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Abstract

In the present paper we prove the following theorem:

Let {@mn(z,y)}mn=1 be an arbitrary uniformly bounded double or-
thonormal system on I := [0, 1]® such that for some increasing sequence
of positive integers { Ny, }5=; the Lebesgue functions Ln,,,n,, (z,y) of the
system are bounded below a. e. by In'T¢N,, where € is a positive
constant. Then there exists a function g € L(I?) such that the double
Fourier series of g with respect to the system {pm n(x, )} no1 €ssen-
tially diverges in measure by squares on I?. The condition is critical in
the logarithmic scale in the class of all such systems

1 Introduction

The role of Lebesgue functions in divergence phenomena is crucial. The funda-
mental inequality of A. M. Olevskii on growth of Lebesgue functions on sets of
positive measure for general uniformly bounded ONS (orthonormal systems)
is well known [6]-[8].

Theorem 1. (A. M. Olevskii). Let {¢on(x)}22, be an arbitrary ONS on I :=
[0,1] that satisfy the condition:

lon(z)| < M, n=1,2,3,..., forae x €l (1)

and for some positive constant M.
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Then for each n > 1 the following inequality holds

1 {x €l: max L,(z) > C 10g2n} >~ >0, (2)

1<m<n

where Cy and v are positive constants that depend only on M, p1 denotes the
one-dimensional Lebesgue measure and

L, (z) = /01

denotes the m-th Lebesgue function of the system.

a, m=1,2,...,x €l

S oul@)en(d)
k=1

Now we continue with the following definitions

Definition 1. Let (X, X, v) be o-finite measurable space, E € ¥ and v(E) > 0.
Let also a sequence of measurable real-valued functions {f,(x)}52, be defined
and a.e. finite on E. Then we say that the sequence {f, ()}, is essentially
divergent in measure on E if for every By C E, E1 € 3 and v(Ey) > 0, the
sequence is divergent in measure (that is does not converge in measure to an
a.e. finite and measurable function ) on Ej.

Definition 2. Let {¢,,(2)}52; be a complete orthonormal system on I := [0, 1]
such that p1(x) =1 on I ; Fach function ¢,(x) is a bounded function on I;
There exists an integer N > 1 such that for every positive integer n there
exists a number k(n) such that ©,(Nx) = ©r@m)(x) and for any 1 < ny < ny
we have k(ny) < k(ng). Then we say that the system {@n(x)}52, is a system
of type T.

Note that the trigonometric system (contracted on I) is a system of type
T ( with arbitrary integer N > 2). The Walsh system in Paley’s numeration
also is a system of type T with N = 2! where [ is an arbitrary positive integer.

A. N. Kolmogorov ([10], p. 267) proved that all trigonometric Fourier
series converge in measure on [0,27]. S. V. Konyagin [5] and the author of
this paper [4] constructed a double trigonometric Fourier series that diverges
in measure by squares on [0, 27]?.

Later we proved [3] the following

Theorem 2. (R. Getsadze) Let {¢r(x)}72, be an arbitrary uniformly bounded
orthonormal system (ONS) on I. Then there exists an integrable function on
I? whose Fourier series with respect to the product system {er(@) e (v) 1521
diverges in measure by squares on I>.

The following theorem was proved in [1], p. 27,
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Theorem 3. (Dyachenko, M. I.; Kazaryan, K. S.; Sifuéntes, P.)

Let {om (2)}35_1 be a uniformly bounded ONS on I that is a system of type T.

Suppose that there exists a function go € L(I?) such that the Fourier series of
go with respect to the product system { @y, (2)pn(y) }oy ne1 unboundedly diverges

in measure by squares on I2. Then there exists a function fy € L(I?) such that

the Fourier series of fo with respect to the product system {pm(x)pn(y)}os n=1

essentially diverges in measure by squares on I2.

Let p,, denote the n-dimensional Lebesgue measure, where n = 1,2, ....

