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Abstract

This paper is a continuation of [3], in which was introduced the
Refinement-Ross-Riemann-Stieltjes (R*S) Integral, and in which some
of its advantages were exhibited. After a brief summary of [3], this paper
proves an integration by parts theorem which shows incidentally that if f
is R3S-integrable with respect to g then g is R®S-integrable with respect
to f. Theorems on term-by-term integration of sequences analogous
to the Helly-Bray Theorem are next proved, in a context of Wiener’s
functions of bounded generalized variation as developed by L. C. Young
and me. In a similar context I prove also a theorem resembling the
classical theorem of Riesz representing linear functionals by Stieltjes
integrals.

10 Introduction

The Refinement-Ross-Riemann-Stieltjes (R3S) Integral was introduced in [3],
and some of its fundamental properties were established there. Its definition is
repeated in §11. It extends the Ross-Riemann-Stieltjes (R2S) Integral [2, 6, 7]
which succeeded in overcoming, in an elementary way, some disadvantages
of the classical Riemann-Stieltjes (RS) Integral, notably its failure to exist
when the integrand and the integrator functions have a common point of
discontinuity.

This paper is a continuation of [3]. The numbering of new theorems and
lemmas is from 23 to 34, following on the numbering in [3]. Similarly the
numbering of new formulae is from (31) to (56), and of sections from 10 to 15.
This perversion is intended to facilitate reference to appropriate places in [3];
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316 E. R. Love

however is is hoped that the summary provided in §11 will minimize the need
for such reference.

The R?S-integral in [6, 7] is confined to increasing integrators, but is simply
extended in [2, 3] to integrators of bounded variation. The R3S-integral is
shown in [3] to be a further extension, in which the integrator may have
unbounded variation at the expense of heavier restriction on the integrand (but
less heavy than bounded variation). The R3S-integral also possesses a certain
symmetry between integrator and integrand; this shows up prominently in §12
on integration by parts, particularly in Theorem 25.

In §13 on R3S-integration of sequences, Theorem 28 resembles the Helly-
Bray Theorem [8, p. 31], but in a more general context and Theorem 29 goes
further in that direction.

Theorem 34 in §15 is an analogue of the famous theorem of F. Riesz rep-
resenting a linear functional by a Stieltjes integral.

11 Background

In [3] it is evident that a major stimulus for studying the R3S-integral is the
following existence theorem for non-absolutely convergent integrals, stated and
proved in [3].

Theorem 21. Ifp~ ' +¢ ' >1,p>1,¢>1, f€ Wy and g € Wy, then the
R3S-integral of f with respect to g exists.

Here W), named Wiener [9], is the class of complex-valued functions f on
a compact interval [a, b] whose pth power variation V,,(f) = V,(f; a, b) is finite;

where
1

l =
Volf5a,8) = sup( 3| F(wn) = flaa-n)]") " (14)

the upper bound being taken for all partitions a = zp < 1 < ... < a7 = b.
Wy is the ordinary class of functions of bounded variation; as p increases W,
expands, and the expansion is proper.

The earliest version of this theorem was due to Young and Love, in [10];
it was somewhat hampered by working with the classical RS-integral, which
fails to exist if the two functions involved have a common discontinuity.

For p > 1 all functions in W,, are bounded and simply discontinuous; that
is, they have simple discontinuities only.

Lemma 13. Ifp > 1, f and g are complex-valued functions on [a,b], and k
is a complex constant, then

Volf +9) <V (f) +Vilg) and  Vy(kf) = [k|Vo(f) -



INTEGRATION BY PARTS FOR R3S-INTEGRALS 317

Lemma 14. If¢g>p>1 and

Voo (f;a,0) = sup{|f(x) — f(y)| : a <z <y < b},

then
Voo (f) < Vo(f) < V().

Definition of the R3S-integral. (repeated from [3]) is as follows.

Let g be a simply discontinuous complex valued function on a compact
interval [a,b]. Let P be a partition a = xg < 21 < ... < 2; = b, and let P*
be P together with any associated points &, such that z,_1 < &, < x, for
n=1,2...,1 Let

Ap=g(@p—) = g(@n_1+), 9n=gl@n+)—g(rn—),
gla—) =g(a), g(b+)=g(b).

