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Abstract
Suppose that a < b and each of h and m is a real-valued function
defined on [a;b] with m nondecreasing such that if [p;q] C [a;b] and
m|3 = 0, then h|f = 0. There are developed, among other things,
necessary and sufficient conditions in order that for each real-valued
function f defined and quasi-continuous on [a; b], the Hellinger — type

integral
/ dfdh
[ase] A

exists. As is well known, this integral has arisen in connection with,
among other things, representation theorems for certain classes of con-
tinuous linear functionals.

1 Introduction

Suppose that a < b. Previous authors [3], [5], [6], [7] have treated the repre-
sentation of the elements of particular classes of linear functionals, complex-
valued, defined on the space of complex-valued functions quasi-continuous on
[a; b], and satisfying certain continuity conditions. In certain of these investi-
gations, a Hellinger [2]-type integral, a limit of sums for subdivison refinement

(see below and Section 2),
/ dfdh
fast] dm

has arisen, where f belongs to the aforementioned space, and h and m are
special real-valued functions defined on [a; b] with m nondecreasing.
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We shall confine our attention in this paper to real-valued functions and
pursue an existence characterization question that arises naturally in con-
nection with the above integral. We develop results that, among other things,
imply Theorem 1.1, which we state below following some preliminary remarks.

In order to make matters in this section more accessible and explicit, we
digress and give some preliminary material, mainly definitions, that ordinarily
would be in the initial part of Section 2. We label such things accordingly.

We adopt the convention that if each of z and y is in R, then % =0 if
y = 0, and has the usual meaning otherwise.

Definition 2.1 Suppose that u < v. Then:

1) Rlu;v] is the set of all functions f such that [u;v] C Dom(f) and
Rng(f) € R.

2) RSI[u; v] is the set of all functions A such that {[p;q] : u < p < g < v}
C Dom(A) and Rng(A) C R.

3) exp(R)SI[u;v] is the set of all functions A such that {[p;q] : v < p <
q < v} CDom(A) and Rng(A) C exp (R).

4) Clu;v] is the set of all elements of Rlu;v] continuous on [u;v].

5) Colu;v] is the set of all elements f of Clu;v] for which f(u) = 0.

6) BV[u;v] is the set of all elements of Rlu; v] having bounded variation on
[w; v].

7) if m is in Rlu;v] and is nondecreasing on [u;v], then Lip(m)[u;v] is the
set of all elements h of Rlu;v] such that for some K >0, ifu <p < q<w,
then [h(q) — h(p)| < K(m(q) —m(p)).

Definition 2.2 Suppose that uw < v. Then:

1) The statement that D is a subdivision of [u;v] means that D is a finite
collection of nonoverlapping intervals whose union is [u;v].

2) If E is a subdivision of [u;v], then the statement that H is a refinement
of E, written, when appropriate as “H < E” means that H is a subdivision
of [u;v] such that each element of H is a subset of some element of E.

Definition 2.3 Suppose that « is a function whose range is a collection of
sets. The statement that b is an a-function on S means that b is a function,
Dom(b) = S C Dom(«), and for each x in S, b(x) is in a(z).

Definition 2.4 Suppose thatu < v and « is in exp (R)SI[u; v]. The statement
that K is an integral of o on [u;v] means that K is in R, and if 0 < ¢, then
there is D < {[a; b]} such that if E < D and b is an a-function on E, then

‘K—Zb([)‘ <ec
E

Basic Uniqueness Assertion and Notation. Given the setting of Defi-
nition 2.4, if each of K1 and Ks is an integral of a on [u;v], then K1 = Ko;
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this element of R shall be called the integral of a on [u;v] and shall be denoted
by f[u,v] a(l) or f[u_v] «, depending on circumstances. We also adopt the con-

vention that the statement “f[u,v] a(l) exists” or “f[u,v] a exists” shall mean

that some K is the integral of a on [u;v].

Finite Additivity Fact. Suppose that s < p < ¢ < r <t and o is in
exp (R)SI[s;t]. If each of f[p;q] a and f[qﬂ « exists, then f[pﬂ « exists and is
f[p;q] @t f[q;r] &

Our discussion of further basic properties of subdivisions, sums and inte-
grals will be continued in Section 2.

We resume our introduction with the theorem, mentioned above, that sum-
marizes and follows from the main separate results of this paper. Note, with
regard to statement 5), the roll of convexity.

Theorem 1.1 Suppose that each of h and m is a real-valued function defined
on [a; b] with m nondecreasing and that if a < p < g < b and m(q) —m(p) =0,
then h(q) — h(p) = 0. The following four statements are equivalent:

1) If f is a real-valued function defined and quasi-continuous on [a;b], then

/ dfdh
fast] M

exists (see Section 2 for our division convention as well as the notions and
notations below),

2) If f is a real-valued function defined and quasi-continuous on [a; b, then
for some subdivision D of [a;b], K > 0, and every refinement E of D,

<K

— )

- h(q) — h
E:U@) f(p)(h(q) — h(p))

= m(q) —m(p)

3) If f is a real-valued function defined and continuous on [a;b], then for
some subdivision D of [a;b], K > 0, and every refinement E of D,

<K

— )

- h(q) — h
E:U@) f(0)(h(q) — h(p))

5 m(q) —m(p)

4) h is in Lip (m)[a; b] and “has bounded difference quotient variation with
respect to m on [a;b]”, i.e., for some M > 0, nondegenerate subdivision D of
[a;b] and each refinement E of D,

—h(p)  h(g)—h)
m(q) —m(p)  m(q") —m(p’)
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where [a;y] is in E, E° = E —{[a;y]} and for each [p;q| in E°, [p';¢'] isin E
and ¢’ = p, and
5) there are f1 and fo, each in Lip (m)[a;b], such that:
a) if a < x <b, then f1(z) — fa(z) = h(z) — h(a),
b) ifi=1,2, then
i) for some M; > 0, nondegenerate subdivision D; of [a;b] and each
refinement E of D;,

>

FEo

notation as in 4) above, and
it) if i = 1,2, then f; is “m convex upward on [a;b]”, i.e., if a <t <
u<w<v<band 0 <min{m|}, m|\}, then

fi(v) = fi(w)

m(v) —m(w)

IN

Now, it is obvious that in Theorem 1.1, 1) immediately implies 2) and 2)
immediately implies 3). So the pattern that we will follow will be to show
that 3) implies 4), 4) implies 1), 4) implies 5) and 5) implies 4). Accordingly,
in Sections 3, 4 and 5, respectively, we prove Theorems 3.3, 4.8, and 5.4,
stated below; clearly, the first of these is a generalization of the assertion that
3) implies 4), the second states that 4) implies 1), and the third states the
equivalence of 4) and 5).

