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Abstract

In the paper we prove that some natural modifications (for instance,
images under some functions, Cartesian products, quotient sets) of cer-
tain types of pu-shadings (or shadings), are other examples of p-shadings
(or shadings).

The studies of shadings and p-shadings were initiated by R. Mabry in
1990. Our work is a continuation of his and K. Neu’s research in this
field. In particular, we solve one problem posed by R. Mabry.

1 Introduction

In this paper we use the standard notations S +¢ = {s + t|s € S}, ¢S =
{cs|]s € S}, A x B = {(a,b)|la € A,b € B}, AAB = (A\ B)U(B\ A4) and
f(S) = {f(s)|s € S}. Moreover, the symbol |4 is used to represent a disjoint
union.

For any set A C R, let 7(A) denote the set of all ¢ € R satisfying A+ ¢ =
A and let 6(A) denote the set of all d € R satisfying dA = A. For a set
A C R?, 7(A) and 6(A) are defined in the same way (the addition and the
multiplication have a ”complex” meaning, i.e., (a,b)+ (¢, d) = (a+c¢,b+d) and
(acosa,asina)(beos B, bsin B) = (abcos(a + B), absin(a + 3)). Additionally,
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274 K. NEU AND F. STROBIN

let p(A) represent the set of all r € R such that set A is unchanged when
the entire plane is rotated r radians counterclockwise about the origin. We
will refer to the members of 7(A),§(A) and p(A) as translators, dilators, and
rotators of a set A. In Section 3, the notation Ae'® and Ae* will be used as
an abbreviation for {(acosb, asinb)|a € A,b € B} and {(acost, asint)|a € A},
respectively. (in particular, we have p(A) = {t € R: e A = A}.)

Recall that a Banach measure is a finitely additive, isometry-invariant
extension of the Lebesgue measure to 2%. In [2], R. Mabry first demonstrated
the existence of shadings, or sets A C R that give the expression ,u(;l(?)])
same constant value for every bounded interval I and every Banach measure
p. This constant value can be made to be any number in [0,1]. All of the
shadings contructed in Mabry’s paper are built using Archimedean sets. These
are sets that satisfy A +¢ = A for densely many ¢ € R (i.e., for which 7(A)
is dense in R). Omne of the important results proven in the paper states that
p(ANT)

A(I)
for every bounded interval I, for a given Banach measure p. Note that unlike

ANnIT
shadings, in the case of an Archimedean set A, the value of H()\(I)) might

ANnI
depend on the Banach measure chosen. Any set in which M()\(I))
same constant value for every bounded intervall I, for a given Banach measure
1, is called a p-shading. Thus, Archimedean sets are examples of u-shadings.

the

for an Archimedean set A, the ratio has the same constant value

has the

AnlI
For a p-shading A, the ratio ,u(/\(I)) is called the p-shade of A and is denoted
AnIT
by sh, A. For a shading A, the ratio Al ) is called the shade of A and is

A(T)
denoted by shA.
We will also refer to the following generalization of the notion of shadings.

If f:R — [0,1] is continuous, then A C R is called an f-shading, if for each
p(AND)

Banach measure y and x € R, limy;)—0 &(7]) = f(z), where the limit is
taken over all bounded intervals which contain xz. Note that A is a shading
with the shade shA iff A is an f-shading for f(xz) = shA, z € R (cf. [2, Remark
5.12)).

An almost isometry-invariant set A C R is any set satisfying |g(A) AA] < ¢
for any isometry g of R. An almost translation-invariant set is similar to an
almost isometry-invariant set, except that it is almost invariant under any
translation, instead of any isometry. That is, an almost translation-invariant
set A satisfies |AA (A+7)| < ¢ for any r € R. It is important to mention that
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almost translation-invariant sets (and, in particular, almost isometry-invariant
sets), like Archimedean sets, are p-shadings for any Banach measure p. This
result follows from [3, Theorem 5.3] and the following fact:

Lemma 1.1. [2, Lemma 4.5] Let A C R and |A| < ¢ (i.e., A is of a cardinality
less than continuum). Then shA = 0.

AnI

A similarity-shading A is a set in which MA(I))

every bounded interval I and for every improved Banach measure p. (As in

[3], we say that a Banach measure is improved if it satisfies p(cE) = cu(E) for

every ¢ > 0, for every E C R. The existence of such measures is demonstrated

in [7, Corollary 11.5].) We will use the notation sh.. A to represent the number

ANIT
/i()\(?)) for similarity-shading A. We will use the following:

Theorem 1.2. [4, Theorem 2.3] Let A C R be a set satisfying cA = A for
densely many ¢ € R (i.e., for which §(A) is dense). Then A is a p-shading
for any improved Banach measure.

has the same value for

Theorem 1.3. [3, Theorem 11.1] If j1 is an improved Banach measure on R
and A C R is a p-shading, then g(A) is also a p-shading and sh,g(A) = sh, A
for every similarity transformation g on R (i.e., g(x) = ax+b for some a,b € R

with a # 0).

We will also have an occasion to use t-Banach measures, or measures
that are exactly like Banach measures except that they are not necessarily
reflection-invariant about the origin. (Such measures were discussed in [5].)
Sets A in which M

A(T)
and every bounded interval I are called t-shadings. This common value is de-
noted t-shA. Most of the results in Section 2 involve almost isometry-invariant
sets and almost translation-invariant sets that are also shadings, t-shadings,
or similarity-shadings.

We will also consider Banach measures, improved Banach measures, shad-
ings, p-shadings, similarity shadings, etc. in R?. The definitions are very
similar. The only differences are the following
— instead of intervals we take rectangles I x J;

— improved Banach measures satisfy u(cE) = c?u(E) for E C R? and ¢ > 0.

has the same value for every t-Banach measure p

Many of the results in this paper involve integrals. Integrals such as
Jo f(T)duc(T), where G is an amenable group, f is a bounded function of
G, and ug is a measure on G, have already been defined and utilized in [7].
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In particular, given the measure space (G,2%, ug), and using H. L. Royden’s
integral definition in [6] as a motivation, S. Wagon defines f of (T Ydua(T) to

be the supremum of all integrals fG d(T)dug(T), where ¢(T Z cixe,(

is a simple function (i.e., any real function with a finite 1mage) satlbfylng
0< ¢( ) < f(T). For such a simple function ¢, [, ¢(T)duc(T) is defined to

be Z cip(E;). We would now like to alter the above definition somewhat, by

mtegratmg over a subset F C R, rather than over a group G.