For a complex-valued function f on [a,b] define an approzimative sum

(7)

l
n=1 n=0

The last summation may be called the jump sum.
Suppose that there is a complex number I with the property that, for each
€ > 0 there is a partition P(e) such that

|S(P*) —I| <€ whenever P D P(e), (9)

that is, whenever P is a refinement of P(e) and P* is associated with P. It is
easily seen that I is unique; I is then called the R3S-integral of f with respect
to g on [a, b],

I=(R*S) / ' fa. (10)

and f is said to be R3S-integrable with respect to g on [a,b], or briefly, f €
R*S(g).

Certain other approximative sums are useful when f, as well as g, is simply
discontinuous. These are

l l
S(PH) =" flan1H)An + > F@n)dn,

n=1 n=0
. . (20)

S(P7) =" fl@a—)An+ Y flzn)d

n=1 n=0
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12 R3S-Integration by Parts

Substantial leads towards this were given by Young [10], Hewitt [1] and Ross [6,
7]. The latter two consider only functions of bounded variation, indeed mostly
increasing functions. As might be expected from Theorem 21, integration by
parts extends to a wide range of functions of unbounded variation.

A function f is said to be normalized if, for all x concerned, it is simply
discontinuous and f(z) = 2{f z+) + f(z )}

Lemma 23. Let f and g be simply discontinuous in [a,b], let f be normalized
n (a,b) and let E be a dense subset of (a,b). In order that f should be
R3S-integrable with respect to g on [a,b], with integral I, it is necessary and
sufficient that for each e > 0 there be a partition P(e) such that |[I—S(P*)| < e
whenever P D P(e) and every &, in P* is in E.

PROOF. The necessity is obvious. For the sufficiency, suppose that the con-
dition holds. Let J(P) denote the jump sum on P; that is, the last summa-
tion in (8). Suppose that the &, are restricted only by the requirement that
Tp-1 < & < T, as in (8). Then there are sequences

{S$nrtrer C EN(xp_1,2,) and {tn,}re; C EN(2p_1,2y)

such that s,, 1 &, and t,, | &, as r — oo. For P* with these &, as the
associated points,

l
=Y fl&)A+J(P =$Z =)+ f(&n+)}An + J(P)

19 _ _ .
+ 3 'r‘li>nolo{l Zl f(tn,r)An J(P)} 5
so that |[I —S(P*)| < e+ 3¢ whenever P D P(e). This proves Lemma 23. [

Lemma 24. If f and g are simply discontinuous in [a,b] and normalized in
(a,b), P is any partition of [a,b], S(PT) are the sums defined in (20) and
T(P*) are the results of interchanging f and g in S(P*), then

HSPH)+S(P )} +3{T(PT)+T(P)}=B-A
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where A and B are as in (33) (in Theorem 25 below).

ProoF.  Let J(P) be the jump sum for f and g on P; that is, the last
summation in (8) and (20). Observing (7),

J(P) = f(a){g((H') } =+ Z f Ln {g xn+ xn )}
(0){9(b) — g(t—)}

= f —){gla+) —gla—)} + f(b+){g(b+) — g(b—)}
-1

+3 Z{f<xn+> + f(an =) Hglant) — g(za—)}
n=1

—3{f(a+) = fla—) H{g(a+) — g(a—)}
+ 3 {f(+) = F(0-) }Hg(b+) — g(b-)}

l
+ 33 {F@nt) = Fan—) Holwa+) — glan—)} - (31)

Let K(P) be the result of interchanging f and g in J(P). Then

J(P)+ K(P) = —{f(a+) — f(a—) }{g(a+) — g(a—)}
+{f(0+) = F(o-) H{g(b+) — g(b-)}

l

n=0

By (20),

H{S(PH+S(P Z{f Tn—) + f(@n—1D }H{g(@n-) —g(@n1H) } +J(P)

n=1

HT(PY+T(P Z{f 20-)— f (@1 D Hg(@n ) +g(xn1 D} +K(P
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The sum of these two right sides is, using (32) and (7),
1
Z{f(xn_)g(xn_) - f($n71+)g(xnfl+)}
n=1

l
T Z{f(afn—k)g(xn—k) - f(xn—)g(g;n_)}
n=0

— {f(a+) — fla—)}{gla+) —gla—)} + {F(0+) — f(b=) }{g(b+) — g(b—)}
= flut)g(zi+) — f(xo—)g(wo—)