Theorem 3.3 Suppose that a < b and A is a real-valued function defined on
the set of subintervals of [a;b] such that if [ is a real-valued function defined
and continuous on [a;b], then there is a subdivision D of [a;b] such that

{Z(f(q) — f(p)Alp;q] : E a refinement ofD}

E

is bounded. Then there is a nondegenerate subdivision H of [a;b] and M >0
such that if E is a refinement of H, [a;r] is in E, E° = E — {[a; 7]}, and for
each [p;q) in E°, [p';q] is in E and ¢’ = p, then

> |Alp gl - Alp's )l < M,

and if [p;q| is in E, then
|Alp; q]| < M.
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Theorem 4.8 Suppose that a < b, each of h, m, and w is a real-valued
function defined on [a;b], M > 0, w is quasi-continuous on [a;b], m is nonde-
creasing on [a;b], h is in Lip(m)[a; b] and for some nondegenerate subdivision
D of [a;b], for each refinement E of D (see Theorem 3.3 above for notation)

E: h(g) —h(p)  h(d)—h() | _

Eo

m(q) —m(p)  m(q") —m(p’)

‘/ dw dh
fast] - dm

Theorem 5.4 Suppose that a < b, each of h and m is a real-valued func-
tion defined on [a;b] with m nondecreasing on [a;b]. Then the following two
statements are equivalent:
1) h is in Lip (m)[a; b] and, for some M > 0, nondegenerate subdivision D
of [a;b] and each refinement E of D,
E: hig) = h(p) _ h(d) = hp)

_ <M
EO

Then

exists.

)

m(q) —m(p)  m(q") —m(p’)

where [a;y] is in E, E° = E —{[a;y]} and for each [p;q| in E°, [p';¢'] isin E
and ¢’ = p.
2) There are f1 and fa, each in Lip (m)[a;b], such that
a)if a <z <b, then fi(x) — f2(x) = h(z) — h(a),
b)ifi=1,2, then
i) for some M; > 0, nondegenerate subdivision D; of [a;b] and each
refinement E of D;,

>

Eo

notation as in 1) above, and
it) if 1 = 1,2, then f; is “m convex upward on [a;b]”, i.e., ifa < t <
u<w<v<band 0 <min{m|}, m|,}, then
filw) = i) _ filv) = fi(w)

m(u) —m(t) ~ m(v) —m(w)’

We end this section with the remark that Theorem 1.1, some fairly simple
integral equivalence results, a continuous function approximation theorem and
integration by parts lead to a proof of the “classic” form of the Riesz Represen-
tation Theorem that does not require the use of certain well-known theorems
of Helly. Space limitations preclude our inclusion of this development.
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2 Preliminary Theorems and Definitions

We now resume our discussion of preliminary matters begun in the introduc-
tion.

Definition 2.5 Suppose that v < v and « is in exp (R)SI[u;v]. If u < p <
q < v, then the statement that « is > -bounded on [p;q] with respect to D
means that D < {[u;v]} and

{Zb(f)iE<<{[p;q]}, ECH< D}

is bounded; furthermore,

Lp(a)[p; q] and Gp(a)[p; q]
denote, respectively, the sup and inf of the above mentioned set.

Theorem 2.A.1 Suppose that u < v, « is in exp (R)SI[u;v], u <p < g<w
and « is Y -bounded on [p;q| with respect to D (we omit the subscript for L
and G in the assertions that follow). Then:

1) If p<r<s<gq, then a is Y _-bounded on [r;s] with respect to D.

2) If D3 < D1 < {[p;q]} and D3 < Dy < {[p;q]}. then

Y Gla)(h) <Y Gla)(I3) <Y L(a)(Is) <Y La)(l2),
D1 Dg D3 D2
so that the following integrals exist and the following inequality holds:
Gla) < / L(a).
[p;al [psal

3) f[p;q} « exists iff f[p;q] G(a) = f[p;q] L(«a),, in which case

G(a) :/ a:/ L(a).
[p;q] [p3al [p;al

We now state a theorem which is essentially Kolmogoroft’s [4] Differential
Equivalence Theorem for the setting of this paper.

Theorem 2.K.1 Suppose that u < v, « is in exp (R)SI[u;v], u <p < g<w
and f[pq] « exists. Then:

1) ifp<r<s<gq, then f[r_s] a exists, and
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2) the following existence and equality assertion holds:

/[p;q] a(I)—/Ia

i.e., if 0 < ¢, then there is D < {[p;q]} such that if E < D and b is an

a-function on E, then
> |b(I) - / o
I

E
We now discuss some integral existence and equivalence properties that
shall use in Section 4 (also see [1]).

:07

<c.

Theorem 2.A.2 The following statements are true:

1) Suppose that each of B and ~y is in RSI[a; b] and is interval-wise additive
on [a;bl, i.e., if 6 is B ory anda < p < q <r < b, then d[p; q|+3d[q; ] = d[p; r].
The following statements hold:
a) Ifa<u<v<band fori=1,2, E< D < {[u;v]}, then

> min{B(J),v(J)} <Y min{B(I),v(I)}
E; D
<> max{B(I),1(D} < D max{B(]), ()}
D E>

b) From a) it follows that if a < uw < v < b, then f[u_v] min{3,~} ewxists iff

Do g min{B(J),v(J)} : H < {[u;v]}} is bounded below, and f[u;v] max{s3,v}
ezists iff {d_ gy max{B(J),y(J)} : H < {[u;v]}} is bounded above.

