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BOX DIMENSION OF THE GRAPH OF THE
LIMIT OF A SEQUENCE OF HOLDER
FUNCTIONS

Abstract
In this note a theorem to determine the box dimension of the graph
of the limit of a sequence of a-Hélder functions is established. By ap-
plication of such a theorem the box dimensions of the graphs of some
functions that are generalizations of Weierstrass-type functions are de-
termined.

1 Introduction and prerequisites

In this paper the box-dimension of the graph G of a real function f that is
the limit of a sequence of Holder continuous functions is determined under
suitable hypotheses. Recall that the graph of a function f defined in the real
interval [a, b] is the set:

G=Gy={(z,y) e R*: z€lably= fx)}

In order to introduce the box-dimension of G recall that in general a 27" —
mesh is a closed interval of R* of the form:

{zeRF: h2" < <(hi+1)27",i=1,2,..,k},

where h; are arbitrary integers. Let E C RF; the number of 2~ "-meshes
meeting F is denoted by No-»(E). Consider the following indexes:

logNy-n (E)
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and

They are called respectively the lower box dimension and the upper box
dimension of F; if they agree their common value is called box dimension of E
and is denoted by A(FE) (see [7] and [11]). It is possible to consider 6 —meshes
in place of 27 — meshes, that is intervals of the form

{x € R¥: hd <a;y < (hi +1)8,i = 1,2, ..k},

where h; are integers and (see [7]) it is obvious that:

if the limit on the right exists. In general for the graph G of a continuous
function in an interval [a, b] it is:

mB(G) > 1

recall that a function f defined in an interval [a, b] is a-Hélder continuous in
[a,b] (0 < o < 1), if there exists a constant C' > 0 such that for every x and
y € [a,b] it is:

[f(2) = f(y)] < Clz —y|*.

It is easy to see that if f is a-Holder continuous in [a, b] then we have:
dimp(G) < 2 — q;

(see [7] and [8]).

As far as I know, besides the considerations that can be found in [13] or in
[6], no general treatment has been developed up to now for the determination
of the box-dimension (and Hausdorff dimension) of the graph of a continuous
function, but there are several partial results valid for particular classes of
functions, as one can find for example in [1], [2], [9], [10], [12] and [14].

In particular T. Bousch and Y. Heurteaux in [2] and Heurteaux in [9] and [10]
consider Weierstrass-type functions

flx) =" b gt ) (1)

neN

where g is almost periodic in R, Lipschitz continuous and 1 < b < +o00. They
claim that if 0 < a < 1 then f is a—Holder continuous and for every interval
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Iit is A(G) = 2 — a. Other considerations about Weierstrass- type functions
have been recently developed by S.P. Zhou and G. L. He in [14]. In [3], [4]
and [5] I try to study general properties of the functions that can be useful
in this framework. Moreover, the following definition can be introduced: an
a-Holder continuous function f : [a,b] — R is said to be uniformly essentially
a-Hélder continuous in [a, b] if there exists a positive number C' > 0, such
that, for every interval I C [a, b], it is:

w(f, 1) = C |I]%,

where, w(f,I) is the oscillation of f in I and |I| denotes the length of I. If
f is uniformly essentially a«—Holder continuous in [a, b] or in a subinterval of
[a,b], then it is easy to see that the graph of f has the greatest upper box
dimension a graph of such a function can achieve, namely 2-c.

However if the upper box dimension of G is equal to 2 — « it may be that
in no subinterval of [a,b] f satisfies the previous condition, as is possible to
see with examples (see Example 3.1 of [3]). In [4] I show that some functions
that are generalizations of Weierstrass-type functions such as (1), where a
6-Holder continuous function g with exponent § greater than a and less or
equal to 1 instead of a Lipschitz function appears are uniformly essentially
a—Hélder continuous in [0,1] (Theorem 2.2 of [4]). The previous theorem
does not hold in the case that & = §. In order to consider also this case, in
this paper a theorem about the upper box dimension of the graph of the limit
of a uniformly convergent sequence of functions that are uniformly essentially
Hoélder continuous is given and it is immediately applied to determine the box
dimension of the graph of a Weierstrass generalized function like (1), where g
is Holder continuous with an exponent equal to the limit value « (0 < o < 1).

