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CONCERNING A CHARACTERIZATION
OF CONTINUITY

B. D. Smith in [8] gave a characterization of continuity for real-valued func-
tions defined on [0, 1] by proving that a function f : [0, 1] 7→ R is continuous
if and only if

(1) f is almost continuous in the sense of Stallings, [9].

(2) f is almost continuous in the sense of Husain, [5], and

(3) f is not of the Cesaro type.

The examples given by Smith in [8] and by R. J. Fleissner in [3] show that
the three conditions (1), (2) and (3) are not redundant.

In reference to the paper of Smith, Jack Brown in [1] proved that the
Cesaro–Vietoris function is almost continuous in the sense of Stallings. Using
the Cesaro–Vietoris function and the examples of Smith one can also show
that the three conditions are not redundant.

In what follows, two problems related to this characterization of continuity
will be discussed.

In the first problem “f is almost continuous in the sense of Stallings” will
be replaced with a weaker condition “f is a Darboux function” and it will
be shown that the characterization of continuity remains true. Also it follows
that for the classes of functions considered, “f is a Darboux function” is the
weakest possible condition for which the characterization remains true.

In the second problem “f is almost continuous in the sense of Stallings” will
be replaced with a stronger condition “f is an extendable function”. Then it
will be shown that this condition and conditions (2) and (3) are not redundant.

Let X and Y be topological spaces and let f : X 7→ Y be a function. Then:

D: f is a Darboux function, if f(C) is a connected subset of Y whenever C
is a connected subset of X.
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Conn: f is a connectivity function, if the graph of f restricted to C is connected
in X × Y whenever C is a connected subset of X.

ACS: f is an almost continuous function in the sense of Stallings if and only
if for any open subset U of X ×Y containing the graph of f , U contains
the graph of a continuous function g : X 7→ Y .

Ext: f is an extendable function if and only if there exists a connectivity
function g : X × [0, 1] 7→ Y such that f(x) = g((x, 0)) for each x ∈ X.

PC: f is peripherally continuous, if for each x ∈ X and for each pair of open
sets U and V containing x and f(x), respectively, there exists an open
subset W of U containing x such that f(bd(W )) is a subset of V , where
bd(W ) denotes the boundary of W .

For real–valued functions f : [0, 1] 7→ R we have only the following impli-
cations among the classes of functions defined above. See the paper by Brown,
Humke and Laczkovich, [2].

Ext −→ ACS −→ Conn −→ D −→ PC

ACH: f is an almost continuous function in the sense of Husain if and only if
for each x ∈ X and for each open set V containing f(x), cl(f−1(V )) is
a neighborhood of x, where cl denotes the closure.

CT: f is of the Cesaro type if and only if there exist nonempty open subsets

U of X and V of Y such that for each y ∈ V , f−1(y) is dense in U .

Cliq: Let (Y, d) be a metric space. f is said to be cliquish if and only if for
each ε > 0, every nonempty open subset U of X contains a nonempty
open subset W such that d(f(x), f(y)) < ε whenever x, y ∈W .

To extend the characterization of continuity given by B. D. Smith in [8],
J. Smital and E. Stanova in [7] required that the domain of the function be a
T3 locally connected Baire topological space. Their theorem is as follows.

Theorem. Let X be a T3 locally connected Baire topological space. A function
f : X 7→ R is continuous if and only if

(1) f is almost continuous in the sense of Stallings,

(2) f is almost continuous in the sense of Husain, and

(3) f is not of Cesaro type.
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The first result given in this paper is Theorem 1 which is similar to the
above theorem of Smital and Stanova. However in Theorem 1 “f is almost
continuous in the sense of Stallings” is replaced with “f is a Darboux function”.

Theorem 1. Let X be a T3 locally connected Baire topological space. A func-
tion f : X 7→ R is continuous if and only if

(1) f is a Darboux function,

(2) f is almost continuous in the sense of Husain, and

(3) f is not of Cesaro type.

The only new ingredient in the course of the proof of Theorem 1 is the
following easy observation, the proof of which we leave to the reader.

Lemma 1. Let X be a T1 topological space and let f : X 7→ R be a Darboux
function. Assume that there is a closed connected subset F of X and some
y ∈ R such that y is not in f(F ). Then y is an upper-bound or a lower-bound
of f(F ).

Having Lemma 1, the method of proof given in [7] can be used to obtain
the following.