2) Ifa <u<wv<b, each of A and B is in exp (R)SI[u; v], each of f[u;v] A
and f[u;v] B ezists and @ is max or min, then, by Theorem 2.K.1, (see [1]

/[uw] Q{A(I),B(I)}Q{/IA/IBH _o,

so that if u < p < q < v, then

again)

Q{A(),B(I)} exists iff Q{/A,/B} exists,
[piq] [piq] 1 1

in which case equality holds.
3) From 2) it follows that if a < u < v <b and C is in exp (R)SI[u; v] and

f[u.v] C exists, then
[ Jieai-|[c|-o.
[u;v] I
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so that if u < p < q<w, then

exists ,

/ |C(I)| exists iff /C
[p;a] [pia] /1
in which case equality holds.

4) From 1b) it follows that if B and ~y are further such that if 0 is B or
v, then {3 4 10(J)] - H < {[u;v]}} is bounded and @ is max or min, then

f[u;v] Q{ﬁ> ’Y} exists.

3 Consequences of Certain Kinds of »¥-boundedness

In this section we prove Theorem 3.5, as stated in the introduction

Notation. (the usual A-notation) If r < s and z is a real-valued function
defined on [r;s] = I, then Arz = z(s) — z(r).

Theorem 3.1 Suppose that a < b, A is in RSI[a;b] and for each f in Cla;b]
there is D < [a;b] such that

{Z ArfA() :E < D}
E

is bounded. It follows that if a < w < b, then for some u such that a < u < w,
{A[v;w] : u <v < w} is bounded, and if a < w < b, then for some v such that
w<v<b, {Aw;y] : w <y < v} is bounded.

PrOOF. We show the first part of the conclusion; the second part follows
similarly.

Suppose the contrary. Then, for some increasing sequence {ug}3>; of num-
bers of [a; w], uy, — w and |A[u,; w]| — 0o, n — oo. There are subsequences,
{pi}2, and {q;}2; of {ur}32, such that for all 4, p; < ¢; < pit1 < ¢i+1 and
for all n in PP,

‘A[pn_H; w] Z 2_j‘ >n+1+ Z |A[pi; qi]2_i| )
j=n+1 i=1

There is an element g of C[a; b] such that for all m in P,
> 279 ifa <z <py,

g(x) = Ljem 2 i =pm,
Z;im.u 277 it gm <z < pmya,

0 ifw<ax<b.
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Now, suppose that D < {[a;b]} and 0 < K. There is E <« D such that
for some n* in P, [py+;w] is in E. There is W in P such that

W>max{n*+1,K+‘ Z A(I)A[g‘}

E—{[pn+;w]}
Let
H = (E - {[anw]}) U {Lpn’ﬂqw"]a [Qn*;pn*Jrl]a [pn*+1; %*HL C) [PW77~U]}

Then H <« F and

‘ZA(I)AIQ‘
H
%) ) WwW-1 )
= |Alpwsw) 32 (=27 + 3 Asal(—27)+ Y A()AL|
=W i=n* E—{[pn*;w]}
o) , W-1 .
> ’A[pmﬁw] > TJ‘ - ‘A[pi;qz‘p_z - ‘ > A(I)Alg‘
=W i=n* E—{[pn»;w]}
wW-1 oWl ‘
W Y Apsal2| = Y [Absal2 =] Y AMA|
i=1 i=n* E—{[pn»;w]}
>w-| > ADAg|> K,
E—{[pn»;w]}
a contradiction.
Therefore the conclusion of the theorem is true. O

Notational device. If, in a given discussion, an expression of substantial
complexity is to be written more than once, it will be enclosed in brackets
and a subscript affixed; thereafter only the brackets with subscript need be
written.

Theorem 3.2 Suppose the hypothesis of Theorem 3.1. Then there is D <
{la;b]} such that {A(I): I in H < D} is bounded.

PROOF. Suppose the contrary. Then there is a set, M, such that x is in M iff
a <z <bandif D < {[a;z]}, then {A(I) : I in H < D} is unbounded. Let
z denote infM. a < z and z is in M or not.

Suppose that z is in M. Then a < z. Suppose that a < y < z. Then there
is E < {[a;y|} such that {A(J) : T in H < E} is bounded. Suppose that
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P < {[y;#]}. Since {A(I) : I in H <« E U P} is unbounded, it follows that
{A(I): I in H < P} is unbounded.

Suppose that z is not in M. Then z < b. Suppose that z < y < b. There is
tin M such that t < y. z <t <y. If D <« {[a;t]}, then {A(I) : [ in H < D}
is unbounded. If z = a, then, if D <« {[z;t]}, then {A(I) : I in H <« D}
is unbounded. So suppose that a < z. Then there is E <« {[a;2]} such
that {A(I) : I in H < E} is bounded. Suppose that Q@ < {[z;t]}. Then
{A(I) : I'in H < E U Q} is unbounded, so that {A(]) : [ in H < Q} is
unbounded, so that if P < {[z;y]}, then {A(I) : I in H <« P} is unbounded.

Therefore there is z in [a; b] such that either:

i)z<bandif z <y <band D < {[zy]}, then {A(): [ in H <« D} is
unbounded, or

ii)a<zandifa <y < zand D < {[y; 2]}, then {A(): I in H <« D} is
unbounded.

We shall assume i); the conclusion of the theorem follows from ii) similarly.
Now, it follows from Theorem 3.1 that there is K* > 0 and s such that z < s <
b such that if z < r <'s, then |A[z;r]| < K*. Now, suppose that K* < K,
z <t <sand D < {[z;t]}. Since {A(I) : I in H < D} is unbounded, it
follows that for some [p;q] C some element W of D, K’ < |A[p;q]|. Clearly
pF£z,80z<p<q<t.

It follows that there is a sequence {[p;; ¢;]}52, of intervals such that for all
iin P,

Z2<Pit1 < Git1 SPi <G <8, G — 2, N — O,
and for all n,
n
27 ) Alpga; qn+1}‘ >n+ Y |27 Alpi; il
i=1
Routine considerations tell us that there is an element g of C[a; b] such that if
i is in P, then
9(ai) —g(pi) = 27" and g(pi) — 9(gi41) = 0.

