CA63) to the sequence {f,}.

(«<): Assume —(AP) and let § be a positive infinitesimal. Then y, = nd
is a bounded sequence that does not possess a subsequence that is Cauchy.
Now define f,, = y, (n € N), which is obviously uniformly bounded and
uniformly equicontinuous. However, {f,} cannot possess a pointwise Cauchy
subsequence, since { f,,(z)} = {yn} does not have one. O
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PrROOF OF (AP) < (AP30).

(=): Identical to “(=)” of the previous proof with (CA63) replaced by
(CAG64).

(«<): Assume —(AP) and let {f,} the sequence constructed in (5). Then
{fn} is uniformly equicontinuous and pointwise convergent, but {f,} cannot
be uniformly Cauchy, since {f,,(z) | € [0,1], n € N} is unbounded. O

PRrROOF OF (AP) & (AP31) < (AP32).

(AP) = (AP31): Suppose F is Archimedean. Then by (AP5), {(—=1)"/n} is
a null sequence and {n - (—1)"/n} does not converge.

(AP31) = (AP32): If (AP31) holds, then using r,, = n gives a non-convergent
sequence for (AP32) as well.

(AP32) = (AP): Suppose F is non-Archimedean and let {z,} be a null se-
quence in F. Since F is non-Archimedean, by —(AP1), there exists a
positive infinitesimal §. Let ¢ € F™ be given. Since {z,} is a null se-
quence, there exists N € N such that |z,| < de for all n > N. Then
for all such n, |rpx,| = |rpll2n| < |rnlde < € and so {r,x,} is a null
sequence as well, and thus converges. O]

PrROOF OF (AP) < (AP33).

(«<): Suppose F is non-Archimedean and let {a,} be a quasi-Cauchy sequence.
Let § be a positive infinitesimal and ¢ € F+ be given. Then we can find an
N € Nsuch that |a,4+1—ay| < de foralln > N. Let m,n > N be arbitrary and

assume m > n. Then |a,, — a,| = km:_nl g1 — ax| < Z;n:_nl lak+1 — ag| <

;n;nl de = (m —n)de < € and so {a,} is a Cauchy sequence since the above
holds for arbitrarily small €.
(=): Suppose F is Archimedean. Consider the sequence s, = > .;_, 1/n.
Then {s,} is certainly a quasi-Cauchy sequence by (AP5). However, we know
that the harmonic series does not converge in R, and hence not in F either, so
{sn} cannot be Cauchy. O

PROOF OF (AP) < (AP34).

(=): Let F be an Archimedean field, and suppose for a contradiction that
there exists an order-preserving field homomorphism ¢ from Q(X) into F. Let
A be infinitely large in Q(X), for example 1/X. Let n € N be fixed and
arbitrary. Since n is a finite element in Q(X), A > n and so ¢(A) > ¢(n) = n.
This means that ¢()) is infinitely large in F, which violates (AP2). So no such
¢ exists.

(«<): Suppose F is non-Archimedean and let § € F™ be an infinitesimal. We
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claim taking ¢ : Q(X) < F as the evaluation of Q(X) at ¢ will work. The
evaluation is automatically a field homomorphism because of the properties of
rational fractions, so it remains to show that it preserves the positive elements
of Q(X). To this end, let & be an arbitrary positive element of Q(X); = can
be written as = = X*(3,_, prX"*) /(3271 ¢;X7) in lowest terms, {pg}y_,
{gj}7o € Q, n,m € N, i € Z, and since x > 0, we know po/qo > 0. Now,
¢(z) is given by ¢(z) = 8 (3 _o pr6™) /(302 ¢;07). Since § € F*, it suffices
to show that (3,_,prd®) /( Z;nzo gj07) > 0. We prove that the numerator is
positive; the proof for the denominator is the same.

We know &% is infinitesimal for k¥ > 0 and so |pyd*| is also infinitesimal
for k > 0 since p, € Q. Now, since po/n € Q is finite, |prd*| < po/n. Thus,
ko Pr0F = po + Xy prd > po = [3h_ ot > po — S, [prd®| >
Do — Dopey P2 = 0 and so the numerator is positive, as desired. Therefore,
¢(z) > 0 and so ¢ preserves the positive elements of Q(X). O

PROOF OF (AP) < (AP35).

(=): The harmonic sequence is an example.

(«<): Suppose F is non-Archimedean, let {a,} be a null sequence and define
Sn =D peo @k Then s,411 — sy = an, so {s,} is quasi-Cauchy. By —(AP33)
this means that {s,} is in fact Cauchy. 0

PROOF OF (AP) < (AP36) < (AP37).

(AP) = (AP36): Assume without loss of generality that f is increasing
and let ¢ € F* be given. Then since f is Archimedean, there is some
N € N so that Ne > f(b) — f(a). We will show that |D.(f)] < N <
0o. Suppose not. Then there are at least N points {z1,z9,...,25} in
D.(f). We may assume without loss of generality that these points are
in increasing order. By definition, there are corresponding points ¥,, such
that |f(zn) — f(yn)| > €. Let I,, be the interval with endpoints f(z,)
and f(y,). Since f is monotonic and we can find these y, arbitrarily
close to each x,, we can enforce that the collection of I, are pairwise
disjoint. Then f(b) — f(a) = length([f(a), f(b)]) > 25:1 length(I,,) =
Zgzl |f(zn) — f(yn)] > Ne which contradicts the definition of N.

