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ON DENSITY POINTS OF SUBSETS OF
METRIC SPACE WITH RESPECT TO THE
MEASURE GIVEN BY RADON-NIKODYM

DERIVATIVE

We start from the well known definition of density point of measurable set
with respect to the Lebesgue measure on the real line.

Definition 1. 0 is a density point of the set E if

lim AMEN(=h,h))

=1.
h—0 2h

This is equivalent to saying that the sequence of characteristic functions
of the sets (nE) N (—1,1) tends in (Lebesgue) measure to the characteristic
function of the interval (—1,1) (see [1]).

But (using the Riesz theorem) we have that 0 is a density point of E with
respect to the Lebesgue measure if and only if any subsequence of x(,pn(-1,1))
contains a subsequence which converges to x(_; 1) almost everywhere.

To describe convergence almost everywhere we need only the o-ideal of sets
of Lebesgue measure zero. So it follows that the notion of a density point of
any subset of real line with respect to the Lebesgue measure can be described
without measure. The only one thing that we need is the o-ideal of null sets.

Now we will assume that p is an arbitrary measure, finite on the balls, on
the Borel subsets of some metric space X. The natural generalization leads
to the following definition:

Definition 2. Let xg be a point of support p. We say that xg is the density
point of the measurable set A if

ANB
lim 7/1( nB)

=1
r—0 #(BT)

where B, denotes the ball B(xq,T).
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A natural problem is: what can we say about density points of sets with
respect to another measure v, which has the same as p o- ideal of null sets.

We will show that, in general, the density point of A with respect to u
need not be the density point of A with respect to v, but we will find some
sufficient conditions for v under which density points for pu are also density
points for v.

In our considerations we will use the notion of Radon-Nikodym derivative
of measure v with respect to an another measure y, (i.e. the integrable function
f such that for any measurable set A, v(A) = fA fdu).

We start from the following:

Lemma 1. Let Dy, Ds, . .. Dy be a family of disjoint measurable sets,
such that for some ro > 0, B(xzo,7m9) = B, C Ule D;. Letdy, do, .., dy
be positive numbers. Denote by f the linear combination of characteristic
functions of the sets D; with coefficients d;, i.e. f=dixp, +daxp, + ... +
diXp,- Let us define the new measure v for any measurable set B as the
integral

k
v(B) = / fdp=">"dip(B N D).
B i=1
Then, if xqg is a density point of the set A with respect to u, it is also such a
point with respect to v.

ProoF. We want to show that

lim v(ANB,;)

=1.
r—0 Z/(Br)

We know that for any positive € there exists a positive d such that for any
r < 0 we have

_ pANBy)  p(Br) — p(ANB;)

YuBy T B
So:
L _vAnB) _ S dip(AN B, N D;) _
v(Br) Zf:l dip(Br N D;)
St dip(B, N D) ~ AN BN D)) M p(By) ~p(ANB,) M
SF . dip(B, 0 D) T m u(B,) ’

where m and M are the minimum and the maximum values of d; respectively.

O
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Remark 1. Observe that the last inequality depends only on the mazimum
and minimum values of d;. We will use this fact subsequently.

Remark 2. [t is quite easy to show that Lemma 1 is not true if d; = 0 for
some i, 1 < i < k. For example, take A as a subset of (0,1) with density
point 0 (with respect to the Lebesgque measure A) and such that, for any r > 0,
A((0,7) \ A) > 0. Ewidently 0 is not a density point of A with respect to v
given by the formula v(B) = fB fdX\, where f =0-xa+1-x(0,1)\a. Moreover,
0 is the dispersion point of A with respect to v and 0 belongs to the support of
V.

Now we are in the position to prove the following theorem.

Theorem 1. Let f be an integrable function (with respect to p) on the metric
space X, fulfilling the inequality 0 < m < f(z) < M for some radius o, and
for x € By, = B(xo,r0). Define v(B) = [ fdp. If zo is a density point of a
set A with respect to u, then it is also a density point of this set with respect to
v. (Of course, the assumed condition of [ is satisfied p-almost everywhere.)

PRrROOF. Let f, be a nondecreasing sequence of simple functions uniformly
tending to f a.e. Since f(z) > m > 0 we can assume that f,(z) > m
for each € B,, and n. For if a nondecreasing sequence {g,} of functions
uniformly tends to f almost everywhere, then for each n and for each x € B,

we put fr(z) = max{m, g,(x)}.

Hence
lim fBT fndﬂf - fBTﬁA fndﬂ' _
r—0 fBr frndu
We have:
d
L Jpoadd
s, fdp
where
I =1- JB,na Fndpe
I3, fadp
and

meA fndp _ meA fdp |
fB,,. fndp fB,,. fdp

The difference I is as small as we want, for sufficiently small . Moreover (see
Remark 1), the inequality I} < % - £ does not depend of n!

I =|
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For I, we have:

_ ‘ fAﬂBT fnd,ufBT fdu_fAﬁBr fdeBT fndﬂ|
fBT fnd,u'fBT fdM

_ Wanp, fudu Jg, fdp = [anp, S [p, fdu|
+
N IBT fndﬂ"fBde.u
i | fAmB,,. fdp fB,, fdp — fAmB,,, fdu fB,,. fndp |
fBr fnd,u : fBr fdﬂl
o fBde;U' |fAmB,,,fnd/~L_fAmBrfd/1'|

I <

g, fadu s, fn
fAﬁBT fd/i ) ‘ fBT fdll_fBr fnd;u |
fBT Jndp fBT fdp
2M - €
< 2
m
if n is so large that | f — f,, |< & on B,,. O

Remark 3. It is not difficult to see, that without the assumptions about the
double boundedness of f Theorem 1 can be false.

Corollary 1. Let p, v be the finite on balls Borel measures on the metric
space X. Assume that i and v are equivalent, i.e. the o- ideals of null sets
with respect to p and v are the same. Let the Radon-Nikodym derivative Z—‘;
have the property that for any ball B(xg,r) there exist positive numbers m, M
such that m < g—;(x) < M for x belonging to B(xzg,r). Then any measurable

set A has the same sets of density points with respect to p and v.

PROOF. By our Theorem we have, that if zo is a density point of A with
respect to u, it is also a density point with respect to v. But, as is well known,

the Radon-Nikodym derivative ‘;—’; = 2 has the same property of double
dn

boundedness on balls as g—” and hence density points with respect to v are

also density points with respect to p. O
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