Now, suppose that D < {[a;b]} and 0 < K. There is E < D such that for
some n* in P, [z;¢p+] is in E. There is W in P such that

W >n*+1and W > K
+ K*sup {|Ag| : I subinterval of [a;b]} + ‘ Z A(D)Aqpg|.
E—{[zian=1}

Let
H = (E—{[z:qn-]}) U{lzipw], [ow:aw] - - -, [Pne; Gn]}-
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Clearly H < E and

> ADAL|

w
= A[Z§pW}A[z;pW]g + Z ALPH %‘}2_1. + Z A(I)Alg

E—{[zq,x]}
W—1 '
=|Alpwiaw]2™" + Z Alpi; ¢i]27" + Alz pw]ALpw9
+ Z A(I)Arg
E—{[zq,~]}
w—1 _
> Alpwiaw 2™ = > |Alps @127 = ALz pw]l | ALeipy9]
-1 Y amay
E—{[z:q,~]}
W—1 oWl ‘
>W + Z |Alpi; qi]27"| - Z |Alpi; ;27|
i=1 i=n*
— K*sup{|Ayg| : I subinterval of [a;b]} — ‘ Z A(I)Alg‘
E—{[z;qn*1}
>K + [K* sup {|Ayg| : I subinterval of [a;b]} + ‘ Z A(I)Ang )
E—{[z:qn+]}
- [ ]1 = Ka
a contradiction of the hypothesis.
Therefore the conclusion of the theorem is true. ([l

Before continuing, we introduce some notation and make some elementary
observations.

Definition 3.1 Suppose that v < v, D < {[u;v]} and D contains two ele-
ments. Then Lp denotes [u;t] in D, Rp denotes [w;v] in D, for each [p;q] in
D not Lp, [p';q'] denotes [I;p] in D, and D° =D — {Lp}.

Definition 3.2 Assume the setting of Definition 3.1, h is in Rlu;v], B is a
real-valued function defined on D, and G is a function from R into R. Then

> po hG(AB) denotes Y . h(p)G(B[p; q| — Blp';¢']).
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Observation 3.1 Suppose that k <1 <m, D1 < {[k;1]}, D2 < {[l;m]}, D1
and Do each contain two elements, h is in R[k;m], B is a real-valued function
defined on D1 U Dy, and G is a function from R into R. Then

> hG(AB) =) hG(AB)+h()G(B(Lp,) — B(Rp,)) + Y  hG(AB).

[Dl UDQ]O D(l) Dg

Observation 3.2 Assume the setting of Definition 3.2. Then

> "[1(q) — h(q)|Blp; q] = h(v)B(Rp) — h(u)B(Lp) — > hAB.
D Do

Theorem 3.3 Suppose the hypothesis of Theorem 3.1. Then there is D <
{[a;b]} such that D contains two elements and {3 . |AA| : E < D} is
bounded.

PRrROOF. From Theorem 3.2 it follows that there is K* > 0 and D* < {[a; b]}
such that if T is in H <« D*, then |A(I)| < K*. Suppose that the conclusion
is not true. Then there is a set M such that z is in M iff e < < b and
if D < {[a; 2]} and D contains two elements, then {3} .. [AA|: E < D} is
unbounded. Note that if x is in M and =z < y < b, then y is in M. Let z
denote inf M. a < z, and z is in M or not.

Suppose that z is not in M. Then z < b. Suppose that z < y < b. There is
x in M such that z < z < y, so that y is in M. Therefore, if D < {[a;y]} and
contains two elements, then {d> ., |AA| : E <« D} is unbounded. If z = a,
then, if D < {[a;y]} and contains two elements, then {>" ., |AA|: E < D}
is unbounded.

So, still supposing that z is not in M, suppose that a < z. Then there
is P < {[a;z]} such that P contains two elements and {d . |AA| : E <
P} is bounded. Suppose that @ < {[z;y]}. There is P’ < P such that
P’ C H <« D* and there is Q' < @ such that Q" € H” <« D*. Now,
{>welAA| : W < P'UQ'} is unbounded. There is K** > 0 such that if
H < P', then ), |AA] < K**. Suppose that 0 < K. There is W < P'UQ’
such that 3. |AA| > K + K™ + 2K*. Let

Wi={I:ITinW,ICJinP'}andWo={I:ITinW,ICJinQ'}.



248 WiLLiaM D. L. APPLING

Clearly, W) < PP < P, Wo < Q' < @, and W, U W, = W. We see that

wg wg
+) [AA] =Y |AA]
wy wyp

1
=37 A4~ [A(Lw,) — A(Rw)| — 3 IAA] > K + K™ 4 2K
we wye
—2K* - K** =K.

Therefore {3 . |[AA|: E < Q} is unbounded.

Now, suppose that z is in M. Then a < z. Suppose that a < y < z. y
is not in M, so that there is P < {[a;y]} such that {>,. |AA|: H < P}
is bounded. Suppose that Q < {[y;z]}. There is P’ <« P such that P’ C
H' < D* and there is Q' < @ such that Q' € H” <« D*. {ZWO [AAl: W <
Pu@ } is unbounded. Except for what amounts to the interchange of y and
z, the rest of this portion of the argument proceeds as in the above paragraph,
and we again have the conclusion that {}" . [AA]: E < Q} is unbounded.

Therefore, either:

)a<z<bandifz <y<band D < {[z;9]}, then {3y, |AA|: N < D}
is unbounded, or

ii)a<z<bandifa <y < zand D < {[y; 2]}, then {3y, |AA]: N <
D} is unbounded.

We shall assume ii); the conclusion of the theorem for i) follows similarly.
There is D’ <« D* such that for some w < z, [w;z] is in D’. Now, suppose
that 0 < K" and w <t < z. There is H < {[t; 2]} such that H has at least
two elements and

> IAAl > K+ 2K*.
HO

Now,
max {[A(Lg)l,|A(Rg)|} < K7,

so H has at least three elements. So

K+ 2K* <Z|AA|:[ 3 |AA@ AL 2] — A <[ ], + 2K,
He He—{Ry} !
so that
K< Y |AAlL
He—{Ru}
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It therefore follows that there is a sequence {[p;;¢;]}32; of subintervals of
[w; z] and for each j in IP, a subdivision @; of [p;; ¢;] containing at least two
elements such that:

i) For all n in P, ¢, = ppy1 — 2, n — 00.

ii) For all n in P,

n

(n+1) [Z{Z?Mr 5 }+n] < Z |AA],

J=1 1

so that

zn:[; |Ars}+n<— Z IAA.

J=1 n+1

There is an element g of Cla;b] such that Rng(g) C [—1;1] and for each n
in P and [r;s] in Q2,

9(r) (Alrss] = AT o)) =~ AT ] - Al 1.