(AP36) = (AP37): Trivial.

(AP37) = (AP) : Let FF be non-Archimedean, and let § € FT be infinitesimal.
Let {€,} be a strictly decreasing null sequence with ey = 1. Let € € F™
be given. We will construct a function f : [0,1] — F so that D.(f) is
infinite.
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Define f by

flz) = {na, if x € (ent1,en]

e/, otherwise, i.e. when z = 0.

Then each ¢, is in D.(f) and hence D.(f) is infinite. Note that f is
monotonically decreasing on [0, 1] since €/ > ne for all n € N. O

PROOF OF (AP) & (AP38).

(=): It is easy to verify that taking x = 1/2 will yield a geometric series
convergent to 2 in an Archimedean field.

(«<): In a non-Archimedean field, =(AP35) yields the result that if > > jz"
is convergent in FF, then x, — 0. But this cannot happen for any ¢ € Q by
—(AP15). O

PRrROOF OF (AP) & (AP39) < (AP40).

(AP) = (AP39): If we interpret this series as a power series in R, the condi-
tion yields a non-zero radius of convergence R = 1/limsup,,_,., ¥/|cnl.
Hence for any ¢ € QT with ¢ < R the series will converge in R, i.e. the
sequence of partial sums is Cauchy. Note that, while the series may not
converge in F, the sequence of partial sums is still Cauchy by the density
of F in R, which is all we require.

(AP39) = (AP40): Clear.

(AP40) = (AP) : Suppose F is non-Archimedean. Obviously, each term in
the sequence of partial sum is rational, since all ¢, € @Q and x € Q™.
Since x is non-zero and limsup,,_, ., {/|cn| < 00, the sequence of partial
sums is not eventually constant. But then by —(APS8), it is impossible
for such a sequence to be Cauchy. O

PROOF OF (AP) < (AP41) & (AP42).

(AP) = (AP41): Suppose F is an Archimedean field and f : [a,b] — F
is uniformly continuous. Let y between f(a) and f(b) be given. Then, by
Lemma 3.2, we can extend f to a continuous function f : [a,b]g — R. Since R
is complete, we can use (CA19) to find some c € [a, b]r so that f(c) = y. Now
let ¢ € F+ be given. By the continuity of f, we can find some § > 0 so that
x € [a,b]r being d-close to ¢ implies f(x) is e-close to . In particular, we can
choose some ¢ € QN [a, b|g by the density of Q in R. Hence taking g € F will
yield f(q) € F so that f(q) is e-close to y.

(AP41) = (AP42): Trivial.
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(AP42) = (AP) : Suppose F is non-Archimedean and let A, B be an irregular
gapinF, a € A and b € B. Let € € F* be given. Define f : [a,b] — F by

0, ifze€la,bNA
flry= {0 M reled
2e, if x € [a,b]N B

and note that f is uniformly continuous on [a,b]. Then between a and b, f
takes on only values of 0 and 2e and hence there is no value ¢ in [a, b] so that
If(c) —¢] <e. O

5 Some open problems and conjectures

As mentioned in the introduction, in the course of this project several ques-
tions have arisen that remain unsolved. In this final section we list a few of
them.

Intermediate Value Theorems. One of the most intriguing problems has al-
ready been described in the introduction: is the IVT when restricted to uni-
formly continuous functions still equivalent to completeness? Note that this
is not the case for the “approximate” version of the IVT (CAT71): its uniform
version is no longer equivalent to completeness; instead, it is equivalent to the
AP, see (AP41). In fact, a whole scale of IVTs can be defined by replacing
“continuous” in the IVT with “uniformly continuous”, “Lipschitz”, “conver-
gent power series” etc. For each of these versions of the IVT, one can ask
which property (if any) of an ordered field F it characterizes. For instance,
the “polynomial” version is equivalent to F being “real-closed.” Pressed for
conjectures, we would probably venture to say that the “uniform” version is
equivalent to completeness, whereas the “power-series” version might be in
Archimedean fields.

Uniform differentiability. Similar questions as described for the IVT can be
asked for the Mean Value, Rolle’s and Darboux’s Theorems for uniformly dif-
ferentiable (instead of just differentiable) functions.

Characterizations of countable cofinality. Curiously, very few of those seem to
be known to date. While this is not the subject of this paper, the interested
reader can find a short list in [2].

Power series. We think that there should be additional characterizations of
completeness or the AP that make reference to power series, such as the exis-
tence of a well-defined radius of convergence.

Integration. (a) Riemann integrability and the existence of Darboux integrals
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can be shown to be equivalent in Archimedean fields. We conjecture that this
property is equivalent to the AP.

(b) More generally, Darboux and Riemann integration in non-Archimedean
fields is of limited use as not even the identity function is integrable; see
(AP20). This raises the question of an elementary definition of a more suitable
integration process.!*

(c) Related to this is the question of finding an analog of (CA53) in general
ordered fields; i.e. of finding a formulation of the first part of the Fundamental
Theorem of Calculus equivalent to completeness without assuming the AP.
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