Definition 1.4. Let £ C R be bounded and p be a Banach measure. For
any nonnegative simple function ¢(z) = >, ¢;xg, (), where E =W, B
(recall that 4 is used to represent a disjoint union), define [, ¢ E (z)dp(z) =
S cin(E;). For any bounded function f(z) > 0, define [, f(x)du(x) to be
the supremum of [, ¢ 5 ¢(x)du(x) as ¢ ranges over all simple functions satisfying

0 < oé(z) < f(2).

We will now verify some important integral properties, true for integrals de-
fined on measure spaces in which the measure is countably additive.

Lemma 1.5. Let f > 0 be a bounded function on a bounded set E C R, and let
(oK) be a sequence of a positive simple functions such that ¢, 7 [ uniformly

on E. Then
Jn [ @) = [ faaut

PROOF. If u(E) = 0, then [}, f(x)du(x) = 0 and the equality holds. Assume
that u(E) > 0.

It is sufficient to show that for every simple function ¢ with 0 < ¢(z) <
flx ) and for every € > 0, there exists k € N satisfying [, ¢ (2)dp(z) >
Iz o( — e. Choose k large enough so that f(z) — ¢r(z) < wigy for
all z 6 E. Let E = {x 6 E|¢( ) < ¢k( )} and let E” = {z € E|¢(x) >
or(x)}. Clearly7 I ¢k p(x) > [ ¢(x)dp(z), so it is enough to prove
S Ox(x)dp >fE,, d,u( )—e. IfxEE",then0§¢( )—(x )_M(E

)
This implies fE,, () — ¢(x))du(z) < e. But fEn<¢(33) — ¢p(x))dp(x) =
S 0(x)dp(x) — [4, dx(x)dp(x), which implies the result. O

Proposition 1.6. Let f, g be two nonnegative bounded functions defined on a
bounded set E CR, ¢ >0 andt € R.

(i) [p(f (@) + g(z)dp(z) = [5 f(@)dp(@) + [ 9(x)dp(z);
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(ii) [pcf(x)du(z) = c [; f(x)dp(z);
(i) [ f(x)dp(x) = fE_t flx+t)du(x).

PROOF. It is obvious that for every nonnegative bounded function on a bounded
set E, there exists a sequence (¢p) of nonnegative simple functions with
o¢r " f uniformly to f. Hence the result follows from Lemma 1.5 and an
obvious fact that it is true for simple functions. O

Proposition 1.7. If f > 0 and E are Lebesgue measurable and bounded, then
I f@)dp(z) = [, f(x)dX\(z). That is, the integral in Definition 1.4 becomes
the Lebesgue integral. If f is continuous and bounded, and E is a bounded
interval, then [ f(x)dp(x) = [, f(x)dz. That is, the integral in Definition
1.4 becomes the Riemann integral.

PrOOF. We only need to prove the first statement. It follows from Lemma
1.5 and an obvious fact that if f > 0 and E are Lebesgue measurable (and
bounded), then there exists a sequence (¢y) of nonnegative simple Lebesgue
measurable functions with ¢y  f uniformly. O

2 Continuous, non-linear images of almost isometry-invariant
sets

Lemma 2.1. Let p be a measure on the family of all bounded subsets of R,
which agrees with the Lebesgue measure for open and bounded sets. Then p is
an extension of the Lebesgue measure for bounded sets.

PROOF. It is easy to see that for every bounded Lebesgue measurable set
E CR, p(E) < A(E). This easily gives the thesis. O

Lemma 2.2. Let pu be a measure on the family of all bounded subsets of
R, which is an extension of the Lebesque measure (for bounded sets). Let
(I,,) be a sequence of intervals of a gien length, with =, I, = R. Define
v(E)=Y 2, w(ENIL), ECR. Then

(i) if p is isometry-invariant, then v is a Banach measure;
(i1) if u is translation-invariant, then v is a t-Banach measure;

(#3) if p is isometry-invariant and p(cE) = cu(E) for bounded E and ¢ > 0,
then v is an improved Banach measure.

Moreover, the measure v does not depend on the choice of a sequence (I,).
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PRrROOF. We will show only (i), since proofs of rest parts are very similar. Let
E=A4WB. Since p(ENL)=p(ANL)+ w(BNIL) for all i, v(E) = v(A) +
v(B). Hence v is finitely additive. Now let T be an isometry on R. We have
V(T(E) = X2 w(T(B) N L) = 372, p(ENT™HL) = 3272, 72 m(EN
TN L) = Y, S BTN L) N L) = $52, w(E N L) = v(E).
Hence v is translation-invariant. Now let E be any Lebesgue measurable
subset of R. Using the countable additivity of the Lebesgue measure we have
v(E)=Y 2, wENL) =37, MENI)=\E). Hence v is an extension of
the Lebesgue measure. O

The idea behind the construction of the measure in the following lemma,
like the one mentioned in [5, Lemma 4.2], is due in part to J. Roberts and R.
Mabry.

Lemma 2.3. Let f : R — R be a function such that for some s <'t, fijs4
is continuous and strictly increasing, and f(R\ [s,t)) N1 = 0, where I =
[f(s), f(t)] and u is a (fized) Banach measure. Then there exists a t-Banach

1
measure v such that for any bounded set E C R, v(E) = 7)\(1) / uw(f(E+z)N
S
Idu(x), where S is the support of the function x — u(f(E+z)NI).

PROOF. It is easy to see that we may assume that f is an increasing, contin-
uous bijection, and I is any nonempty closed and bounded interval.

We will prove that for bounded sets £ C R, ¢(E) = ﬁ / p(f(E+x)N
Idu(x) is additive, translation-invariant, and an extension oSf the Lebesgue
measure. The conclusion of this lemma would then follow from Lemma 2.2(ii).
Let a = inf(E),b = sup(E). Also, assume I = [¢,d]. Then S C [f~1(c) —
b, f~1(d) — a]. This proves that S is bounded and so the integral is defined.
Let A, B be two disjont subsets of R. Since for every =z,

f(AB)+2)NI=(f(A+x)n W (f(B+z)NI),

we get

$(AwB) = ﬁ /S u(F((A® B) +2) N Ddp(z)

1

:m/s(u(f(/wx) NI) 4 u(f(A+2)N D)) du(x) = p(A) + (B).