Suppose that 0 < K and D < {[a;b]}. There is D’ < D such that D’ <« D*
and for some N in P such that N > 1, [py; 2] isin D'. Let E' = D' —{[pn; 2]}
There is N* in [P such that

N*>N+1+K+4K"+2> |Afr;s]|.
=
Let
B = B U [ yQ;| ulan-i21)-
Clearly, E"” <« D’. Now,

> (9(s) = 9(r) Al o

- sl Y 3 (o(s) - g(r) Al
J=N Q;
+ 3 (9(5) = g()Alrs s] + (9(2) — glan-)) Alan-3 2|
Q=
> |3 (9(s) = gm)Alrssl| = D (g(s) = 9(r) Al 5]
Q= E’

|Algn+; 2]

- Z ZI M)A 8] = 19(2) — glan-)
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N*—1
> |3 (9(s) = gD Al sl| = 237 1Alrssll+ (2 D 2l4lis])
QN E! Jj=N Qj;
+ 2|A[qN*;z]|L
= |glan-)A(Rqy.) — glon-)AlLay.) = Y 98| =[],
> > gad|- k- K -1,
(S () e
N
>y [sz[r;sn] N 12K 2 Al )
=1 Q, E/
N*—1
-y [Z 2\A[r;s}|] 9K
J=N Qj
N*—1
> 30 D2l + 14 K+ 4K +2 Al
J=N Qj E’
N*—1
12K =2 [Alrs] - Y [Z2|A[r;s]|} —2K* = K,
E’ j=N Qj
a contradiction of the hypothesis.
Therefore the conclusion of the theorem holds. O

4 Some Limit Consequences of the Boundedness of Cer-
tain Sum Collections and an Integral Existence Asser-
tion

The main theorem of this section is Theorem 4.8, as stated in the introduction.

Theorem 4.1 Suppose that a < b, A is an element of RSI[a;b], D is a non-
degenerate subdivision of [a;b], 0 < M and if E < D, then

> JAlps gl — Apsd)| < M.
EO
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Then there are elements r* and I* of Rla;b] such that if a < x < b, then
Alw;s] = I*(z) as w = z, for a < w < s < z, and if a < x < b, then
Alw;s] = r*(z) as s =z, forz <w < s <b.

ProoFr. Clearly, it is sufficient to show convergence. We treat the case of
a < x < b; the other case holds in a similar fashion. Suppose the contrary
convergence assumption. There is [u;v] in D such that v < z < v. It follows
from routine completeness considerations that there is K < 0 such that if
u <t < z < z, then for some [i;j] for which z < i < j < z, |A[t;2] —
Ali; j]| > K. There is N in P such that N > 2£. It follows that there is a
sequence {[vg; wi]}n )t of subintervals of [u;x] such that for all k in P such
that 1 <k < N, wg < vg41 and

N
Z |A[vgs1; we1] — Alvg; wi]| > NK > M,
k=1

Clearly, there is H < {[u;x]} such that {[vg;wg] : Kk =1,...,N+1} C H,
and there is £ < D such that H C FE, so that

> |Alpsql — A1l = D 1Al — Al ]

N

> Z |Alvk41; W] — Alow; wi]| > M;
k=1

this contradiction establishes the theorem. O

Theorem 4.2 Suppose that a < b and each of h and m is an element of
Rla; b] such that:

1. m 1is nondecreasing on [a;b].

2. For some W > 0, |Ah| < W|Am)| for all subintervals of [a;b]

3. If A is an element of RSI[a;b] such that for each [p;q] C [a;],

m(q) —m(p)
then A satisfies the hypothesis of Theorem 4.1.
Then, there are elements I and v of Rla;b] such that if a < © < b, then
Alw;z] = U(z) as w — z, for a <w < z, and if a <z < b, then Alz;w] —
r(z) as w — x forz <w <b.

PROOF. Again, we need only to show convergence. We treat a < =z < b;
the other case follows in a similar fashion. As is well-known, A and m are
quasi-continuous on [a; b].
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Either m(z) — m(z—) = 0 or not. If not, then

h(z—) — h(z)
) m(a—) - m(x)

h(w) = h(

m(w) —m

)
asw — x, for a <w < x.
T

Now, if for some gy such that ¢ <y < x, m(z) —m(y) = 0, then for all w in
[y; ), m(x) —m(w) = 0, so by statement 2) of the hypothesis, h(z)—h(w) = 0,

SO igzg:fn(zg) =0,80 Alw;z] > 0asw = x,a <w < x.

So now suppose that m(z) — m(z—) = 0 and that if ¢ < y < z, then
m(x) — m(y) # 0. Suppose that 0 < ¢. By Theorem 4.1 there is ¢ in [a;x)
such that if ¢ < p < ¢ < z, then, with reference to Theorem 4.1,

. c
[ (2) = Alpdll < ;-

Suppose that ¢ < w < x. There is z in (w; z) such that

m(z) —m(z) < K = {m(x)_m(w)} min {1, 8(0}

2 1+ W)
Note that
m(z) — m(w) > 7 . m(w)
Now
M) = h(w) .

‘m(@ “m(w) L@

< { (h(z) = M(z)) + (h(z) = h(w))  h(z) — h(w) }

~ L m(x) = m(2)) + (m(z) —m(w))  m(z) —m(w)||,

<[ L+ Z
_ ‘ (h(z) = h(z))(m(z) = m(w)) = (h(z) = h(w))(m(z) —m(z))| | ¢
(m(z) — m(w))(m(z) — m(w)) 4
< {W(m(x) —m(z))(m(z) — m(w)) + W(m(z) — m(w))(m(z) — m(Z))}
B (m(z) —m(w))
2 n c
(m(z) —m(w)) 4
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= {(mm 3 m(w»] [8(1 : WJ hm(m) - m(w»] 3

- [4] LU D
ol 1+w] 47
so the convergence assertion holds. (Il

Theorem 4.3 Suppose that a < b, h, m and A are as in the hypothesis of
Theorem 4.2 with M as in the hypothesis of Theorem 4.1 and l and r as in the
conclusion of Theorem 4.2. Then l and r have bounded variation on [a;b] and,
ifa <z <b, then l(z—=) =r(x—), and, if a < x < b, then l(z+) = r(z+).