Lemma 2. Let X be a locally connected T3 Baire topological space. Let f :
X 7→ R be a Darboux function not of Cesaro type. Then each nonempty open
set U contains a nonempty open set W such that f is bounded on W .

Lemma 3. Let X be a T3 locally connected topological space. Let f : X 7→ R
be a Darboux function not of Cesaro type. Let U be a nonempty open set and
let δ > 0 such that |f(x)− f(y)| < δ for x, y ∈ U . Then there is a nonempty
open subset W of U such that |f(x)− f(y)| < (2/3)δ for x, y ∈W .

Theorem 2. Let X be a T3 locally connected Baire topological space. If f :
X 7→ R is a Darboux function not of Cesaro type, then f is cliquish.

Theorem 3. Let X be a topological space, let (Y, d) be a metric space, and
let f : X 7→ Y be a function. Then f is continuous if and only if f is both
cliquish and almost continuous in the sense of Husain.

From the above lemmas and theorems the proof of Theorem 1 is now
complete. We now show that among the classes of functions Ext, ACS, Conn,
D and PC, “f is a Darboux function” is the weakest condition for which the
characterization of continuity is true.
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Theorem 4. If f : [0, 1] 7→ R is an almost continuous function in the sense
of Husain, then f is peripherally continuous.

Proof. Assume that f : [0, 1] 7→ R is an almost continuous function in the
sense of Husain. To show that f is peripherally continuous we use a result of
J. Young [10]. Thus we need only to prove that for each x ∈ [0, 1] there exist
sequences xn ↗ x and yn ↘ x such that f(xn)→ f(x) and f(yn)→ f(x).

Select any x ∈ [0, 1] that is not an endpoint and let εn > 0, where n is a
positive integer. Let Vn be the open interval (f(x)− εn, f(x) + εn). Since f is
almost continuous in the sense of Husain, cl(f−1(Vn)) is a neighborhood of x.
Now there exist an, bn ∈ cl(f−1(Vn)) such that x−εn < an < x < bn < x+εn.

If an, bn are not in f−1(Vn), then there exist xn, yn ∈ f−1(Vn) such that
an < xn < x < yn < bn. Then f(xn), f(yn) ∈ Vn. If an, bn are in f−1(Vn),
then let xn = an and yn = bn. In either case f(xn), f(yn) ∈ Vn.

Let εn > 0 be a sequence such that εn → 0. Thus there exist monotonic
sequences xn ↗ x and yn ↘ x such that f(xn)→ f(x) and f(yn)→ f(x).

If x is an endpoint, then we have only a unilateral condition.

R. G. Gibson and F. Roush in [4] proved that there exist almost continuous
functions in the sense of Stallings that are not extendable. The second result
given in this paper shows that the following three conditions are not redundant.

(1) f is extendable,

(2) f is almost continuous in the sense of Husain, and

(3) f is not of the Cesaro type.

Example 1. Let f : [0, 1] 7→ [−1, 1] be defined by

f(x) =

{
x if x is rational

−x if x is irrational

Now conditions (2) and (3) are true but condition (1) is not true.

Example 2. Let f : [0, 1] 7→ [−1, 1] be defined by

f(x) =

{
sin 1

x if x > 0

0 if x = 0

In this case (1) and (3) are true but condition (2) is not true.
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Example 3. We now give an example of a function that satisfies conditions
(1) and (2) but does not satisfy condition (3). Rosen, Gibson and Roush in
[6] constructed an extendable function h : [0, 1] 7→ [0, 1] which is dense in
[0, 1] × [0, 1]. Since each Darboux function which has a dense graph assumes
every value in (0, 1) in every interval in [0, 1], h is almost continuous in the
sense of Husain and is of the Cesaro type.

For the following question, we first make the following definition and ob-
servation.

Let X and Y be topological spaces and let f : X 7→ Y be a function. Then
f is quasicontinuous if for each x ∈ X and for any pair of open sets U and V
containing x and f(x), respectively, there exists a nonempty open subset W
of U such that f(W ) is a subset of V .

Clearly each quasicontinuous function with range a subset of a metric space
is cliquish.

Question. Does there exist an extendable function f : [0, 1] 7→ R not of
the Cesaro type which is not quasicontinuous? In [7] Smital and Stanova
constructed an almost continuous function in the sense of Stallings not of the
Cesaro type which is not quasicontinuous.
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