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SOME ESTIMATES OF COMMUTATORS

Abstract
By using the boundedness of the maximal and sharp operators on
Morrey spaces, we have proved that the commutators [M,, b] and [M# b]
are bounded on Morrey spaces L% if and only if b is in BMO and the
negative part of b is in L°°.

1 Introduction

In [4], Coifman, Rochberg, and Weiss proved that a locally integrable function
bin R™ is in BMO if and only if the commutator [H,b],

[H,bl(f) = H(bf) — bH(f)

is bounded in LP, for some p (for all), p € (1, c0).

Also in the LP space setting, Bastero, Milman, and Ruiz in [2] showed that
a locally integrable function b is in BMO and the negative part of b is in L*>
if and only if the commutator [M,,b], defined by

[Mp, b] = My (bf) — bMy(f)

is bounded in L? for some ¢ (for all), ¢ € (p,00). In fact here, M, can be
replaced by a more generalized positive quasilinear operator.

The purpose of this work is devoted to the study of the relationship between
the boundedness of [M,,b]([M#,b]) on Morrey spaces and the function b.
To the best of my knowledge, the setting of L9* for these problems is new,
independent, and of particular interest.

Morrey space plays an important role in the study of regularity questions
in PDE. And also in modern analysis, Morrey spaces can be a part of a family
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406 CHUNPING XIE

that includes LP, BMO(the space of Bounded Mean Oscillations), and Hélder
function spaces. Many people have studied this family of function spaces. For
more details, we refer the interested readers to [3], [10], [11], [12], [14], [15]
and references therein.

Let @ be a cube on R, A € R, and f € L} . Then f is said to be in the
function space L9 provided

1 . 1/‘1
11205 =sup (W /Q (@) dx) < o0, )

where the supremum is taken over all cubes on R™ and |Q)] is the volume of Q.
It is well known that if 1 < ¢ < oo, then we have L%° = L9 and L%' = L, if
A <0, L% = {0} and if A > 1, L9 is the space of %belder continuous
functions. The Morrey space is defined to be L% when 0 < X\ < 1.

In the present work propositions 1-4 are basic facts about the Hardy-
Littlewood maximal operators multiplied by a nonnegative function. From
these propositions we know that the cancellation implied in the commutator
[b, M) is crucial. All these propositions and proofs are in section 2 along
with some necessary background materials. Also main results of this note,
Theorems 5-8, and their proofs are given in the section 3.

Throughout the whole paper all constants are denoted by C' which may be
different from each occurrence.

2 Preliminaries

For the sake of completeness, we recall the definitions and some properties we
are going to use in our proofs. For a set F € R™ we denote the characteristic
function of E by xg and |E| the Lebesgue measure of F.

For a locally integrable function f(¢) and 1 < p < oo, the Hardy-Littlewood
maximal function is given by

My (f)(2) = sup (K-12| /Q If(t)lpdt)l/p,

z€EQ

for all x € R™, where @ represents a cube with sides parallel to the coordinate
axes. Note that for p = 1, M, = M is the classical Hardy-Littlewood maximal
operator.

The Sharp operator is defined by

# z) = f#(x) = su x —
MH(1)(@) = #(@) = sup |Q/Q|f(t) foldt,
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for all z € R", where fg = |Q| fQ t)dt, the mean of f on Q.

If Qo is a fixed cube, then the Hardy—thtlewood maximal function relative
to Qo is defined as

Myao(H)@) = sup (;' /Q f(t)l”dt)l/p,

TEQCQRo
for all x € Q.

Remark As is well known, the sharp functions or operators were introduced
by C. Fefferman and E.M. Stein.

Proposition 1. Letb >0, ¢ >0, and 1 <p < q < co. Then
dM,(b) € L = ¢M (bf) € LI, Vf € L?
1,1 _
where st = 1.
ProoF. Consider

Mb d
M (bS)| ebsup'Q/ D1 (1)]dt

<o (s fwora)” (s [orar)”
= oMy (b)(x)My(f)(x).

With M,(f) = (M(|f?)"/?, the desired result follows from the LP bound-
edness of M in [5]. O

We can extend this result in LP* to have the following proposition.
Proposition 2. Letb >0, ¢ >0, and 1 <p < q < oo. Then
oM,y (b) € L = ¢M(bf) € LI Vf € LI
1,1 _
where st = 1.
PROOF. By the proof of Proposition 1 and [3], we conclude the proof. O

Conversely we are not able to get ¢ M, (b) € L™ but instead we get ¢b €
L* which is a little bit weaker than ¢M,, (b) € L> since ¢b < M, (b), a.e.