PrOOF. We show bounded variation on [a; b] for [; r follows similarly. Clearly,
for a < x <, |l(z)] < W. Suppose that E is a nondegerate refinement of D.
Let N = the number of elements of E. By Theorem 4.2, for each [p;q] in E,
there is z, in (p; ¢) such that

|Alzq; 9] — ()] <

(N+1)
There is [a;y] in E and
{[zv;v] : v is p or ¢ for some [p;q] in E°} C H < E.
So
> lUa) = Up)| = [iy) = Ua)| + ; l(q) — Alzq; ] + Alzq; gl — Alzp; p]

+ Alzp; p] — U(p)]
< l(a)| + W+ [i(q) — Alzgs qll + D |Alzg5 q]
EO EO

— Alzppll + > Az 9] — 1(p)]
EO

N
) M T

<|l(a)| + W + M + 2.

<|l(a)|+ W +

Therefore [, and similarly r, has bounded variation on [a; b] and so each is
quasi-continuous on [a; b]

We now show that if @ < & < b, then I(z—) = r(xz—); the corresponding
final equality follows similarly. Let [* and r* be as in Theorem 4.1. Suppose
that « < x < b and 0 < ¢. By Theorem 4.1 there is ¢ in [a; ) such that if
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t <p<gq<z, then |Alp;q] — I*(x)| < §. Suppose that z is in (t;z). z is in
some (u;v) C (t x) such that

max{|Alu; 2] — I(2)], |A[z; 0] — (2)| } < -

Clearly
max{|Afu; z] — I* ()|, |A[z;v] — I*( }<f
max {[l(z) — " (z)], [r(2) — " (=) [}
< max {|l(z) = Alu; 2]| + \A[u 2] = (@), [r(2) — Az ]| + [Alz30] = I (2)}
<max{+ 05+ 5)=5<e
Therefore [(z—) = I*(x) = r(z—) and, in a similar fashion, I(z+)

Ol

r(z) = r(z+).

Theorem 4.4 Assume the hypothesis of Theorem 4.2. Suppose that 0 < c.
Then there is E < {[a;b]} such that if [p;q] is in E, then min{|r(p) —

Alp; qll, [1[(g) — Alp; q]l} < c.
PRrROOF. There is y in (a;b] such that |r(a) — Ala;y]| < c¢. Therefore there is

a set Z such that x is in Z iff @ < 2 < b and for some subdivision E of [a; 2],
if [p; ¢] is in E, then
min{|r(p) — Alp; g]l, [l(q) — Alp; d]|} < c.

Let t = sup Z. There is s in [a;t) such that if s <y < ¢, then
[Aly:t] = 1B)] <.

There is v in Z such that s < wv. If v = ¢, then clearly ¢ is in Z. So suppose
that v < ¢. Then
[Afv; t] = U(t)] <

furthermore, for some subdivison H of [a;v], for each [p;q] in H,
min{|r(p) — Alp; qll, [l(g) — Alp:all} < &

considering H' = H U {[v; t]}, we see that ¢ is in Z.
Now suppose, on the contrary, that ¢ < b. There is a subdivision H of [a; t]
such that if [p;¢] is in H, then

min{|r(p) — Alp; q]l, |I(q) — Alp:qll} < c.

There is w in (¢; b] such that |r(t) — A[t; u]| < c. Considering H' = H U{][t; u|},
we see that u is in Z; since t < u, we have a contradiction.
Therefore the theorem is true. ([
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Theorem 4.5 Again, assume the hypothesis of Theorem 4.2. Then there is
an element « of RSI[a;b]such that if a < p < q < b, then alp;q] is r(p) or
1(q), and if a <u < v < b, then the following existence and equality holds:

hly = / a(l) dm.
[uso]

PROOF. Let v, and v; denote the elements of RSI[a; bjgiven by

¥r[p; q] = 7(p) and vi[p; q] = U(q)-

By virtue of the quasi-continuity of  and [ and the fact that m is nonde-
creasing, it is well-known and easily shown that if a < p < ¢ < b and 7 is 7,
or 7, then:

1) f[p;q] ~(I) dm exists, and

2) if W is an element of R[a; b] such that fora < p < ¢ < b, W(q)—W(p) =
f[p;q] v(I) dm, then W is in BV]a; b].

From Theorem 2.A.2 we have, for a < u < v < b, the following succession
of existence and equivalence assertions:

/ vy dm — dh‘}
J

/ min{//%dmdh’,/
[u;v] I11JJ I
= / min{/hr dm—dh|,/ |7 dm—dh|} (4.5.1)

[u;v] I I

= min {|y, dm — dh|, |yidm — dh|} .

[u;v]

Clearly, there is an element « of RSI[a;b] such that if a < p < ¢ < b, then

alp;q] = e[p; g] or n[p; g], and (4.5.2)
|lalp; glm|} — hlj| = min{|y. [p; gJm|] — RIZ], [vilps glml} — RIE]Y

so that from (4.5.1) it immediately follows that if « < u < v <b, then
/ |a(I) dm — dh|
[usv]

exists.
We now show that if a < u < v < b, then

/ |a(I)dm —dh| =0.
[u;v]
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Suppose that 0 < ¢. There is D < {[u;v]} such that if E < D, then
‘/ ) dm — dh| — Z ol — Al < & (4.5.5)
[u;v]

By Theorem 4.4, for each [p;¢q] in D, there is E[p; q] < {[p; q]} such that if J
is in E[p; g, then, from (4.5.2),
Ajh c
w0 - 5o b<

a(J) — Ash = min
Agm Agm 2(1+mly)’

Ajsh
’Yr(J)*AJim

)

so that

/ () dm — dh|<‘/ Ddm—dh — > S Ja()Aym — Ashl
[usv]

D Elpiq]

+ZZ‘O& Ajm—AJhl

D Elp;q]
Ajh
AJm

AJm

5 6) () <56

/ la(I) dm — dh| = 0,
[us0]

which, by routine considerations, implies that

Therefore

h|g=/ o(I) dm. 0
[us;v]

Theorem 4.6 Assume the hypothesis of Theorem 4.2. Suppose further that
w is in Rla; ], ¢ is in [a;b] and either:

a)a<c<band for all x in [a;b], w(z) =0ifa <z <¢, and w(z) =1 if
c<zxz<b, or

b) a <c<band for all z in [a;b], w(z) =0 ifa <z <e¢, and w(z) =1 if
c<x<b, or

c)w(z)=1ifa<z<b.
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/ dw dh
fait] - dm

INDICATION OF PROOF. In each case, the verification of the convergence as-

sertion in very easy; we state the value of the integral and leave the details to
the reader: a) r(c). b) I(c). c) 0. O

Then

exists.