— {f(a+) - f(a) }{g(a+) — g(a)} + {F(b) — F(b—)}{g(b) — g(b—)}
= B-A. O

Theorem 25. If f and g are simply discontinuous in [a,b] and normalized in
(a,b), and g € R3S(f), then f € R3S(g) and

b b
/ fdg+/ gdf =B - A,

where A= f(a)g(a) + {f(a+) = f(a) }{g(a+) — g(a) }
and B = f(b)g(b) + {f(b) — f(b-) }{g(b) — g(b-)} .
Remarks. Observe that f and g are not required to be in Wiener classes.
The familiar form of integration by parts, with the right side B — A replaced

by f(b)g(b) — f(a)g(a), occurs if one of f and g is continuous at a and one of
f and g is continuous at b.

(33)

PROOF. (i) Let I be the R3S-integral of g with respect to f on [a,b]. Let P
and P* be as in §11. By (9) there is a partition P(e) such that

|I —T(P*)| <e whenever P D P(e). (34)
Here l
T(P*) = g(&){f(@n=) = f(zn-1+)} + K(P) (35)

where z,_1 < &, < z, and K(P) is the jump sum J(P) with f and g in-
terchanged, so that K(P) = Z;:Og(xn){f(xrﬂr) — f(z,—)} . Making &, —
Tn_1+, and separately &, — x,—,

l
T(P*) = Y glan ) {f(xn=) = flana+)} + K(P) = T(PF),

n=1
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l
T(P*) = Y glan=){f(@n=) = fl@n_1+)} + K(P) = T(P7)

respectively, in keeping with the notation in (20). By (34), |[I — T(P*)| < ¢
whenever P D P(e), and so

‘I - {T(PH+ T(P_)}’ < ¢ whenever P D P(e). (36)
(ii) Suppose now that [ is even. Let )  denote summation over odd n and

>, summation over even n. In (35) make &, — x,_1+ for odd n, &, — 2, —
for even n; these give

l
T(P*) =Y o 91 ) {f(@n=) = f(wn1+)}

n=1

Again, in (35) make &, — x,— for odd n, &, — x,,_1+ for even n. Then

l
+ Ze g(xnfl'i_){f(xn_) - f(xnfl'f')} + K(P) .

n=1

Subtracting these limits gives, because of (34),

’Z {f Tp— xn 1+ }{g Tn— g(xn—1+)}
(37)

- Ze {f xn 1+ }{g Tn— g(xn_l‘i’)}‘ < 2e

whenever P D P(e).
(iii) Let P and P* be as in (i); that is, as in §11, and let @ be the partition

a:x0<§1<x1<€2<z2<...<xl_1<§l<zl:b;
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that is, @ consists of all the points of P*. Observe that (36) and (37) involve
only the x,, not the &,; this will enable them to be used with P replaced by
@, as will be done shortly.

Let all the &, be points of continuity of f; such points are of course dense
since f is simply discontinuous. By (8) and (20)

S(P) = 3{8(Q") +S(Q7)}

l

= Z (&) {9(@n—) — g(@n_1+)} + J(P) — J(Q)

Z{f Tpo1+) + f(§n— }{g (§n—) — g(@n— 1+)}

n=1

l
—%Z{f@n + flan—) Holen—) — g(ént)}

l

_ Z (&) {9(@n—) = glan—1+) — g(&n+) + 9(&a—)}

Z{f §n +f Tp—1+ }{g £n (xn 1+)}

n=1

Z{f (@n—=) + [ (&) Ho(wa—) — g(€nt)}

l
%Z{f(gn)_f(xn 1+ }{g &n—) — g(xn— 1_|_)}

n=1
l
Y ~ fan Hoton-) ~ o6}
l
= 137 {f () — feai ) o) — gl@ait))
l
— 3> Sl ) Ho@n—) = g(6at)} - (38)
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(iv) Let A and B be as in (33). Then
[S(P*) = (B—A-1)| < |S(P*) - 1{5(Q") + S(@)}]
+|HS@Y + 5@ )} + HT@Y + 7@ )} (B~ 4)|
+|1= H{T@H + (@)} (39)

The middle line on the right of (39) is zero, by Lemma 24 with P replaced
by @, a change which does not affect B — A. The last line on the right is, by
(36), at most ¢ if @ D P(e) and this is indeed so whenever P D P(¢), because
then @ D P D P(e).