The last equality follows from Proposition 1.6(i) and the fact that the supports
of u(f(A+x)NI)and u(f(B+x)NI) are included in S. This proves additivity.
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To prove translation-invariance, note that
1
W(E+1) = 7/ W(f(E + 2 +1) N Idu(a).
M) Js—

That is, changing FE to E + t changes the support of the integrand function
from S to S —¢. But by Proposition 1.6(iii), [qpu(f(E + ) N I)du(z) =
Js_ u(f(E + x4 t) N I)du(x), which implies ¥(E 4 t) = (E). Now we
will show that for any bounded interval J of positive measure, ¥(J) = A(J).
Let s = f~1(c) and t = f~1(d). Choose u € R so that ¢ < f(u) < d, let
K = [s,u], and define g(x) = u(f(K +z)N[e,d]) = p(f([x+ s,z + u]) N e, d)).
Since f is continuous, f([z + s,z + u]) is an interval for all z, which implies
f([z+ s,z +wu])N]c,d] is also an interval, a single point, or the empty set for
any . This means we can write g(z) = A(f([z + s, + u]) N [c, d]). We have

fl@+u)—c, —u+s<z<0
fla+u)—flz+s), 0<zx<t—u

9(x) = d— flx+s), t—u<zx<t—s
0, otherwise.

Since f(x) is continuous, so is g(x). This means g(z) is Riemann integrable,
so by Proposition 1.7 and easy computations, we get

1 1 t—s
W) = 5755 [Lo@ante) =55 [ gty
:ﬁ(df u—s) = u—s = AK).
Because v is translation-invariant and we can choose u to be as close to s as
we like, we have proven that ¢ (J) = A(J) whenever J is an interval satisfying
A(J) < t—s. Because ¢ is also additive, ¢(J) = A(J) for all bounded J. Now
since functions defined as g above (for intervals) are continuous, and from
Proposition 1.7 (and the monotone convergence theorem), we also have that
if (I,) is a sequence of pairwise disjoint intervals with J,, .y I bounded, then
GUer In) = S ¥(In) = Spen An) = MUy In)- Hence, by Lemma
2.1, 9 is an extension of the Lebesgue measure for bounded sets. O

The first few theorems below involve almost isometry-invariant sets and
almost translation-invariant sets that also happen to be shadings. From [5,
Theorem 2.2], we know that if an almost isometry-invariant set A is a shading,
then shA = 0 or shA = 1. From [5, Theorem 2.3], we also know that if an
almost translation-invariant set A is a shading, then shA = 0, %, or 1. Let’s
see what happens when one of these shadings is mapped by a continuous,
increasing function.
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Theorem 2.4. Let f be a continuous and increasing bijection. Let A be an
almost isometry-invariant shading of shade 0. Then shf(A) = 0.

PROOF. First observe that if ¢ is a t-Banach measure, then ¢(E) = 1(¢(E)+
¢(—FE)) is a Banach measure. Since shA = 0, setting £ = AN I for any
bounded interval I in the equation above gives 0 = 1(¢(ANT)+¢(—AN—1I)),
which implies ¢(A N I) = 0. This means t-shA = 0. Now let I = [¢,d] be
any bounded interval and let © be any Banach measure. By Lemma 2.3, there
exists a t-Banach measure v satisfying

WE) = 515 | #(E +2) 0 Dtz (1)

where S is the support of u(f(E +x)N1I). As in the proof of Lemma 2.3, let
s=f"1(c)andt = f~1(d). Let J = [f(c—1),t] and set E = ANJ. Then (1)

sives us():)\(I)l/su(f((AﬁJ)—i—x)ﬂI)du(x): )\(I)/S,u(fl((A—i-x)ﬂ(J+
ff))mf)dﬂ(x):W/S/i(f(/l*‘ff)ﬂf(Jer)ﬂf)d/i(f):W/S#(f(fl)ﬂ

f(J+x)NnI)du(x). (The last equality follows from the fact that A is almost
isometry invariant and Lemma 1.1.) It is not difficult to show from Definition
1.4 that if h(x) is any nonnegative function, H is any bounded set, and if
0= [, h(x)du(x), then for any e > 0, u({x € H|h(x) > e}) = 0. This means,
in particular, that if L C H is any interval, then there exists an x € L such

that h(x) < e. Note that in the integral %I) / p(fANf(J+x)NT)du(x),
s
f(J+z)nI=Iforallze[0,s—f1(c—1)]=][0,f"1(c)— f1(c—1)]. Since
f is increasing, so is f~!, which implies [0, f~!(c) — f~!(c — 1)] is an interval
of positive measure. Thus there exists an z in [0, f~1(c) — f~!(c — 1)] such
that u(f(A)Nf(J+2)NT)=u(f(A)NI) <e. For this fixed interval I we
can choose ¢ as small as we like, so we conclude that pu(f(A) N I) = 0. Since
I and p were arbitrary, shf(A4) = 0. O

Since for every shading A C R, sh(A¢)=1-sh(A), the above result implies
the following:

Corollary 2.5. Let f be a continuous and increasing bijection. Let A be an
almost isometry-invariant shading of shade 1. Then shf(A) = 1.

Before we move on to the case of an almost translation-invariant shading of

shade %, we sate a few more propositions. Two of them follow from Theorem

1.2 (see Introduction).
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Proposition 2.6. Let A be a set in which 6(A) is dense. If f(x) = x4 forp
and q odd integers, then f(A) is a p-shading for any improved Banach measure

i
PROOF. Let r = L. For any ¢ € 0(A), we have ¢"A" = (cA)" = A". (here
q

for any B C R, we define B" = {b" : b € B}.) Hence (6(4))" C 6(4"). In
particular, §(A") is dense and the thesis follows from Theorem 1.2. O

Proposition 2.7. Let A be a set in which §(A) is dense. Let AT = AN (0, 00).
Then In (AT) is Archimedean, and therefore a p-shading for any Banach p.

PRrROOF. Let 67 (A) = §(A) N (0,00). Since Ind*(A) is dense, it is enough to
show InA™ +1Ind*(A) = InA*. Let ¢ € §7(A). Then InA™ + Inc = IncAt =
InA*. O

Proposition 2.8. Let A be an Archimedean set. Then e U (—e?) is a p-
shading for any improved Banach p.

PrOOF. By Theorem 1.2 and the fact that —(e? U (—e?)) = e U (—e?), it
is enough to show ce? = e# for densely many ¢ € (0,00). Since 7(A) is dense
in R, e7) is dense in (0,00). But for any ¢ € 7(A), efed = e!t4 = eA. This
means e”(eA = e, O

We are now ready for a result involving an almost translation-invariant %—
shading.

Theorem 2.9. Let f: R — R be an odd continuous and increasing bijection.
Let A be an almost translation-invariant %-shadmg. If f(A) is a p-shading for
some Banach i, then sh, f(A) = 3.