Theorem 4.7 Assume the hypothesis of Theorem 4.2. Suppose further that

g is in Rla;b], P < {[a;b]} and if [p;q] is in P and p < 1 < x2 < q, then
g(z1) = g(x2). Then

/ dg dh
fait] dm

exists.

INDICATION OF PROOF. g is a finite linear combination on [a;b] of functions,
each of which satisfies a), b) or ¢) of the hypothesis of Theorem 4.6. O

Theorem 4.8 Assume the hypothesis of Theorem 4.2. Suppose further that
k is in R[a;b], quasi-continuous on [a;b]. Then

/ dk dh
fast] dm

INDICATION OF PROOF. Suppose that 0 < c¢. There is g satisfying the hypoth-
esis of Theorem 4.7 such that

k() = g(z)] <

exists.

C
—_— <z <h.
Ar2w M)y “="=

Let f = k — g. Suppose that H < {[a;b]} and H is nondegenerate. Then (see
Definition 3.1 through Observation 3.2)

‘Z(k(Q) — k(p)Alpi gl — > _(9(q) — 9(p)) Alp; q}‘ = ‘Z(f(q) = f(p)Alp; g
H H H

= [f®OARN) ~ F@ALn) =Y FD)Alpid - A5 ]
HO
< fOIARR)| + | @A) + 31 @) |Alp; a) - A3 4]
H()

< (M) W+ W+ M| <ec.

Theorem 4.7 and routine completeness considerations complete the proof. [



258 WiLLiaM D. L. APPLING

5 A Convexity Decomposition Theorem

In this section we prove Theorem 5.4, as stated in the introduction.
We begin with a special integral existence theorem.

Theorem 5.1 Suppose that a < b and each of f and g is in BV(R)[a;].
Suppose that B is an element of RSI[a;b] given by

B(I) = sup{|j(z) = k(y)| : (z,y) in I x I, (j, k) in {f,g} x{f,9}} .

Then the following statements are true:
1) If [u;v] C [a;b] and E < D < {[u;v]}, then

> B(I) <> B(J), (5.1.1)
D E
so that

/[u"u] B(I) exists iff [sup{ZB(J) tHK {[u,u]}Hl < 0, (5.1.2)

H

in which case

/[. ]B(I) = I (5.1.3)

2) If, for each x in [a;b], f(x+) = g(z+) if a <z < b and f(xz—) = g(z—)
if a <x <b, then f[a;b] B(I) exists.

PROOF. We shall first indicate a proof of (5.1.1) by showing a simple inequality
and leaving the induction to the reader.

Suppose that a < p < ¢ < s < b. Suppose that 0 < ¢. There are x and y
such that p <z <y <sand (j,k) in {f,g} x {f, g} such that

0 < Blp;s] — [i(y) — k(z)| < c.
Ifp<z<y<qgorg<z<y<s, then
Blp;s] <i(y) — k(2)[ + ¢ < max{B[p; ¢}, Blg; s} + ¢ < Blp; q] + Blg; s] + c.
Ifp<x<q<y<s, then
Blp;s] < [i(y)—k(@)|+c < 1i(y) = j(@)+1i(q) = k()| +c < Blg; s|+ Blp; gl +c.

In either case,
Blp; s] < Blp;q] + Blg; s] + c.
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Therefore
Blp; s] < Blp; q] + Blg; s]. (5.1.4)

As stated above, (5.1.1) follows from (5.1.4) by induction; we let the reader
furnish this as well as the routine arguments for (5.1.2) and (5.1.3).
Now, suppose the hypothesis of 2). It is well-known and easily shown that

sup{z |f(2) — g(2)] : W a finite subset of [a;b]} =5 < 0.
w

Suppose that a <p <z <y <g<band (4,k) isin {f,g} x {f,g}. Then

3 (@) = k()] < [5(x) = 3 W)+ 5(y) — k()]

< max{ / df. |dg|} +1£ ) - 9w,
[psq] [p;q]

So now suppose that H < {[a;b]}. Let N = the number of elements of H.
For each [p;q] in H there is « and y such that p < z < y < ¢ and (j,k) in
{f,9} x {f, g} such that

0 < Blpiq] () ~ k()] < -

> Blpal < Yo [li@) k) + 1]
H
- ; 'max{/p;q] |df|’/[p;tI] ‘dg|} +1F ) —9w)l| +1

[

= %: :/[p;q] S /[p‘

3

g/ \df\+/ dg| +25 + 1.
[a;b] [asb]

)

| Idgl} +) If W) — 9w +1
a T

Tt therefore follows that f[a,b] B(I) exists. O

Theorem 5.2 Assume the setting of Theorem 4.3, and B defined for | and r
as for f and g as in Theorem 5.1. The following statements are true:

1) From Theorem 4.3 it follows that additionally the hypothesis of 2) of
Theorem 5.1 holds, so that f[a;b} B(I) exists.
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2) Let V denote the element of R|a;b] given by:

V(a) =0, and, ifa <z <b, then V(z) = / B(I).

[a;2]

Then, if a <p < q<s<b, and 0 < min{m|, m|7}, then

h|d hlj
(V(g) +V(p)) — i < (V(s)+V(g) - ml

PROOF. 1) is immediate.
Consider 2) Suppose that 0 < ¢. By Theorem 4.5 and with « as in that

theorem, it follows from some elementary inequality calculations that there
are subdivisions Dy and D5 of [p;q] and [g; s], respectively, such that

My Spem|_c My Tpelm®)]
ml} ml ’<2 d‘mk; ml; '<2'
Now,
hl; h[]
Vi) + Vi) = ot~ V(@) + Vi) - 2
hlg  hld
— V() = Vi)~ |k~

:/ B+W_ My | My 2p, oll)mll)

_ 2p, e)m(I) N >_p, a(l)m(I)
mls mlp
> [ B - g - g —max{a(l) : I in Dy} +min{a(l) : I in D}
[p;s]

> Blp; s] — |max{a(I) : I in Do} —min{a(I): I in D1} —c> —c.