2 A theorem about the box dimension of the graph of
the limit of a sequence of Holder functions

The following theorem yields a sufficient condition in order to determine the
box dimension of the graph of the limit of a uniformly convergent sequence of
Holder continuous functions.

Theorem 2.1. Let, for everyn € N, f,, : [0,1] = R be a continuous function,
let 0 < o <1 and let (an)nen be a sequence such that 0 < a,, < 1, o, — .

Letde N,d>1,z=2%,reN,p=1,2,..,d" —1. Let (sp)nen, sn € N, be

a sequence such that, for every r € N, putting m = s, + 1 and h = 537, we
have, for enough large n € N:
B) —
ne 1) = (@) _ o)

hom
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If there exists an increasing sequence (g(k))ren of natural numbers, such that
for enough large k and for every x € [0,1] it is:

1
|f(@) = fom)(@)] < I (3)
and if
lim o -2 = 0 (4)

then, if G is the graph of f, it is:
dimg(G) > 2 — a.

PRrROOF. By (3) for enough large k and for every = € [0, 1] it is:

1 1

f(ﬂi)*% < fak) < f(z)+d7'

Let § > 0 and let k € N be such that 2d=% < § < 2d* % If Gfgm denotes as

usual the graph of the function fy() then, since f(x) — 0 < fom) < f(z) + 9,
it is: Ns(G) + % > Ns(Gy, ) 1t follows:

logNs(G) iy log[Ns(G) + 2] logNs(Gy, )

liim(s—ﬂ) 1096 =1 M50 lOg(S 2 mn—)oo —l095 (5)
By (2) written with n = g(k) and r = k it is:
A A2 )
N‘;(Gfﬂ’“)) = §29%9(1) gk+sg(m))ogm) — d%k) 22U (k) dSa(k) Xg(k) |
and therefore, for every ¢ > 0, since 2d~% < § < 2d'=F :
A
logNs(Gryw) o o o 9w smam  agwSglogd
—logé - 9(k) —logé (k — 1)logd — log2”
By this inequality and (5) it follows:
) logN5(G) , Sq(kylogd
I DI 59— alimipe ,
M50 —logé ~— o e (k — 1)logd — log2

whence by (4), it is: lifméﬁo% > 2 — a and the theorem is completely
proven. [

Remark 2.2. It is possible to prove Theorem 2.1 even if (2) holds only for
r = ku, where u > 1 is a fractional number. Indeed in the previous proof,
given & > 0 it is possible to choose k € N such that 2d~F* < § < 2d1 =),
Then we have that f(x) — 0 < fyru) < f(x)+ 6, whence, proceeding as before,
by (2), written with n = g(ku) and r = ku, the thesis follows.
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3 An application

It is possible to apply immediately Theorem 2.1 in order to determine the box
dimension of the graph of a Weierstrass generalized function like (1), where g
is Hélder continuous with exponent equal to the limit value a.

Theorem 3.1. Let ¢ : R — R be an a-Holder continuous function, (0 < a <
1), periodic with period 1, such that p(0) = (1) =0, 0 < ¢(x) < p(1/2) =1
for every z € R. Let

F() = Snend "o (d"s),

where d > 1 is a natural number. Then f is (a-¢)-Hdlder continuous for every
e €]0,af and A(G) =2 — a.

ProOF. We first prove that f is (a-¢)-Hélder continuous for every e > 0,
e<a. LethRandletVENbesuchthatdv—ﬂlgh<d%.Then

nep P(d"x +d"h) — p(d"x neoo Pz +d"h) — p(d"x
f($+h)—f(l') = anl ( dni ( )+En:1/+1 ( dno)‘ ( )
whence:

|fle+h)— fla)| < L + I,
where he
1<y O e,

¢ being the Holder coefficient of ¢. Since, for every e > 0, hfr < &= is
infinitesimal for diverging v, we have that there exists M. > 0 such that
ch®v < M, and therefore
Il < Mshais;
since it is also:
1 2(hd)*