PROOF. Define A; = R\ (AU (=A)), 43 = A\ (AN (=A4)),A3 = (—A)\
(AN (=A)),As = An(—A). All four of these pairwise disjoint sets are almost
translation-invariant, and by [5, Corollary 2.4], sh(AN(—A)) = 0. This implies
shAs = shAs; = % and so shA; = shA4 = 0. Using Theorem 2.4, we can then
say that shf(A;) = shf(A44) = 0. Using the reflection-invariance of u, we
have sh,,(f(A)) = sh,(—f(A)) = sh, f(—A) = sh,f(As W Ay) = sh, f(A3) +
Shuf(A4) = Shuf(A3) = Shﬂf(Ag)—FSth(Al) = Shuf(AgLﬂAl) = Shuf(AC) =

sh,(f(A))¢ =1—sh,f(A). This forces sh, f(A) = 1. O

Example 2.10. There exists an almost translation-invariant %—shading S sat-
isfying sh,, f(S) = % for any improved Banach measure pu, for any function of

the form f(x) = acg, where p and ¢ are odd integers. Let H be a Hamel
basis for R over Q, let {hs}a<c be an injective well-ordering of H, let Q.
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represent the set of all rationals of the form (g) 2" where n is an even in-
teger, and let Q, represent the set of all rationals of the form (g) 2™ where
n is an odd integer. Here r and s are both positive odd integers. Define
S = {3111 Giha; + qhp : ha,,hg € Hygi € Qg € Qp or ¢ € —Qe,a; < S}
Clearly, for every t € R, SA(S +t) C sp{hqa : @ < oy}, where oy < ¢ is such
that ¢ € sp{hs : @ < ay}. Hence, by that fact that S and —S are pairwise dis-
joint and R = SU(—S) U {0}, S is an almost translation-invariant 1-shading.
Also, if r, s are positive odd integers, then (g) S =5 and (—22) S = S. This
implies ¢S = S for densely many ¢ € R. By Proposition 2.6, f(S) is a u-
shading for any improved Banach measure p, for any function of the form
flz) = scg, where p,q are odd integers. The above theorem then implies

sh, f(S) = 1; in fact, we can write sh. f(S) = 3. (See Introduction.)

We are now ready to consider almost isometry-invariant sets that are
also similarity-shadings. Unlike almost isometry-invariant shadings, almost
isometry-invariant similarity-shadings can take on any p-shade in [0, 1]. For
example, for any k£ > 1 and any j € {0,...,2% — 1}, define

Sk = {Zqihai +qhg : ha, hg € Hyqi € Qg e Ty U (=T ), o4 < 6},

i=1

where H is the Hamel basis from the above example, p; = (j + 2F71) 04 2%
and each T is given by TF = {2”(2)|r7 s are positive odd integers, n € 2*7Z + z}
Then it can be shown (in analogous way as in Example 2.10) that each S]’.C has
a p-shade 2% for any improved Banach p.

Before we get to the main theorems, we must state and prove a lemma that
can be used to create an improved Banach measure from an arbitrary Banach
measure. If G is the multiplicative group of positive real numbers, then G is
commutative, and so by [7, Theorem 10.4 b)], G is amenable. This implies
the existence of the measure ug on G.

Lemma 2.11. Let u be any Banach measure. Then there exists an improved

Banach measure v satisfying v(E) = / M(xi_l)dug(x) for any bounded set
G X

E, where G is the multiplicative group of positive real numbers.

pla”'E)
1:—1

Proor. We will prove that ¢(E) = / dug(x) is finitely-additive,
q

isometry-invariant, and an extension of the Lebesgue measure for bounded
sets E. Lemma 2.2 would then imply the existence of a Banach v. To verify

p(z”'E)

that the integral is defined, we must still prove —— is bounded. Since
x
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_ . p(z”'E)
E is bounded, say 2 C I for some bounded interval I, we have ——— <
x
Aa=tr AL -'E
Ma” D) = x_lﬁ = A(I) < oo. Thus Mdug(x) is defined for

z—1 z—1 z—1

e
all bounded E. Finite additivity follows easily from the additivity of u and
“HE+t
the additivity of the integral. (See p. 147 of [7].) Since pa” (B+t) =

21
B+t 1B
plw k) = ™ E) 1 is translation-invariant. Since pu(z~1(—E)) =

r1 x—1
u(—r71E) = p(x~1E), 1 is reflection-invariant. Finally, for any Lebesgue
1A AMz~tA A
measurable set A C R, u(ac_ ) = (2= 4) = x_lg = AA), so ¢ is

x1 x ! r—1
an extension of the Lebesgue measure. We will show that for any bounded
E CRand ¢ >0, ¥(cE) = c(E). We note that ¢ is a left-invariant mean,

meaning x can be replaced with ¢ 'z in the integral without changing its

value. (See [7, p. 147].) Thus for every bounded E C R and ¢ > 0, dj(zE)
[ [ ) )
G 1 G G -1

cx~ (c7lx)—1L x
Y(E). Hence, by Lemma 2.2, there exists an improved Banach measure v
which satisfies the thesis. O

In [3, Theorem 10.1], it is proven that there exists a set A, a constant ¢ > 0,
and a Banach measure v such that v(cA) # cv(A). That is, it is demonstrated
that not every Banach measure is an improved Banach measure. The following
corollary to Lemma 2.11 gives a sufficient condition for v(cA) # cv(A) for some
¢ € RT and for some Banach measure v, for a given set A.

Corollary 2.12. Let A be a bounded set such that u(A) has the same value for
every improved Banach measure p, but p(A) # v(A) for some (non-improved)
Banach measure v. Then there exists ¢ € RT such that v(cA) # cv(A).

PROOF. By contradiction. Assume v(z71A) = 271w (A) for every x > 0. Let
k be the common value of p(A), where  is an arbitrary improved Banach mea-
sure. By Lemma 2.11, there exists an improved Banach measure ( satisfying

C(F) = / Mdpg(a:) for bounded E. Setting E' = A gives us
G

xr—1

b= [ i) = [ vAdite) = v(a),

a contradiction. O
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Proposition 2.13. Let A be an czlmost 1sometry-invariant similarity-shading
with §(A) dense, and let f(x) = xa for odd integers p and q. Then sh. f(A) =
sh.S.

PRrROOF. Let p be an improved Banach measure and let I be any bounded
interval. From Lemma 2.3, there exists a t-Banach measure v satisfying for

bounded F )
WE) = 515 /3 u(f(E + ) 0 Ddp(z), )

where S is the support of u(f(E+z)NI). This means n(E) = 1 (v(E)+v(—E))
is a Banach measure. Using Lemma 2.11, there exists an improved Banach ¢
such that

~1

ny—"E

o8) = [ B iucty) Q
G Y

for every bounded E. Let y € RT. Then y~!A is an almost isometry-invariant

set with §(y~1A) dense. Setting E =y~ 1AN [0,y ] in equation (2), we have

Wy ANy = ﬁ /S (F( 4) N 0,571 + ) N Ddpa(a)

- ﬁ /S W(F((5 4) N [,z 4y ) N Ddpe).