Let
Liny(,9) //

denote the (m, p)-th Lebesgue function of the double ONS {¢; ;(z,y)}75-; on

I? and let
m P
Smp(f, 2, y) ZZ Feij(@,y) (4)

denote the (m,p)-th rectangular partial sum of the Fourier series of an inte-
grable on I? function f with respect to the system.
In the present article we prove the following

ZZ‘PM (@, y)or,1 (9, )| dddn, 3)

k=11=1

p:1727"'7 (l'?y)eIZ’

Theorem 4. Let {pmn(x,y)}os =1 be an arbitrary double ONS on I* that
satisfies the condition:

[omm(z,y)| < M, m,n=1,2,3,..., fora.e.(z,y)€ I? (5)

and for some positive constant M.
Suppose also that there exists an increasing sequence of positive integers
{N,}52, such that for each n =1,2,... the following inequality holds

Ly, N, (2,y) > TNy, for ae. (a,y) € I? (6)

and for some positive constant €. Then there exists a function g € L(I?)
such that the Fourier series of g with respect to the system {@m n (%, )}y =1
essentially diverges in measure by squares on I2.

It follows from the inequality of A. M. Olevskii (see (1), (2)) that all
product systems {1, (2)¥n(y) }or =1, Where {1, () }75_; is an arbitrary rear-
rangement of the trigonometric system ( contracted on I') or of the Walsh-Paley
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system, satisfy all conditions and, consequently, the conclusion of Theorem 4.
Indeed, for such systems {,, () }5°_; "the Lebesgue functions” are ” Lebesgue
constants,” that is for all positive integers m and a. e. x € I we have

a9 = /01 im(ﬂ)

S (@) (9) .

LB

On the other hand according to the inequality of A. M. Olevskii (see (1), (2))

1] m
i ()| dd > Ch 1
x| 35 e 0 > G
i=

for any positive integer n on a set E,, u1FE, > v > 0, where v and C; are
positive constants.

Consequently, for each positive integer n there is a positive integer m.,,
independent of z, 1 < m,, < n, such that

Mn

/01 ;%(ﬂ)

dy > Cilnn.

Now it is clear that for all positive integers n and a.e. (x,y) € I*

1 1| mn mn
/0 /0 Zzwi(x)wi(ﬁ)wj (y)1;(n)| dddn > CE1n®n > CF In® m,,.

i=1 j=1

Remark. The order of the lower bound in Theorem 4 is exact in the logarith-
mic scale for the class of all uniformly bounded double ONS {@., n(z,y) }75 =1
Indeed, let {t,,(z)}3°_; be the trigonometric system (contracted on I).

Let o be a measurable mapping (see [9], p. 94) from I onto I? such that

1.) If ¢ # y then o(z) # o(y),
2.) if E C I is a measurable set, then o(E) C I? is also measurable and

11(B) = 20 (E).
Let Z, be the set of all positive integers. Let also oy be a one-to-one
mapping from Zi onto Z4 defined by
, (G=1%+m, ift<m<j
UO(ma.]) = 2 . . .
m*+1—j, ifl1<j<m-1.

It is not difficult to see that

{UO(mvj):maj: 1,2...,77,}:{1,273,...7712}
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for any n € Z.
We introduce an ONS {T,,(z,y)}%; on I? by

Tn(xa y) = tn(ail (ZL’, y))

for every positive integer n.
Finally, we introduce a double ONS {®,, ,,(x,y)}% .=, on I? by

(I)m,n(xv y) = Tgo(m,n) ($7 y)

for every ordered couple of positive integers m and n. It is obvious that for
every positive integer n the following two sets are equal

{Tl(mvy)aTQ(xvy)v cee 7Tn2 (sc,y)} = {(I)m,p(xvy) ‘m,p= ]-a 27 s 7”}'

It is clear that the system {®,, (¥, y)};s ,=1 has the following properties:

1.) The sequence of square Lebesgue functions of the system has logarith-
mic growth a.e.

and

2.) all Fourier series with respect to this system converge in measure by
squares on I2.