Iy S 250258 oo < S

f is (a-¢)-Hélder continuous. Since £ > 0 is arbitrary, we have that dimp(G) <
2 — « and the proof ends here for a = 1. In order to prove the converse relation
for 0 < a < 1, it is enough to prove that there exists a sequence of functions
uniformly convergent to f such that the conditions of Theorem 2.1 are satisfied.
To this end observe that it is possible to choose ¢ €]0, 1[ in such a way that
it is ae = %, with a rational v > 1 and consider for every k € N, such that

ku € N, the function:

n=ku—1

e = Y )+ S (), (6)

n>ku
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where v, = 1+ag, (ar)ren being a decreasing infinitesimal sequence of positive
numbers less than 1 to be fixed in the sequel. For every k € N fj is ap—Holder
continuous, with ay = a —logavyk (see [4]). Obviously ay < « for every k € N
and ay — «, increasingly. Moreover:

14ai)"—1
[f(2) = fr(@)] < Enzku% =
n— n— l+a n
=Enzkudm (14 a)" 4+ (14 ap)" 2+ ... +1] <akzn2kun(7’€) ;

since ay is infinitesimal, there exists v € N such that, for every k > v it is
14+ ar <1+ a, < d* and therefore:

1£(z) — fulz)] < akznzkun&%)n.

Since the series on the right converges we have that (fx)geny converges uni-
formly to f. Moreover observe that:

5@ = S| < a3 il gaeae)s

n>ku

then, if v is such that 1+ a, < d(!=9), then also the series on the right of
this inequality is convergent and infinitesimal when k diverges; therefore it is
possible to assume that for enough large k it is >, 5., n( d%fﬁ %)™ < 1. Then
we obtain for every x € [0,1] :

[f (@) = fr()] < . (7)

Since ¢ is periodic with period 1 if v = F- with p =0,1,2,...,d" — 1, then
o(d"z) =0forn >r. Let h = Qd,” , where m = r + sy; then if d for example is
an odd number (the proof runs in as similar way if d is even), we have, putting
cp=1ifn<kuandcf =1 +ap)" if n>ku:

Ck
fe(x) = Bpar - d”o‘ p(d"z),
1 cy a1
fk(IJrh):Z Y T 2dm)+zm—’“a¢ o d" o),
n>m r<n<m n<r

since d"z + d" 5 2dm = % with v € N for n > m, and therefore @(d"m +

d"” 26}"‘) = 1 for such values of n, while, for r < n < m we have that d" -5 zdm
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differs from d"ac—i—d"m% by an integer and therefore ¢ assumes the same value

in these points. Thus:

fr(@+h) = fu(z) =

ot ) — g i 4
Zdna[sa(dx—’_d Qdm) QD(d m)}—’—Zdna—’_ Z dnacp(Qdm)

n<r n>m r<n<m

that we write in the following form:
fu(@+h) = fu(z) =L + >+ I5. (8)
Now it is easily seen that, if » = ku then:

|I1] < ch® Z cp < ch®(ku—1), (9)

n<ku

where c is the Holder coefficient of ¢;

I 2¢
— > . 1
he = do —1 (10)
Finally, we have that:
CZ " a, kutsg
. = Sk (=) > )
1‘3 dne @(2dm) - h Tk (11)
ku<n<m
We have, by (8):
|fi(z +h) — fi(z)] st — |11]
he - he ’
so that, by (9), (10) and (11), for k € N and r = ku it is:
‘fk(x—'_h)_fk(x” 2 ku+s
> k __ _ .
ho —de—1 +’yk C(ku 1)v
therefore if fyf““’“ > c(ku — 1), that is if
—1
5 loge +log(ku —1) K
log(1 + ay)
it is: h

ha
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_ 1
where \ = do—1 > 0.

Let a, = % for every k € N; and let
loge + log(ku — 1)]
log(1+ ay) ’

where [v] denotes the integer part of the real number v. Then:

sp=1—ku+|

lz'mkm%’g =0. (13)

Consider now (7): it is for every z € [0, 1]:

1

|f(z) — fr(z)] < P

L and v > 1 is a rational number, it is, by

Moreover, if z = ) h =
(12):

1
2dku+sk

A
|[fu(@ +h) = fu(@)] > S

Then, by (13), Theorem 2.1 and Remark 2.2 apply giving dimg(G) > 2 — a.
Since the converse inequality holds the theorem is proven. O

Remark 3.2. Observe that in particular by Theorem 3.1, if 0 < o < 1 then
the graph of the function:

= ¥ e
neN

where d € N, d > 1, has the greatest box dimension it can achieve, that is
2—-a.