By Proposition 2.6, f(y~!A) is a u-shading since u is an improved Banach
measure, SO

pu(f(y " ANz+y ' DNl = p(fly AN f([zz+y )NI)
= (shof(y "A))A(f([z,z +y )N 1)).

This implies by the proof of Lemma 2.3 that v((y~14) N[0,y7!]) =
y~H(shuf(y~1A)). Since v(—((y~"A) N[0,y71])) = v((y~ A) N (=[0,y7])) =
v((y~tA)N [0,y ) (these equalities follow from the fact that y~!A is almost
isometry-invariant), we get n((y~'4) N[0,y~']) =y~ (sh, f(y~'A)). But
shuf(y~'4) = shy((y™")7f(A)
= sh,f(4)

by Theorem 1.3, so n((y~*A4)N[0,y~!]) = y~'(sh, f(A)). Nowset E = AN[0, 1]
in equation (3). Since ¢ is an improved Banach measure, we have sh A =
Joshuf(A)dua(y) = sh,f(A). But p was an arbitrary improved Banach
measure, so sh. f(A4) = sh A. O
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The following theorem shows that it is possible for the continuous image of an
almost isometry-invariant set (almost never a shading) to be a shading.

Theorem 2.14. Let A be an almost isometry-invariant similarity-shading
with §(A) dense. If
<
h(l‘) = { O’ = 0 s

Inz, >0
then sh(h(A)) = sh A.

PROOF. Let p be any Banach measure. By Lemma 2.3 (used for s = e,
1

t = €?), there exists a t-Banach measure v such that v(E) = D) / w(h(E +
x) N I)du(x) for bounded E, where S is the support of the integrsand func-
tion. Define  and ¢ as in the proof of Theorem 2.13. Let y € R*. Then
y~LA is almost isometry-invariant with 6(y~!A) dense. By Proposition 2.7,
h(y~tA) is a p-shading. To show n((y~*4) N[0,y !]) = y~(sh,h(A)), we
follow the exact same steps as in the proof of Theorem 2.13, except we
must show sh,h(y~'A) = sh,h(A) for this particular function. We have
sh,h(y=tA) = sh,ln(y~tA") = sh,(lny~! + InA") = sh,InA" = sh,h(A).
Setting E = AN [0, 1] in equation (3) as before gives us sh A = sh,h(A), but
this time p is not restricted to be an improved Banach measure. We conclude
that sh(h(A4)) = sh A. O

3 Shadings in R?

The first several results in this section involve the Cartesian product of subsets
of the real line. In most of the results we prove something involving, say Ax B,
but it should be understood that since B x A is the set A x B reflected with
respect to y = x in the plane (an isometry), that result is also in most cases
true for B x A. Many of these Cartesian product results were inspired by the
proof of [7, Corollary 1.6c)]. Related results can be also found in [1].

The following two Lemmas are analogous to Lemmas 2.1 and 2.2. We skip
the proof.

Lemma 3.1. Let p be a measure on the family of all bounded subsets of R2,
such that for any open and bounded set U C R?, u(U) = A(U). Then u is an
extension of the Lebesgue measure for bounded sets.

Lemma 3.2. Let 1 be a measure on the family of all bounded subsets of R2,
which is an isometry invariant extension of the Lebesgue measure for bounded
sets. Let (I,) and (J,) be sequences of nonempty intervals of a given length
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with Wyl In = Wo—y Jn = R. Define v(E) = 327 (BN (I X J)),

E C R2. Then v is a Banach measure.

Lemma 3.3. For any Archimedean set A C R, any bounded S C R, and any
, p((ANTD) % S)

Banach measure p on R?, a0 = u((ANJ0,1]) x S) for any bounded

interval I.

PROOF. The proof is similar to the proofs of [2, Theorem 6.1] and [3, Theorem
5.3]. It utilizes the horizontal translation invariance of p. O

Let I, = (n,n+ 1], n € N. For any S C R and any Banach measure p on
R? with u(S x [0,1]) > 0, define pg : 2% — [0, 0] in the following way:

=5 ><1[0 0 > (S x (BN 1y)).

nez

ps(E)

Clearly, for any F C R, we have ug(F) = 2%2%, and if F is
bounded, then
n(S x E)
ps(E) = —————.
E) =<0

Lemma 3.4. For any bounded set S C R and any Banach measure i on R?
with u([0,1]x.S) # 0, us is a Banach measure. If additionally S is an interval
and i 1s an improved Banach measure, then pg s also improved.

Proor. Additivity of ug follows from that of u, as does translation and re-

flection invariance. Now assume E = I, a bounded interval. If we set A =R
u(S x 1) p(S x I)

in Lemma 3.3, we get NG = u(S x [0,1]), or WS < [0.1] = M), pro-
vided A(I) # 0. If A(J) = 0, then S bounded implies S C J for some bounded
interval J so that S x 1) < plJ x 1) = (1) eld) = 0. Now let

p(S > [0,1]) = p(Sx[0,1])  u(S x[0,1])
(I,,) be a sequence of pairwise disjont intervals with | J,,y I bounded, and let
J be a bounded interval with S C J. For any k£ € N,

(U= (U 2o (U =2 (U)o (O 1)

<A (U In> n pw(J x (Ufflkﬂ I,)) — (U In) N /\(L_JZOZ,H_1 I”))\(J).

(S = [0, 1]) (S x [0, 1])

n=1 n=1
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By taking the limit k& — oo, we get s (Upen In) = A (Upen In)- By Lemmas
2.1 and 2.2, we have that ug is finitely additive, isometry-invariant, and an
extension of the Lebesgue measure.

If S is an interval and p is improved, then for any bounded F and ¢ > 0 we
get by Lemma 3.3 (for A = R),

~—

w(S x (cB) _ i

p(Sx[0,1])  p(2

This ends the proof. O

x E) p(£x[0,1]) . (S x E)
[0,1]) p(Sx[0,1]) — "u(S x[0,1])°

X |oln

Lemma 3.5. Assume that A C R is a v-shading for every Banach measure
v. Then for every Banach measure p on R? with shyg (A) > 0, and every
bounded interval I, pans = ttano,1]-

PROOF. At first note that u((ANI) %[0, 1]) = pjo,1)(ANT) = shy,, , (A)AI) >
0. For every bounded set E with pp1(E) > 0, we have

5y MAND X E) _ p(Ex (A1) _ pe(A0 Doy (B)
PR AN D <0~ pen(AND)  ppn(AnT)
_up(AND) (1)
=30 renannten®
_pp(Anf0]) 1
1 ppo,1 (AN [0, 1])

_ u((AnpA) < B)
“a(Can o, 1)) < o1 At

Ho,1] (E)

If ,u[o)l] (E) = O, then

W(AND) xB) _ (I % E)

pani(E) = p((ANT)x1[0,1]) = p((ANnI) x[0,1]) -0

The last equality follows from the fact that for each a € R, u([a,a+ 1] x E) =
0. [

Theorem 3.6. Let ju be a Banach measure on R? and A, B C R. Assume
that one of the conditions holds:

(i) B is a shading and A is a po 1)-shading;

(i) A, B are n-shadings for every Banach measure 1.
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Then A X B is a p-shading.