It is not difficult to see from the proofs of Theorems 1-3 in [2] that the
following statement is true (see (3)-(6))

Lemma 1. Let {@mn(z,y)}3 .1 be an arbitrary ONS on I? that satisfies the
conditions (5) and (6). Let E C I? be an arbitrary Lebesque measurable set,
pu2E > 0.Then there exist an increasing sequence of positive integers {m, =
mp(E)}o2, and a function h = h(E) € L(I?), || h ||2)< 1, such that for
each p=1,2,... we have

o1
p2i{(2,y) € B[ Smpm, (hy2,y) [2 (Inlnmy)5} > oo pin B (7)

By a dyadic interval in I we shall mean an interval of the form
AR = (k27 (k+1)27"),(k=0,1,...,2" —1,n.=0,1,2,...).  (8)
Let n and 0 < 14,5 < 2™ — 1, be nonnegative integers. Set

A = AW x AD), (9)
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2 Proof of Theorem 4
Let S,, denote a finite one-dimensional sequence of all intervals A,(f’j ) where
i,5,=0,1,2,...,28 =1, k =0,1,2,...,n. According to the following scheme

S0,51,52, ..., ..,
we obtain a sequence of sets
E\,FEy,...,Ek,..., (10)

that has the following properties:
i.) For each positive integer k there exists a triple of non negative integers
(n,i,7) where 0 < 1,5 < 2™ — 1, such that

Ep = A7) (11)

and

ii.) for each triple of non negative integers (n, i, j), where i,7 =0,1,2,...,
2™ — 1, there exists an increasing sequence of positive integers
{rp = rp(n,4,5)}5<, such that

E, = AW9) (12)

p
for every p=1,2,....

Now for the sequence of sets in (10) we will construct by induction an
increasing sequence of positive integers {l; }?’;1, sequence of positive numbers
{9;}325 and a sequence of functions {F}(x,y)}52, from L>°(I?) such that for
all j =1,2,... we have

I| Fj [lL2< 1, (13)
LN S S— (14)
(Inlnijyq)0 = 2 (Inlnl;)io

lj+1 > lj > 62, (15)

1 . 1
pel(x,y) € Ej :| Sy, (Fj, 2,y) |> 5(1H1nlj)5} > gelieE; (16)
12 M2 2 1 17
j <1 (17)

(ln In lj_|_1)1i0
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pa{(,) € 12 81ty (00,9) 2 6510 S omaBrn, (19)
where
d 1
aj(z.y) = ; mﬂ(%y) (19)
and )
5(Inln lj+1)10 > max(1,5;41). (20)

The constructions of the integer Iy, the function £ and the number §, are
contained by the description of the general k 4+ 1-st step of the induction.

Let the numbers {I;}*_,, {6;}¥_, and functions {Fj(z,y)}¥_, be already
defined so that they satisfy (13)-(20).

According to the inequalities of Chebyshev and Bessel we obtain that for
all positive numbers ¢ and for all positive integers n we have (see (4), (19))

|| o ||2L2(12)

pa{(z,y) € I* 2| Spn(an, 2,y) |> 6} < 52

and, consequently, one can choose a positive number ;41 such that for all
positive integers n we have

1
pa{(x,y) € I 2| Spnlan, 2, y) |> 6y} < TogHabk+1- (21)

Now we apply Lemma 1 for the set E := Ej;1 (see (10)) and obtain an
increasing sequence of integers {nékﬂ) = nch)(EkH)};o:l and a function
hir1 = h(Egg1) € L(I?), || hi41 ||z < 1, such that for each p = 1,2,...

we have (see (7))

. 1
p{(,y) € Brgr:| S, geen | oeen (B, 2, 9) [2 (Inlnn{+)s} > M2 Bt

(22)
Now we choose the integer l;11 as one of the numbers in the sequence
{nz(,kﬂ)};":l large enough so that the following inequalities are satisfied
1 1 1
€ S o € (23)
(Inlnlgy1)70 ~ 2 (Inlniy) 1o

lk+1 > lk, (24)
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1
po{(z,y) € Eryr | Sty oy (hiy1,2,9) [> (Inlnljq)5} > *MzEkH, (25)

