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ON THE MEASURABILITY OF
FUNCTIONS DEFINED ON THE PRODUCT
OF TWO TOPOLOGICAL SPACES

Abstract

Some conditions implying the measurability of functions defined on
the product of two topological spaces are investigated.

Let R denote the set of all reals and let (X, Tx) and (Y, Ty) be topological
spaces. Moreover, let p1 and po respectively, be o-finite measures defined on
some o-fields My D Tx and My D Ty. Assume that

(1) for every set A € My with p1(A) > 0 there is a set B € Tx such that
B C A and py(B) > 0;

(2) p1(A) > 0 for all nonempty sets A € Tx.

A function f : X — R is called Tx-quasicontinuous (7x-cliquish) at a point
x € X ([5] if for every positive real n and for every set U € Tx containing x
there is a nonempty set V' € Tx such that V' C U and |f(v) — f(x)| < n for
all points v € V' (oscy f < 1, where oscy f denotes the diameter of the set
V).

In the proofs we will use the following Davies lemma ([2, 3]):

Lemma 1. Suppose that the measure py is complete and a function f : X — R
is such that for every positive real n and for every set A € My with u1(A) >0
there is a set B € My such that B C A, u1(B) > 0 and oscg f <n. Then the
function f is pu1-measurable.

Remark 2. If a function f : X — R is measurable with respect to 1,
then it is Tx-cliquish at every point x € X;
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If the measure 1 is complete, then every function f: X — R is
Tx -cliquish at each point is uy-measurable.

PRrROOF. Assume that the function f is pj-measurable and fix a positive real
7, a point z € X and a set U € Tx containing z. Since the function f is pq-
measurable and p;(U) > 0, there is an open interval I of the length d(I) < n
such that p1(f~1(I) N U) > 0. By (1) there is a nonempty set V € Tx such
that V. C U N f=(I). Since d(I) < n, we obtain oscy f < 7.

Now, we suppose that the function f is Tx-cliquish at every point. Fix a
positive real n and a set A € M; with p;(A) > 0. By (1) there is a nonempty
set U € Tx such that U C A. Fix a point z € U. Since the function f
is Tx-cliquish at x, there is a nonempty set V € Tx such that V C U and
oscy f < m. Since V€ Mj and p1(V) > 0, we obtain by Davies’s Lemma
that the function f is measurable with respect to u. O

Remark 3. If a function f : X — R is uy-measurable and if C(f) denotes
the set of all Tx -continuity points of f, then pui (X \ C(f)) =0.

PROOF. Suppose, to the contrary, that ui(X \ C(f)) > 0. For a point z € X
let
osc f(z) = inf{d(f(A));z € A € Tx},

where d(f(A)) denotes the diameter of the set f(A). Evidently,
X\ C(f) = | J{m; 08¢ f(z) > 1/n}.
n=1

So, there is a positive integer n such that A, = {z;o0sc f(x) > 1/n} is not
of measure p, zero. Since the set A, is Tx-closed, we have A, € M; and
u1(Ay) > 0. By (1) there is a nonempty set U € Tx such that U C A,,. Fix a
point z € U. Since the function f is Tx-cliquish at x, there is a nonempty set
V € Tx such that

(V.cUCA,) A (oscy f<1/n).

So, we obtain a contrary with the inequality osc f(v) > 1/n for v € V. O

Now, we will consider some functions of two variables.
For this, let M = M; x Ms and let u be the completion of the product
measure {1 X pa. Assume also that:

(3) For every set A € M with p(A) > 0 there is a set B € M such that
(BC A) A (u(B) > 0), all sections

B, ={yeY;(z,y) € B} €Ty; z € X,
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and all sections

BY={zxe X;(x,y) e Bt eTx; yeY.
Let A C M5 be a family of subsets of Y of positive measure ps, let y € Y
be a point and let f: Y — R be a function. We will write:

f € B(A) if and only if for every positive real  and for every set U € Ty
there is a set A € A such that

(u2(ANTU) >0) A (oscanu f<n);

f € Qs(y, A) if and only if for every positive real n and for every set
U € Ty containing y there is a nonempty set V' € A such that

(n2(V-0U) >0) A (If(t) = fy)l <n)
for all points t € VNU.