Ifshy, A =0, then sh,(Ax B)=0

If ShH[O,l]A > 0, then sh,(A x B) = shyg., (A)ShHAm[o,l] (B).

In particular, if B is a shading, we have shy,(A x B) = shy, ,(A)sh(B).

PROOF. Assume first that shy,
have

0.1) A = 0. For every bounded intervals I, J, we

p((AxBYN(IxJ)=p(ANT)x (BNJ)) < p((ANT)x J) =0.

Assume now that shy, A > 0. For every bounded intervals I, .J, we have

0,1]

p(AxB)N(IxJ) p((AND)x (BN.J)

AIDA() B AIA()
_w((AnI) x(BNJ)) p((ANI) x[0,1])
p((ANT) x [0,1]) A(J) AI)
_pani(BNJ) fo,(ANT) _ MAmJ(BﬂJ)Sh (4)
A(J) A1) A(J) o

If (i) is satisfied, then the last formula is equal sh(B)shy,, ,,(4), and if (i) is
satisfied, then by Lemma 3.5, we have

wanr(BNJ) _ Banp(BNJ)

)\(J) Sh#[o,l] (A) - )\(J) Sh#[o,u (A) = Sh#[o,u (A)Sh

B).

/tAm[o,l](

O

Directly from the above Theorem and the second part of Lemma 3.4, we
get the following corollaries. The first one answers a conjecture from the
Conclusion section of [2].

Corollary 3.7. Let A, B C R be shadings. Then sh(A x B) = (shA)(shB).

Corollary 3.8. Let A C R be a similarity shading and B C R be a shading.
Then A x B is a similarity shading and sh. (A x B) = sh..(A)sh(B).

Now we strengthen Corollary 3.7 to f-shadings on R? (see Introduction).

Theorem 3.9. Let f,g: R — [0,1] be continuous functions. Let F be an f-
shading on R and let G be a g-shading on R. Then sh(F xG)(x,y) = f(z)g(y).

PROOF. We may assume f(z) and g(y) are not both zero. If they are, then it
is enough to prove the result for, say F' xR at (z,y), since F x G C F xR. But
in that case g(y) = 1. So assume f(z) and ¢(y) are not both zero. WLOG,
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assume f(z) # 0. Let I, J be two bounded intervals such that (z,y) € I x J.
We have

p(FOD)x(GnJ)) _ p((FNT) x (GNJ)p((FNI) x[0,1])
1

ADA(T) B p((F 0 ) < [0, I)ADA(I)

e (GN Dy (F NI Beag-t ey 3 (GO D)ppy(F 0 I)
a A(A) B A(A(T) '
(The last eqality and the facts that u((F N 1I) x[0,1]) > 0 and pu((F N[z —
1,24 1)) x[0,1]) > 0 follow from [2, Remark 5.12] which states that if E C R
is Lebesgue measurable and A is an f-shading, then for every Banach u,
W(ANE) = [, fd\) Now if we take the limit from both sides, we get the
thesis. O

A measure similar to the one given in Lemma 3.10 was mentioned by J.
Roberts and R. Mabry.

Lemma 3.10. Let n be a Banach measure on R and let G represent the group
of isometries on R%. Then there exists a Banach measure p on R? satisfying
wE) = [([¢n(le N T~HE))dn(x))duc(T) for every bounded set E. Here
lp represents the vertical line through x on the x-axis and S represents the
support of the integrand function n(l, NT~1(E)).

PROOF. Define ¢(E) = [,([gn(le N T (E))dn(z))duc(T) for all bounded
FE C R. Additivity is easily verified using the additivity of n and that of
the two integrals. Isometry-invariance follows from the fact that ¢ is a left-
invariant mean. If R is a rectangle, then n(l,NT~!(R)) is continuous, meaning
by Proposition 1.7, [¢n(lo N T~ (R))dn(z) reduces to a Riemann integral. It
is easy to see that a Riemann sum for [, n(l, N T~'(R))dn(x) approximates
the area of T7'(R) and so [¢n(lx N T‘§(R))dn(x) = MT7Y(R)). Since the
mapping 1(l, N T~1(R)) is continuous, again by Proposition 1.7, if (R,,) is a
sequence of pairwise disjoint rectangles with (J,,.y R, bounded, then

n (zx nT- (U R>) an(@) = Y [0 (0T () dn(a)

neN neN

=> AT (Rn)) = A <T1 (U Rn>> :

neN neN

By Lemma 3.1, ¢ is an extension of the Lebesgue measure for bounded E.
Use Lemma 3.2 to get pu. O
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Lemma 3.11. Let n be an improved Banach measure on R, and let p be a
Banach measure on R? as in Lemma 3.10, chosen for n. If A C R is an
n-shading, then for every bounded interval I, n(ANT) = pj11(ANT).

PROOF. It is enough to show that [¢n(l, N T~(E))dn(x) = A\(I)sh, A when-
ever E = (ANI)x[0,1]. To do this, we will slice the set A x R with lines from
every direction and show that we (almost) always get an n-shading of n-shade
shA. First consider a nonvertical line, say y = mx + ¢. This line will intersect
the y-axis at (0,¢). We will think of this point as the ”origin” of the line and
the right direction as the positive direction. Now choose a € A on the z-axis.
It’s corresponding point on the line is (a,ma + ¢). The distance between (0, ¢)
and (a,ma + ¢) is vVm2a2? + a2 = |a|]v/m? + 1. Hence the intersection of the
line and A x R is v/m? + 1A. But by Theorem 1.3, sh,(vm? + 1A) = sh, A.

Now consider slicing the set with vertical slices. (This is equivalent to assum-
ing 7! is an isometry that does not change the orientation of A x R.) Let
P represents the projection of T71((ANI) x [0,1]) into the z-axis. We have
n(lNT~1((ANI)x[0,1])) = 0 whenever = ¢ P and n(l,NT~((ANI)x[0,1])) =
1 whenever x € P. Hence [(n(l, N T~ ((ANI) x [0,1]))dn(z) = [, ldn(x) =
A(I)sh, A in this case. O

Theorem 3.12. Let A C R be a shading, n be an improved Banach measure
onR, B C R be an n-shading and p be a Banach measure defined as in Lemma
3.10. Then A x B is a p-shading with sh,, (A x B) = sh(A)sh,(B).