Now @ partitions [a, b] into an even number, 2, of subintervals. A suitable
change of notation for the points of @ would turn (38) into one half the contents
of the modulus signs in (37) and so ‘S(P*) —%{S(Q*‘)—!—S(Q_)}’ < ¢ whenever
Q@ D P(e), and therefore whenever P D P(e). Thus (39) gives

|S(P*) = (B—A—1I)| <26 whenever P D P(e).

This inequality has been obtained under the assumption that the associated
points &, are all in the dense set of points of continuity of f. By Lemma 23, f is
R3S-integrable with respect to g, with integral equal to B — A — I, completing
the proof of Theorem 25. O

13 Limits of R3S-Integrals

In §11 only the part of Theorem 21 relevant there is quoted. The rest of that
theorem [3, p. 308] is now needed; it is as follows.

Theorem 21 continued. The integral satisfies the inequality

b
where ((p,q) is independent of f, g, a and b, and

C = f(0){g(b) — g(0-)} + fla+){g(b—) — g(a+)} + f(a){g(a+) — g(a)} .
The inequality also holds with f(a+) (in C) replaced by f(b—).

The following theorem [3, p. 310] is also needed.
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Theorem 22. If g is simply discontinuous in [a,b], a < ¢ < b and either side

of the equation
b c b
[ tdg= [ sags [ rag

exists in the R>S-sense, then so does the other side and the equation holds.
This theorem does not require f and g to be in Wiener classes.

Lemma 26. Ifp~'+¢ ' >1,p>1,q>1, f €W, and g € W, on [a,b],
and ((p, q) is the constant in Theorems 17 and 21, then

b
/ {J(@) = fla+)} dg(@)| < {2(p,0) + 1} Vi (f50,b)Valgi 0,0)

and

b
[ @) = 1)} dole)] < {2600.0) + 2)Val 0 0)Vi(gia ).
These inequalities also hold with replacement of f(a+) or f(a) on the left by
f(b=) or f(b) respectively.

PrOOF. In Theorem 21 replace f(x) by f(z)— f(a+); then C in that theorem
becomes C’, say, with

€' < [f(a) = fat)| |g(at) — g(a)| + [f(b) = f(at)[ |9(b) — g(b—)]-

By Jensen’s extension of Holder’s Inequality,

Q=

' < {|f@ =D + [ Fa) = O} { 9@ —g(at)|" + gt —9()|*}
< Vo(f5a,b)Vo(g;a,b).

The first inequality in Lemma 26 now follows easily from “Theorem 21 con-
tinued”.

The second inequality can be obtained similarly, or deduced from the first
by “adding” the trivial inequality

b
/ {f(a+) - f(a)} dg(x)’ = |f(a+) = f(a)] |g(b) — g(a)|
<Vu(f;a,0)Vy(g;a,0).

The other two inequalities are proved in a similar manner. O
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Lemma 27. Ifr > p>1 and f € Wp(a,b) then, given € > 0, there is a step
function s such that V,.(f — s;a,b) <€

PROOF. This is the main part of [5, p. 7, Lemma 2]. O

Theorem 28. Let p~ ' +q¢ ' >1,p>1,q¢>1, f e W, and g, € W,
on [a,b]. Let Vy(gn;a,b) be a bounded function of the positive integer n, and
gn(x) = g(x) as n — oo for each x € [a,b]. If also g,(x£) — g(xz+) at each
discontinuity x of f, and at the end-points x = a and b, then

b b
/fdgn—>/fdg as n — 00.

Proor. (i) For any partition a = zo < 1 < ... < x; = b, denoted by P,

!
Z‘g(lﬁ) - (1'7 1 nIL)H;OZ|gn 1:1 gn Ti— 1)“1 < nlggo‘/q(gnvavb)q .
i=1
So g € W,y(a,b), and all the R3S-integrals exist by Theorem 21. Further
Vy(gs a,b) < sup Vy(gn; a,b).
(ii) If f is constant throughout (a,b), (7), (8) and (9) show easily that
f € R3S(g) and

/abfdg:f(a){g(ﬁ (a)} + f(b){g(b) -)}
—){g(b—) — gla+)}.