Theorem 4. Let f: X XY — R be a function such that all sections f¥(x) =
flz,y), z € X and y € Y, are Tx-quasicontinuous at every point ¢ € X. If
there is a countable family A C My of subsets of Y of positive measure o
such that for every point x € X the section f.(y) = f(x,y), y €Y, belongs to
the family B(A), then the function f is measurable with respect to the measure

L.

ProOOF. We will prove that the function f satisfies the hypothesis of Davies
Lemma. Fix a positive real n and a set A € M such that u(A) > 0. By (3)
there is a set B € M such that (B C A) A (u(B) > 0) and all sections

B.,eTy, r€eXand BY € Tx, yeY.
Enumerate all sets of the family A in a sequence (finite or not)
Ary oo A,y

By our hypothesis for every point (z,y) € B there is a set A(z,y) € A such
that

0SCA(,y)nB, Jo < 1/8 and pz(A(z,y) N By) > 0.
Since p(B) > 0, there is a positive integer n such that the set

D ={(z,y) € B; A(z,y) = An}
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is not of measure u zero. Let
Prx(D) ={z € X;3,(z,y) € D}

and let E C X be a puj-measurable covering of the set Prx (D), i.e. the set
E € My, Prx(D) C E and every p-measurable set S C E \ Prx(D) is such
that pq(S) = 0. Evidently, u(E) > 0. By (1) there is a nonempty set U
such that (U € Tx) A (U C E). Fix a point (x,y) € (U x A,) N B. Since
x € UNBY and the section fY is Tx-quasicontinuous at z, there is a nonempty
set V' . C U N BY such that

(VeTx) A (oscy f¥ <n/8).
If points
(ul,vl), (UQ,’UQ) S ((VﬂPrX(D)) X An) N B,
then

[ (ur,01) = f(ug, 02)| < [f(ur, 1) = flur,y)| + [ (ur, ) — f(uz,9)|

+f(u2,y) — fuz,v2)| <n/8+4n/8+n/8=3n/8
So, there is a closed interval I of the length d(I) < 37/8 such that

F((VNPry(D)) x A,) N B) 1.

Let J be the closed interval of the length 31/4 having the same center as I.
Assume, to the contrary, that there is a point (u,v) € (V' x A,) N B such that
f(u,v) € R\ J. Since u € VN BY € Tx, by the Tx-quasicontinuity of the
section fY at the point u we obtain the existence of a nonempty set W € Tx
such that

W CcVNBY A Vyew f(w,v) € R\ J.

But
(L(W)>0) A (WcCUCE),

so there is a point
se WNPrx(D) c VNPrx(D).

Observe that
(we ) AN(se W C B”)A((s,v) € B).

Since s € Prx (D), we have f(s,v) € I. So, we obtain a contradiction to
f(s,v) e R\ J.
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By Fubini’s theorem the p-measurable set P = (V x A, ) N B is of positive
measure . So,

PCA A u(P)>0and oscp f <d(J)<n

and, by Davies’s Lemma, the function f is y-measurable.

Remark 5. Observe that in Theorem 1, it is suffices to assume only that the
sections f, belong to the family B(A) with the exception of a set of measure
1 zero.

Remark 6. If X =Y =R, u; = ps is Lebesgue measure in X =Y and T
is the density topology (see [1]), then the conditions (1), (2), (3) are satisfied.
There is a nonmeasurable (in the Lebesque sense) set A C R? such that all
sections A, AY, x,y € R, are emply or contain only one point (see [6]). Let
A be the family of all open intervals with rational endpoints. If f(x,y) = 1 for
(z,y) € A and 0O otherwise on R?, then the function f is nonmeasurable and
the sections f, and fY, x,y € R, are measurable and belong to B(A).

Theorem 7. Let f: X XY — R be a function such that the sections fY,
y € R, are pi-measurable. Suppose that there is a countable family A C My
of sets of positive measure o such that for every positive real n and for each
nonempty set U € Mg with pe(U) > 0 there is a set A € A such that A C U
and for each point x € R the relation oscs f, < n holds. Then the function f
is p-measurable.

PROOF. Let B € M be a set of positive measure p and let 1 be a positive
real. There is a p-measurable set D C B such that p(D) > 0 and all sections
D, € Ty, x € X, and DY € Tx, y € Y. By Fubini’s theorem and our
hypothesis there are an interval I and a set A € A such that the set

E={ueDY;AC D,A fu(A) CI}

is not of measure p; zero and d(I) < n/8.