36
l,%MQ; <1, (26)
(Inlnlgyq)10
and )
é(lnln lry1)10 > max(Spy1,1). (27)

It is clear now (see (5), (25)) that we can find a function Fj; such that
Fk+1 € LOO(I2), || Fk+1 HL(IQ)S 1 and

1
M2{(m y) € Ek-‘rl ‘ Slk+1,lk+1(Fk+1’x y) ‘> (lnlnlk-‘rl) } > %/’QE}C-H

The construction of sequences {l;}22;, {3;}32; {Fj(x,y)}52; is now com-
pleted (see (13)-(27)).
Taking account of (18), (20) we obtain for all k =1,2,...

1
pa{(z,y) € 1?2 Siypy 1y (s ) > 6(111110 let1)T0} < mUQEk+1 (28)

Introduce the following functions defined on I? by

> 1
9(z,y) =)  ———=Fi(z,y) (29)
“~ (Inlnl;)o
and
> 1
Br(z,y) := ; mﬂ(x,y) (30)
i=k+1

It is obvious that then (see (23)) for any k =1,2,...

2
drdy < i : 31
// | Br(z,y) | dedy < Z 1nlnl % S e oY

7k+1

and
/ / g(z,y) | dedy < Z lnlnl e < oe (32)

Now Let Ey C I? be an arbitrary Lebesgue measurable set, usEg > 0.
It is clear that there exist a triple of non negative integers (ng, ig, jo), Wwhere
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0 <9, Jo, < 2™ — 1, and an increasing sequence of positive integers
{kq}321 such that (see (8), (9), (12))

p2{Eo N Aggdo)} > ;LQA i0,J0)
and
E, = Agbio,jo)
q 0
forallg=1,2,....

From (19), (29), (30) we have for all k =2,3,...

9(z,y) = ag—1(z,y) + WFk($7y> + Br(,y)
nln k)lO

It is obvious that ( see (4)) for all ¢ =1,2,3,...

1 1 e
MQ{($7y) € Ekq :| Slk i (ﬁkaxay> |Z 7(1n1nlkq)m}
" (Inln g, )10 2
1 <
< poi(z,y) € B, | Sy, 1, (Qhy—1,2,y) [> g(lnlnlkq)m}
1

+p2{(2,9) € B, :| Sty s, Bryrw,y) > ~(Inlnly, )0}

—
(=]

+p2{(z,y) € By, :| Sy, 1, (9:2,9) |> ~(Inlndy, )T}

=}

Using (4), (17), (31) we obtain that for all (z,y) € I? and any ¢ = 1,2,.

2
S J2,y) |< G, MP——————— < 1.
| Uigslkg (ﬁkq z,y) |< kq (lnlnlkq+1)T°

Thus (see (20)),
1 .
pa{(2,y) € B, | Sty tu, (B, 2,y) [2 g (Inlnly, )0} = 0.

According to (28) we have for any ¢ =1,2,...

1 1
p2i(2,y) € i, <[ Su, ., (0, -1,2,9) |2 g (Inlnly, )T} < Tog k2B

Consequently, (see (16)) we conclude that for any ¢ = 1,2,...

. 1
(Inlnig, )0} > augEkq.

=

N’?{(-T7y) € Ekq :l Slkq;lkq (g,x,y) |Z

99
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That is (see (34)),

s 1 . 1 y
no{(,9) € AL | Sy, (9,2,y) |2 G (0o, )0} > — AL,

and, consequently, (see (33)), for any ¢ =1,2,...

o 1 . 3 i
pa{ () € Bo N AT 2| Sy, o, (g.0,9) |2 G (nhnl, )T} > oAl

Theorem 4 (see (32)) is proved.
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