If f is a step function on [a, b] with discontinuities only at the points of P, the
above equation and Theorem 22 give

b l
[ rda= 3 i {gtact) - glaio))

!
+ Z f(ffr){g(xi*) - 9(I1—1+)} ;

remembering that g(zo—) = g(a—) = g(a) and g(x;+) = g(b+) = g(b).
Similarly, replacing g by gy,

/ fdgn = Zf xz {gn xz gn i }+Zf ){gn(xi_)_gn(xifl"l‘)} .
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Making n — oo, Theorem 28 is proved for all step functions f.

(iii) Suppose that f is no longer a step function. Fix r such that 1 —¢~! <
r~t <p7l. Let M = 1+42((r,q) and N =1+ supV,(gn;a,b). Given
e >0, let ¢ = ¢/3MN; then by Lemma 27 there is a step function s such
that V,.(f — s;a,b) < € . Since addition of a constant to s does not alter this
inequality, s(a+) may be supposed equal to f(a+).

Let h = f —s. Then h € W, C W,, using Lemma 14 and h(a+) = 0. By
Lemma 26 with p, f and g replaced by r, h and g,, respectively,

b
h dgn| = ~ h(a+)} dgn (@)

<A{2¢(r,q) + 1}V (h; a,0)Vy(gn; a, b)
< MeN = %e.

By (i) the same inequality holds when g, is replaced by g. Using linearity,

b b b
/fdgn | tad] < sign— [ sa]
b b
< / sdgn—/ sdg’ <€

for all n sufficiently large, since by (ii) the theorem holds when f is the step
function s. O

b b
hdg,, 7/ hdg‘ +

OJ\N

+

Remarks. Theorem 28 resembles the Helly-Bray Theorem [8, p. 31] in which
f is continuous and the g, are of uniformly bounded variation. Theorem 29
(below) is a generalization of Theorem 28. The hypothesis that g,(z+) —
g(z+) at the discontinuities of f is essential for both these theorems; this is
shown by the following example.

Let a<c<band ¢, | c Let f(c) # 1, and

fl@)=0 if a<z<c, fl@)=1 if e<z <D,
gn(x) =0 if a<z<cy, gn(x) =1 if ¢, <z <D,
glx)=0 if a<z<e, glx)=1 if c<a<bh.

Then V,(gn;a,b) =1, and g,(z) — g(x) as n — oo because

1 ife<ax<ecy,,
0 otherwise;

M@%@{
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it follows that g(c+) — gn(c+) = 1 # 0. The conclusion of Theorem 28 does
not hold, because by (7), (8) and (9)

b b
[ tdan=tte)»1 bue [ rag=fe £ 1.

Theorem 29. Let p~' +q¢ ' >1,p>1,9q>1, f, € W, and g, € W, on
[a,b]. Let Vp(fn — f;a,b) = 0 as n — oo and Vy(gn;a,b) be bounded. If

fulz) = f(x) for one xz € [a,b],
gn(z) — g(x) for all x € [a,b],
gn(xE) = g(at) at each discontinuity x of f

and also at x = a and b, then

b b
/fndgn%/fdg as n — o0.

ProOOF. By Lemma 13, V,,(f) < V,(f — fn) + Vp(fn) < o0; so f € W,,. Thus
the discontinuities of f are simple and enumerable.
The hypotheses imply that f,(z) — f(z) for all € [a,b]. For let ¢ be

the one value of x at which this happens by hypothesis, and let h,(z) =
fu(x) — f(z). Then, for each z € [a, b],

|hn ()] < [hn(x) = B ()] + | hn(€)| < Vp(hns a,b) + |hn(c)] = 0

as n — o0o; in particular h,(a) — 0. Also h,, € W),
Using Lemma 26,

b
/ I dgn
a

Theorem 28 now gives, as n — 0o

b b b b
/fndgn:/ hndgn+/ fdgn—>/ fdg,
a a a a

as required. O

< ‘/ab{hn(x) —hn(a)}dgn(x)’ - \/abhnm)dgn(x)\

< {QC(Pv q) + Z}Vp(hn)vq(gn) + |hn(a)‘v:1(9n) — 0.
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14 Preparations for the Representation Theorem

Such a theorem was given in [4, pp. 248 and 255] for linear functionals on
a certain subspace of W,,. The subspace excluded all discontinuous (and also
some other) functions. Attempts to admit some discontinuous functions were
made in [5, pp. 8 and 33]. No proper representation of a linear functional,
but only an inequality for it, was achieved in one of these attempts [5, p. 8,
Theorem 1] and the other [5, p. 33, Theorem 20] had little more success. The
latter attempt expressed the linear functional as a refinement version of the
(classical) RS-integral, for a class of (possibly) discontinuous functions in W,
but it too was hampered by the common discontinuity trouble.