Let FF C A be a nonempty set belonging to A such that for each point
x € X the inequality oscp f, < n/8 is true. If G D E is pj-measurable
covering of the set F, then there is a nonempty set H C G belonging to Tx.
Let K = (H x F)N D and let J be a closed interval having the same center
as I and such that d(J) = 3n/4. The set K is py-measurable and p(K) > 0.
Observe that if for a point € R there is a point ¢ € F such that f(x,t) € R\J,
then f(F) C R\ I. Since the sections f are p-measurable, the set

S={ueH:Jecrflut) eR\J}
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is of measure u; zero. Consequently, f(K \ (S x F)) C J. Since
(K\ (S % F) € B) A (u(K \ (S x F)) > 0),
by Davies’s Lemma, the function f is u-measurable.

Theorem 8. Let f : X XY — R be a function such that all sections fY,
y €Y, are puy-measurable. If there is a countable family A C My of sets of
positive measure pg such that for every point x € X and for every point y € Y
the relation f, € Qs(y, A) is true, then the function f is p-measurable.

PrROOF. Fix a positive real n and a set A € M with pu(A) > 0. By (3) there
is a p-measurable set B C A such that p(B) > 0 and

Veyesl(B: € Ty) A(BY € Tx)).

Fix a point (z,y) € B. By Remark 1 the section f¥ is Tx-cliquish at the point
z. From the Tx-cliquishness of the section f¥ at x it follows that there is a
nonempty set D such that

DcBY ADeTx Aoscp f¥ <n/20.
By our hypothesis for every point u € D there is a set A(u) € A such that
p2(A(u) N By) > 0;
|f(u,t) — f(u,y)| < n/20 for every point t € A(u) N B,,.

Since the family A is countable and p1(D) > 0, there is a set E € A such
that the set F = {u € D; A(u) = E} is not of measure uy zero. Let G be
p1-measurable covering of the set F' and let H be a nonempty set such that
H cC GND A H € Tx. If points (ug,v1), (uz,v2) belong to the set (F x E)NB,
then

| f(ur,v1) = fluz,v2)| < |f(ur,v1) = flur,y)| + [ f(ur,y) — f(uz,y)|
+f (u2,y) — f(ug,v2)| < n/2041/20 4 n/20 = 31/20.

So, there is a closed interval I such that
d(I)<3n/20 A f(FxE)nB)ClI.

Let J be the closed interval having the same center as I and such that d(J) =
3n/4. Put K = (H x E)N B. The set K € M and by Fubini’s theorem
w(K) > 0. Let P C K be a py-measurable set such that u(P) > 0 and

Viuwyer[(Pu € Ty) A (PY € Tx)).
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We will prove that u(P\ f~1(J)) = 0. Assume, to the contrary, that the set
L =P\ f~!(J) is not of measure p zero. Then for every point (u,v) € L there
is a set B(u,v) € A such that

3(B(u,v) 1 P,) > 0;
f(u,w) € R\ J for every point w € B(u,v) N P,,.

Since the family A is countable, there is a set N € A such that the set
M = {(u,v) € L; B(u,v) = N}

is not of measure p zero. Let M; be a pj-measurable covering of the projection
Prx (M) and let @ € Tx be a nonempty set contained in the set My N H.
Evidently,

S=(QxN)NPeM,
u(S) > 0;
F(M x N)yNP)C R\ J.

Fix a point (u,v) € S. Since the section f? is Tx-cliquish at the point u, there
is a nonempty set U € Tx such that

(UcCcQnNP’) A (oscy f* < n/20).

There are points (s,v), (t,
Prx(M). Then (f(s,v) €

\f(s,v) _f(tvv)‘ > 377/8_377/40 > 77/5a

and oscy f > 1/20. This contradiction shows that u(P\ f=(J)) = 0. The
set PN f~1(J) C A is p-measurable, u(P N f~1(J)) > 0 and

v) belonging to S with s e UND and t € U N
I) A (f(t,v) € R\ J). Consequently, we obtain

osc(pny-1(sy) f < d(J) <.
Hence, by Davies’s Lemma, the function f is y-measurable. O

Particular cases of properties B(A) and Q,(A) are investigated in [3, 4].
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