Proposition 3. Letb >0, ¢ >0, and 1 <p < co. Then
oM (bf) e LPVf € LY = ¢b € L*™.
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ProoF. For any cube Qo, let f = xg,. Then

I1£1lp = 1Qol*/P.

And by the assumption

M (bxq, llp < ClQo|"/?,

that is,

/ H(2) (M (bxa, ) (2))Pdz < C|Qu|
1

oo [ @) (M(bxq,)(2))Pde < C

1Qol Jq,
L (Mo, () @)z < €
1Qol Jo,
1
— b)Pd. C.
|Qol Qg(d)) T <

Since Qg is arbitrary, Lebesgue’s differentiation theorem implies
(¢b)? € L™ ie. ¢be L™.

Here we have used the facts M (bxg,) = Mi,qg,(b) and |b] < M g,(b),Vx €
Qo- O

In the same manner, this result can be extended to LP*.

Proposition 4. Let b >0, ¢ >0, and 1 < p < oo. Then

OM(bf) € LPAYf € LP* = ¢b € L.
PrOOF. For any cube Qu, choose f = xq,, then ||xq,llLr» = |Qo|* /P
Since ¢M (bf) € LP*, we have

1

|QO|A/C;? (pMg, (b))? dz < C|Qo|* ™
1
1Qol Jo,

Similar to the proof of proposition 3, ¢b € L follows. O

(¢b)? dx < C.

Observing all these, we have the following theorems.
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3 Theorems and the proofs

In this section, we will give main theorems and their proofs.

Theorem 5. Let b be a nonnegative BMO function. Then [Mp,b] is bounded
on L9 1< p<q< .

PRrOOF. From [2] we know that under such assumption, [M,, b] is bounded on
L9, that is,
My, 0] (Pl e < Cllfla-

Let @ be a fixed cube and g € L%*. Then function f = gXQ/|Q|>‘/q € LY,

and y
_ (1 q !
[fllze = <Q|/\/Q|g(t)| dt) .

1/q
[[Mp, 0] ()l La = (/QIMp(bf)(t)—b(t)Mp(f)(t)lth) :

Also

For t € @), we have
My(5)(8) = 157573 My b))

and
1

M, (f)(t) = WMp(g)(t)-
So "
[[Mp, ()l La = (@1)‘/Q | M3, (bg)(t) —b(t)Mp(g)(t)lth> :

Therefore

(am / |Mp<bg><t>—b<t>Mp<g><t>|th)1/qsc(@ / |g<t>|th)1/q-

Hence
1My, b](9)llLar < Cligllpan-

O

Theorem 6. Let b be a nonnegative BMO function. Then [M#,b] is bounded
on L9, 1< p<q< .
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PROOF. Let’s consider

[M7,8](f)(2)] = [M*(bf) () — b(a) M*(f) ()|

1
s i /Q BO)£0) = (0ol blo) s 20 / 0 f@ldt‘

1
<sp /Q B £(E) — b() £(1) — (bF o + ba) fo dt

1 1
< sup |Q|/ [b(8) f(t) — b() f(#)]dE + sup IQ/Q b(z)fq — (bf)eldt

1/r! 1 Y
i - G o
< 2||bll Bmo M, (f)(x),

where p < r < ¢ and % + % = 1. Therefore

IIMP, B ()| Lar < ClblBao|Me(£)]|ar < ClblBaro |l £l Lar-
Note that M, is bounded on L9*. O

Theorem 7. Let b be a real valued, locally integrable function in R™. Then
the following are equivalent:

(a) The commutator [My,b] is bounded in L9, for some 1 < p < g < 00,
(b) b€ BMO and b~ € L,

(c¢) For some q € (1,00), we have
sup 0] / |b(t) — My o(b)(¢)]?dt < 0.

ProoF. We'll prove this theorem by the cycle (b) = (a) = (¢) = (b).
For this inclusion (b) = (a),we know that if b is in BMO, then |b| is also
in BMO. Considering the fact

|[My, BI(f) — [Mp, [bII(f)] < 267 My (f)

and Theorem 5, we obtain (a).
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To prove inclusion (a) = (c), for a fixed cube Q, let f(t) = xq(t) € LT,
then || f][zex = Q| 7 . By (a) we have
1-x
[[Mp, 0] ()l Lar < Cllfl[Lar = ClQ[ ™
Also since on @, M,(bxg) = Mp.q(b) and M,(xq) = xqg, we have

1/q
wpéwmw@m—wmmmww@)

z(épémamwwwwwgw.