4  Extensions of previous results

In this Section some larger classes of functions will be considered and the box
dimension of the graphs of such functions will be determined. Namely consider
the function: )

f@) = 3 relbar) (14)

neN

where:
a) (bn)nen is a sequence of real numbers such that by = b > 1, b, 1 > bb,, for
every n € N; 1% € N for every n > m; limn%mlolizi’g:l =1.
b) ¢ : R — R is an a-Holder continuous function, (0 < « < 1), periodic with
period 1, such that ¢(0) = (1) =0, 0 < ¢(z) < p(3) =1 for every z € R.
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Theorem 4.1. The function (14) under the hypotheses a) and b) is, for every
0 €]0, af, 6-Holder continuous and dimg(G) = dimp(G) =2 — 6.

PROOF. Let z € R, h €]0,1] and let v € N be such that ﬁ <h<4. Letc
be the Holder coefficient of ¢. Then:

c(byh)® 2
|[f(z+h)— f(z)] < Z”S”T + 2n>yb—5
boc—6 bé
< chd———- 4210
S 1 T

whence f is §-Holder continuous and dimp(G) < 2 — 4.

Now it is possible to prove that it is also dimp(G) > 2 — 4. Indeed let
r=2£,p=0,1,..,[b)], and let h = 7~ with m = v +s,s € N. Then:

Fla 4+ 1) = F(@) = Sncu gr lolbat + buh) — p(bu)]+

1 1
ZVSn<mbT;[30(bnx +bnh) — @(bpz)] + anmbig[ﬁp(bnm +bnh) — p(bn)],
that we write in the form:
f(x—|—h)—f(x) =1+ 1+ I3. (15)

It is, by hypotheses a) and b):

ch?
|Il| = 2a76b(mfu)(a76)(ba76 _ 1)’ (16)
bnh
IZ = Ey§n<m(p(bg ) > 07 (17)

By (15), (16), (17) and (18) it follows:

- _ 5198 _ ¢ s
|f($ + h) f(.’L‘)| > 13 |Il| >h [2 2a,5b(m,y)(a,5)(ba,5 — 1)] >h

if:
c

6 J—
2a—dp(m—v)(a—46) (ba—(S _ 1) <2 1
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that is if:
c

1
l :
a—0 a5 —1)(ped — 1)
Thus there exists s € N, given by:

m—v >

1 c
s= I+ Sl e (19)
such that:
|f(@+h) = f(a)] = h° (20)
if x = bi,p 0,1,...,[b,], and h = me with m =v + s.
By (20) it follows that dimp(G) > 2 — 6.

In order to prove that it is also dimp(G) > 2 — ¢, consider a cover of

G made of o-meshes. By a) it is, for s given by (19), limyﬁool‘gzl;fs = 1.

Therefore 1f we fix e > 0 for enough large v 1t is: b,,+s < b1+E Let o be 0]
small that = < o

(20) ertten Wlth T = %,p =0,1,..,[b,], and h = 57—, where m = v+ s. It
is: 0—2+ed
No(G) = om0
and therefore:
hmgmhﬁng)z2—6—éa
by this inequality the thesis follows, since ¢ is arbitrary. O

Remark 4.2. Theorem 4.1 proves a result given by Zhou and He in [14], in
the particular case that o = 1: the treatment of these authors is different from
the present one because they do not assume that b” € N for everym € N and
for every n > m as is done here, but their Tesult "holds only for enough large
b, while in the present approach nothing is required about b.

Theorem 4.3. The function f(z) = Zpen b p(bpz) where ¢ satisfies condi-

tion b) and (b, )nen is a sequence of real numbers such that by =b>1,by41 >
bb,, for every n € N, is (a-¢)-Holder continuous for every ¢ €]0, 1[ and therefore
the upper box dimension of its graph is not greater than 2 — . In particular
if a = 1 then dimp(G) = dimp(G) = 1.

PRrROOF. The proof is similar to that of the analogous property in Theorem
3.1. O
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Theorem 3.1 cannot be widely generalized for 0 < a < 1. By the present
approach we can only deduce that the following result holds:

Theorem 4.4. Consider the function f(z) = Spen 1= ¢(bnz) where ¢ satisfies

condition b). Assume that (b,)nen is a sequence such that: b, = Ab", with
suitable A > 0 and b € N for every n € N. Then it must necessarily be
AG)=2-a.

PROOF. See the proof of Theorem 3.1. O
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