PrOOF. By Lemma 3.11, B is an pjg1j-shading with sh,, ,,(B) = sh,(B).
Hence, by Theorem 3.6(i), Ax B is a u-shading with sh,, (AxB) = sh(A)sh,(B).
O

An Archimedean subset of R? is any set A satisfying A—i—? = A for densely
many vectors t =< t1,ty >, i.e., for which 7(4) is dense in R?.

Theorem 3.13. Every Archimedean subset of R? is a u-shading for every
Banach measure i of R?.

PROOF. The proof is nearly identical to that of the proofs of [2, Theorem 6.1]
and [3, Theorem 5.3] with squares and rectangles used instead of intervals. [

Proposition 3.14. If A, B are Archimedean subsets of R, then A X B is an
Archimedean subset of R2.

PROOF. It is clear that 7(Ax B) 2 7(A) x7(B). Moreover, the set 7(A) x7(B)
is dense since 7(A) and 7(B) are dense. O
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We will now consider another way to generate shadings in R? from shadings
in R. It involves polar rectangles, so we first need to prove the following.

Lemma 3.15. Let K > 0, and let A C R? be a set satisfying p(A N R) =
KA(R) for every polar rectangle R. Then pu(ANI) = KA(I) for every rectangle
I C R2. That is, A is a pu-shading in R* with sh,A = K.

ProoOF. We will prove the result for squares, since any rectangle can be ap-
proximated as closely as we like with finitely many squares. Let I be a square
with a center C'. Let I; be a square with center C inside I that satisfies
ML) = A(I) — g, and let I, be a square with center C' containing I that sat-
isfies A\(I,) = A(I) + e. Cover I; with finitely many disjoint polar rectangles
small enough so that they are all strictly inside I. Call the union of these
polar rectangles R;. Now cover I with finitely many disjoint polar rectangles
small enough so that they are all strictly inside I,. Call the union of these
polar rectangles Ry. We can then say KA(R1) < p(ANI) < KA(Ry). Since
AMR1) > M) —eand AM(Rg) < M) +e, KA(I)—Ke < u(AnI) < KX(I)+Ke.
Since € > 0 was arbitrary, u(ANTI) = KA(I). This means A is a p-shading of
shade K. O

Recall that if A C R? then §(A) = {t € R? : tA = A}, where the
multiplication has a ”complex meaning”.

Theorem 3.16. Let A C R? and assume 6(A) is dense in R%2. Then A is a
p-shading for any improved Banach j on R?.

PROOF. Let p be an improved Banach measure. We first show that for every
polar rectangle R and every d € R?,

uANdR) = |d’u(ANR). (4)

Let € > 0. There exists d’ € §(A) such that ||d'|?—|d|?| < e and A\(dRAd'R) < ¢
(A means the symmetric difference). By rotation-invariance of 1 and the fact
that p is improved, we have

wWANdR) = u(dANdR) = ud(ANR)) = |d*u(ANR).
Moreover, by
ANdRC (ANdR)U((ANdR)\ (ANdR)) Cc (ANdR)U(dR\ d'R),

we have
w(ANdR) < u(ANdR) +e.
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In the same way we can show that

uw(ANdR) < u(ANdR) +e.
Summing up, we get

[u(ANdR) — |dP* (AN R)| <

(W(ANdR) — (ANd'R)| + ||d'*n(AN R) — |dn(AN R)| < e(1+ u(ANR)).

)
Since € > 0 was taken arbitrarily, we get (4).
If a € [0,27], put R, = {se’? : s € [0,1], B € [0,a]} = [0, 1]el>*). Now we
show that for every a € [0, 27],
«
MANRa) = —p(C N A), (5)
™
where C' is the unit circle. Let € > 0 and t € (0,27) be such that
Qo a—t e} a+t
L)< d (s=+€)2 . 6
(27r 6)_(27r+t> and (gp *e _<27r—t) (©)

Now fix n,m € N with

nt <27 < (n+ 1)t and mt < o < (m + 1)t. (7)
We have by (4),
nuw(ANRy) <u(ANC) < (n+ Du(ANRy), (8)

and
mu(ANRy) < pu(ANR,) < (m+1u(ANRy). 9)

By (6)—(9), we have

« a—t m
_ _ < < <
(52 - ) uane) < (525 ) MANC) < EuAn €) < w(An )
and
a a—+t m-+1
— > | — > > .
(QW—I—G)M(AOC)_(?Wt)y(AﬂC)_ " (AN C) = p(AN Ra)

Since € > 0 was taken arbitrarily, we get (5).
Lemma 3.15, (4) and (5) imply the thesis. Indeed, if R is any polar rectangle,
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then for some reals 7o > r; > 0, d € [0,27] and « € [0,27], R = €' (1R, \
r1Ry). Hence

WANR) = u(AN (e(ryRe \ 71Rs))) = m(ANTRy) — u(AN7T1R,) =

ANC
= (3~ (AN B = (13 D) Sp(an €) = MR MADD
T T
which shows that A is a p-shading with shA = @. O

Recall that p(A) = {t € R: Ae't = A}.

Corollary 3.17. Let A CR%. If §(A)N (R x {0}) and p(A) are both dense in
R, then A is a u-shading for any improved Banach p.

PRrROOF. Let B = §(A)N(Rx{0}). Clearly, the denseness of B and p(A) implies
the denseness of Be’?(4) in R2. Tt is also clear that Be'?(Y) c §(A). O

We can use Theorems 3.13 and 3.16 to state three results similar to Propo-
sitions 2.6 — 2.8. Proofs of the newer propositions are similar to the original
proofs and will be omitted. Note that we consider the functions which appear
in the following results as complex functions (we identify here C with R?).

Proposition 3.18. Let A C R? and assume §(A) is dense. Let f : R? — R?
be given by f(z) = 2t (t any real number t # 0). Then f(A) is a u-shading
for any improved Banach .

Proposition 3.19. Let A C R? and assume 6(A) is dense. Let f: R? — R?
be given by f(z) = logz (f is the multi-valued logarithmic function). Then
f(A) is a p-shading for any Banach p.

Proposition 3.20. Let A C R? and assume 7(A) is dense. Let f : R? — R?
be given by f(z) = e*. Then f(A) is a p-shading for any improved Banach p.