W@mmum>(1

Therefore
1 1/‘1 PN
(wPAM%dWﬂ—WWﬁ> < clQI*?,
that is,
|Q|/ 1b(t) — M, o(b)()|dt < C.
Hence
sup ] / |M, —b(t)]9dt < cc.

As to (¢) = (b), the proof here is due to [2]. Let Q be a fixed cube, by (c)
and Holder inequality we have

\m/“ W<Qm/w )“WQW<G

Let B ={x € Q;b(z) <bg} and F = {z € Q;b(x) > by}, then the equality

/ |b(t) — bgldt = / |b(t) — bg|dt

B F

is true. Since for z € E we have b(x) < bg < M, o(b)(z) and also
! /\b(t) boldt = — /|b( ~ boldt < /|b o (b)(0)]dt
@l Jo ¢ i el

|b(t) o(d)(t)|dt < C,
<ails
we know that b € BMO.
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To show that b~ € L* | note that M, o(b) > |b| in @ and therefore we
have, in @,

0<b =1b|—b" <M, gb—b" +b" =M, q(b) —b.
Combining this and (c¢) we see that for any cube Q,
(bi)Q <C.

Thus the boundedness of b~ follows from Lebesgue’s differentiation theo-
rem. O

Theorem 8. Let b be a real valued, locally integrable function in R™. Then
the following are equivalent:

(a) The commutator [M#b] is bounded in L%, for some 1 < q < oo,
(b) be BMO and b~ € L™,

(c¢) For some q € [1,00), we have
1
sup —/ b(t) — 2(bxo)™ (t)|%dt < cc.
@ 1@l Jg

PrROOF. We'll show this theorem by the following order. (b) = (a) = (c)
= (b).
To show (b) = (a), note the facts that
(M7, 8](f) = [MF, [l (f)] < 2M# (b7 f) + 26~ M*(f),

and if b € BMO, then |b| € BMO, and M#(f) < 2M(f) for all locally
integrable functions f, (a) follows immediately.

In order to prove (a) = (c), let Q be a fixed cube. We know that (xo)# =
%, for all € Q. Assume that f = yo € L%*. Then by (a), we have

M7, 0] (x@)ILar < Clixellpen,

namely,
# 1/q s
(CQIP /Q |(bx@)™ (8) — b(t) (x@) (t)lth> <OolQI

L _ # q
g /Q 1b(t) — 2(bx@) ()] 7dt < C.



SOME ESTIMATES OF COMMUTATORS 413

So
sup 0] / b(t) — 2(bxo)™ (t)|%dt < cc.

Finally (¢) = (b), the proof here is like the proof of Theorem 7 and also
due to [2].

For a cube @, let x € @ and choose a cube @) containing @ and with
volume |@Q1] = 2|Q|. Then

1 /‘ 1 ’ 1
— | |b(t) = =bo|dt + =|b
A () = 500 el

7 a1 (] o= 5|+ 5lanaiiel)

bxq(t) — (bxq)q, |dt

|Q1| N
< (bxQ)* (x).
On the other hand
Ibo| < /‘ ‘dtJr /|b|dt
“=lel IQI N
dt + = |b [,
\QI/ ’ ‘ ¢

and so

1 1 1
—|b S/‘bt —=b ’dt

[bg| < 2(bXQ)#(x),Vx €Q.

Now we are able to show that b is in BMO. Let E = {z € Q;b(z) < by},
then

Therefore, we get

1 2
o1 . 190) = balde = 125 [ b ~ ey
IQI/ (bxe)(e) = ble)de

3@ /E 2(bx0) () — b(z)|dx
l # X)) — i X
< |Q|/Ql2(b><cz) () = b(@)lda < C.
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To prove b is bounded, We start with the inequality
Vo e Q, bl —b"(2) + b7 (2) < 2(bxo)" (x) — b(x).

Averaging on @, we have

L T (x a:—&——l “(x m——fl —bT(z) + b (2)) dz
1 #(z) — b(x)) d
<|Q/Q(2(bx<z) (z) = b(x)) d

1
< o | 120x0)* @) - bw)| da
1Rl Jo
<C.
Letting |Q| — 0 with € @, Lebesgue differentiation theorem assures that
20~ = |b(x)| — b" (2) + b7 (2) < C,

and we are done. O
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