It therefore follows that

hl2 hl4
V(s)+V(g) — —% - [(V(g) +V(p) — —5&| >0;
V() + Vi) = = | (Vi) + V) — o
this establishes the conclusion of 2). O

Corollary 5.1 Assume the setting of Theorem 5.2. Ifa<t<u<w<v<b
and 0 < min{m|¥,m|}, then

i hl
<V®)+V(w) - —%.
mip = OV,

V(u)+V(t) -
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ProOOF. Either 0 < m|¥ or not.
In the first case, u < w, so by Theorem 5.2,

e B

V(u)+V(t) — m|t“ <V(w)+V(u) — m||“’
t u

h v
V) + V() -

so in this case the conclusion holds.

We note that V' is nondecreasing on [a; b].

Now, suppose that 0 = m|¥. Then, the final inequality below due to
Theorem 5.2,

V() + V() :1"} — V() + V() — :Jt;v
< V() + V) - 2 < V) + Vi) - 2
mly’ mly
so that in this case the conclusion holds. [l

Before we prove the decomposition theorem given in the introduction, we
state a simple inequality lemma.

Lemma 5.1 Suppose that a < b, m is an element of R[a; b], nondecreasing on
[a;b] and o is an element of RSI[a;b] such that if a <i < j <k <I<band
0 < min{ml|?,m|L}, then ali;j] < alk;l]. Then, ifa <t <u<w < v <b,
0 < min{m|y,m|%}, D1 < {[t;u]} and Dy < {[w;v]}, then

>_p, ®(I)Arm < 2D, a(I)AIm.

i

mlj ml;,

in particular, if f[t,u] adm and f[w_v] adm exist, then

f[t;U] adm < f[w;v] ozdm.
mly T omfj,
INDICATION OF PROOF. Letting
g1 = max{a(l):I in Dy, Aym # 0} and g3 = min{a(I): I in Dq, Aym # 0},

we see that
>.p, a)Arm < >.p, G1Arm _ gmly

= <
gamli _ Xp, 2im _ Yop, a(D)Arm -
Comly o omlp T mE
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The next theorem consists of a sequence of statements which, except for 5-
b-i) below, on the basis of the preceding results, require a treatment sufficiently
routine that we can leave matters to the reader.

Theorem 5.3 Assume the setting of Theorem 5.2, with V' as in statement 2)
of the conclusion. Let Cy and Cs denote elements of RSI[a;b] given, respec-
tively, by:

h|g

mlp

Cilp;ql = V(g) + V(p), Calp;q] = Cilp; q] —

The following statements are true:

1) V is nondecreasing on [a; b], so, as is well-known, for each [u;v] C [a;b],
f[u,v] C1 dm ezists.

2) Cy clearly satisfies the () hypothesis of Lemma 5.1.

3) By Corollary 5.2, Cy satisfies the () hypothesis of Lemma 5.1.

4)Ifa<u<wv<b, then f[u,v] Cy dm ezists and is f[u,v] Ci1dm — h|Y.

5) Suppose that f1 and fa are elements of Rla; b] such that f1(a) = fa(a) =
0 and, if i =1,2 and a < x < b, then fi(z) = f[a‘m] C;dm. Then,

a)if a <x <b, then f1(z) — fa(x) = h(x) — h(a), and

b) if i = 1,2, then f; is in Lip(m)[a; ] and

i) for some M; > 0, nondegenerate subdivision D; of [a;b] and each
refinement E of D,

>

Eo

notation as before, and
it) from Lemma 5.1, f; is “m - conver upward on [a;b]”, i.e., if a <
t<u<w<v<band 0 < min{m|¥, m|%}, then

filt < file,
mly — mly,

PROOF OF 5-b-i). We first show that the statement holds for f;. Suppose that
E is a nondegenerate subdivision of [a;b]. Then

f[p;q} C1 dm _ f[p’;q’] Crdm

mlp mIZ;

23

Eo
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Cl dm f[p’;q'] Cl dm}

— Z [max { f[p;Q] — -
Eo m|p m|p/
L Crdm |, ,Cidm
~ min { f[mz] ! f[p '] 1 H

mly m|gi

<Y V(g -2V ()] =2) [V(g) = V(p) + V() — V()]
Eo E°

=2 (Z[V(Q) V) + > [V(g) - V(p’)]>
s

5o
<2(V(b) = V(a) +V(b) = V(a)) = 4(V(b) = V(a)).

To see that the statement holds for fo, we need only note that for a < z < b,

fa(x) = fi(x) — [h(z) — h(a)];

clearly the desired conclusion follows from a routine application of the triangle
inequality.

Let us note that it follows immediately from Theorem 5.3 that for Theo-
rem 5.4, 1) implies 2). With regard to showing that for Theorem 5.4, 2) im-
plies 1), we note that given 2), for a <z <b

hz) = fi(z) = f2(2) + h(a);

again, a routine application of the triangle inequality gives the desired conclu-
sion. [l

References

[1] W. D. L. Appling, Fields of sets, set functions, set function integrals, and
finite additivity, Internat. J. Math. & Math. Sci., 7(2) (1984), 209-233,
(expository paper).

[2] E. Hellinger, Die Orthogonalivarianten Quadratischer Formen von Un-
endlich Vielen Variablen, Diss, Gottingen, 1907.

[3] H.S. Kaltenborn, Linear functional operations on functions having discon-
tinuities of the first kind, Bull. Amer. Math. Soc., 40 (1934), 702-708.

[4] A. N. Kolmogoroff, Untersuchungen iber den integralbegriff, Math. Ann.,
103 (1930), 654-696.

[5] R. E. Lane, The integral of a function with respect to a function, Proc.
Amer. Math. Soc., 5 (1954), 59-66.



264 WiLLiaM D. L. APPLING

[6] J. A. Reneke, Linear functionals on the space of quasi-continuous func-
tions, Bull. Amer. Math. Soc., 72 (1966), 1023-1025.

[7] J. R. Webb, A Hellinger integral representation for bounded linear func-
tionals, Doctoral Dissertation, University of Texas, Austin, 1960.