The following lemma will be used for the next shading result. It is an easy
generalization to R? of the measure used in the proof of [3, Theorem 4.1].
Lemma 3.21. Let ¢ > 0 and let p be any Banach measure on R%. Then

B
v(E) = u(cQ ) is a Banach measure on R?,
c

ProoF. Additivity is obvious as is the fact that v is an extension of the
Lebesgue measure. Any isometry of R? can be written as a composition of
translations and reflections about lines through the origin, so it is enough to
show that v is invariant with respect to each of these two isometries separately.
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— —
c(E+ t cE+ct
Let 7 be a vector in R%. Then v(E + ?) = el 2+ ) = il ;r ) =
c c

p(cE

o2
representing reflections about lines through the origin is precisely the group
of orthogonal 2 x 2 matrices with real number coefficients with determinant

BE B(cE
+1. Let B be one such matrix. We have v(BE) = He(BE)) = HB(cB)) =

~

= v(F). This proves translation invariance. The set of isometries

c? c?
HeE) _ p). w i i i Il as th
—5 = = v(E). Here we use some basic matrix properties as well as the
c
isometry invariance of p. O

Lemma 3.22. Let u be any Banach measure on R2. Then there exists a
Banach measure v on R satisfying v(E) = 2u([0,1]e*®) for every set E C
[0, 27].

PROOF. Let

(E) = 22“ ([O, 1]61'(Eﬂ([0,27r)+2k7r)))
kEZ

for any F C R. Additivity follows from that of ;1. We show that v is translation
invariant. If E C R, t € [0,27] and k € Z,

H ([0’ 1]ei((EH)m([%ﬂ’Q(kH)ﬂ))) = ([0, 1}ei((Em([2kw—t,2(k+1)7r,t))+t))
=u ([O, 1}ei(Eﬁ([Qk‘n—t,Q(k+1)7r_t)))
N ([07 l}e“E“[Q’W—tka)))

+u ([()’ 1]ez‘(Em([zkw,z(k+1)7T7t))) '

From this we can easily deduce that v is translation invariant. Reflection-
invariance follows from reflection-invariance about the x-axis of p. (For each
point 7'’ in the set [0, 1]e!(FPNREm2(k+1)m)) " replacing 6 with —6 reflects that
point with respect to the x-axis.) If I is an interval, then v(I) = 2(1A(I)) =
A(I). Proceeding as in the proof of Lemma 3.4, we show that v is an extension
of the Lebesgue measure. O

The next result says that if we take a shading in R and wrap 27 of it
around the unit circle, then form a set in the plane by sketching rays that

begin at the origin and intersect points on the shading, we get a shading in
R2.

Theorem 3.23. Let A be a shading in R. Then sh([0, 00)etl%2mIN4) = sh A,
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PrROOF. We show that if d > 0 and « € [0, 27], then
W(BNdRy) = d%h(A)%, (10)

where Ry = [0,1]¢1%) and B = [0, 00)efl0:27IN4,
By Lemma 3.21, there exists a Banach measure 1 such that for bounded F,

dE
o) = MIE) (1)

By Lemma 3.22, there exists a Banach v on R satisfying
v(E) = 24((0,1]e'?) (12)

for every set E C [0,27]. Setting E = AN[0,a] in (12) gives us a(shA) =
2¢([0, 1]€1%IN4) “swhich implies

p([0, )<Yy (B AdR,)

(shA) = 7 2

a
5 .
This gives (10).

Now if R is any polar rectangle, then R = (ro(Ro \ Rg)) \ (r1(Ra \ Rg)) for
some 27 > « > > 0 and ro > r; > 0. By (10), we have

(AN R) =p(AN (r2(Ra \ R)) \ (r1(Ra \ Rs)))
=u(AN (r2(Ra \ Rg))) — (AN (r1(Ra \ Rg)))
=pu(ANreRy) — w(ANraRg) — p(ANriRy) + w(ANriRg)
a B

=shA(r: —r?) (2 — 2) = A(R)shA.

4 Quotient sets of u-shadings

In [4, Theorem 3.2] it was proven that if p is a Banach measure and A is
1 1

——, then sh,(A— A) > —. If we
+1 ul )2 g Hw

restrict u to be an improved Banach measure, then we can prove a similar

result involving quotients rather than differences. The main result follows the
lemma.

an Archimedean set satisfying sh, A >
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Lemma 4.1. Let p be an improved Banach measure on R, and let H C R be

k-1
a set in which §(H) is dense. Also assume sh,H > T where k > 2 is an

integer. Then there exist hi,ho,--- ,hi € R such that sh, (ﬁle (hiH)) >0
and for every j =2,....k, h; € ﬂj-_ll h:H.

1=

PROOF. Set any hy,ha, -+ ,hy € R?\ {0}. Then ﬂle h;H is a p-shading
(since §(H) C §(ﬂf:1 h;H)) and we have

sh, (N (hH)) = 1—sh, (U, (hH)")

k
> 1- sh, (hH)
=1

= 1—-k(1—sh,H)
= ksh,H — (k—1).

k—1
Thus sh,, (ﬂle(hiH)) > 0if sh, H > 7 Hence for 1 < j < k we also have
sh,, (O{Zl(hiH )) > 0. The h; can therefore be chosen recursively so that for
every j =2, ...k, h; € (m{;j hiH> \{h1, . b1}, O

Theorem 4.2. Let p be an improved Banach measure and let A be a set in

which 0(A) is dense. Also assume 0 ¢ A and sh,A > 1 for an integer

k+

k>1. Then sh, (i) > %

A 1 A\
PROOF. Assume to the contrary that sh, (A) < T and let H = (A> .

k—1
Clearly cH = H for densely many ¢ € R, and sh, H > 5 Choose dis-

tinct hq,ho, -+, hg as per the Lemma and then take hgiq € ﬁle(hiH) \
{h1,ha,--- ,hi}, this being possible since the latter intersection has positive
p-shade. It follows that the sets h1 A, hoA,---  hi A, hir1 A are pairwise dis-
h; A
joint. (To see this, note that if z € h; AN h;A for i # j, then h—l €T which
J
is impossible.) But the sum of p-shades of disjoint p-shadings cannot exceed

1
unity, so 1> 54  sh, (h;A) = (k+1)sh,, A, which implies that sh, A < =T
a contradiction. O
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The next result is also analogous to a difference set result, but applies to
quotient sets. It is similar to Corollary 3.8 in [5] in structure.

Theorem 4.3. Let A be a shading and let B be a u-shading satisfying shA +
A B
sh,B>1. If0 ¢ B but 0 € A, then 5 =R. If0¢ A but 0 € B, then 1 =R.

A
PrOOF. We will prove 5= R. The other equality follows similarly. Assume
A
there exists an r # 0 such that r ¢ B Then B N A = @, which implies
1 1 1
BN =A = (. By [3, Theorem 4.1], —A is a shading satisfying sh (A) =
r r r

1 1
shA. But BN -A = () implies 1 > sh,(B) + sh (A) = sh,B + shA4, a
T r

contradiction.
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