In what follows I present such a theorem using the R3S-integral. It is con-
fined to the subspace W (defined at (45) in §15) of W), just as the theorems
mentioned above are but discontinuities are immaterial, and it is a proper rep-
resentation theorem, not just an inequality. It can be regarded as a converse
to Theorem 30 (below), a theorem which is little more than a restatement,
made for motivational purposes, of Theorem 21 and Lemma 26.

For p > 1 and f € W, on [a,b], define

£l = [f(a)] + Vo(f3a,0); (41)

this is known (and easily verified) to be a norm on W,. Also define, for
a < x < b, the Heaviside functions T and z (different from one used in [5]) as
follows.

Zt)=1 if t<x, Z(t)=0 if t>x,

z(t)=1 if t<ux, z(t)=0 if t>ux.

It follows that z(z) =0 < 1 = Z(z).
It is convenient here to use the notation of Banach and Riesz for linear
functionals, rather than modern notation.

(42)

Theorem 30. Ifp ' +q¢ ' >1,p>1,q>1, f€ W, and g € W, on
[a,b], then f € R3S(g). The R®S-integral L(f) = f;fdg has the following
properties, for fized g.

o L is a bounded linear functional on the space W), normed by (41).
o If, for T and z as in (42), g and g are the functions
g(x) = L(x) and g(x)= L(z),

then g and g are simply discontinuous in [a,b] and

9(x) =g(z+) = glat),  g(x) =glz—) =7g(z-).
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PROOF. (i) Linearity of L has been taken for granted throughout this paper.
For boundedness on W,,, Lemma 26 gives, writing K for 2{(p, ¢) + 2 so that
K >1,

b
L] <] [ r@dgta)] + KV, fiab)Vilgiab)

= |f(a)||g(b) — g(a)| + KV, (f;a,0)Vy(g: a,0)

< KVy(g:a,b){|f(a)| + Vo (f:0.b) } = M| f]|

where M denotes the constant K'V,(g;a,b).
(ii) Since T and z are step functions, (40) gives, after some algebra,

b b
a(z) = / Tdg = g(a+) —g(a) and g(x) = / zdg = g(z-) — 9(a).

Let a <z <y < 3(@+b) <b Thena <z <y<2y—xz<band

g € Wy(z,b); so, keeping z fixed,
lg(y+) — gla+)| < Vy(giz+,2y —2) 0 as y—a+ .
Hence g(y+) — g(z+) as y — x+. Thus
_ ~ w30 = i 7 _ B _
gla+) = lim gly) = lim {g(y+) - g(a)} = g(z+) - g(a) = 9(z)

which gives one of the required relations. For another,
b b
gla+) = glet) = lim {gly) - g(y)} = lim_ (/a ydg — /a gdg)
b
= Jm [ @ -ydg= lim {g(y+) ~gly-)}-
fa<zr<y< %(z+b), then y < 2y — x and, as above,
lg(y+) — g(y—)| < Ve(giz+,2y —2) 50 as y—x+ .

Thus g(z+) — g(z+) = 0, another of the required relations.
The other two relations can be proved similarly. O

Definitions. Following [5, §12, p. 29], for p > 1 and f € Wy(a,b), let

1

l
V() =V (Fra0) = i (3 Vo (fizariaa)) " (43)
n=1
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the lower bound being taken for all partitions P of [a,b]. Also let
Sp(f) = 6&,p(f;a,0) =

- <zn{!f<sn+> — sl + | F0) - f(sn)!p}> W

where the summation is taken over the enumerable set of discontinuities s,, of
f, and f(a—) and f(b+) are understood to be f(a) and f(b) respectively. It
is easily shown that &,(f) <V, (f) < V,(f).

Define W, to be the set of functions f in W), for which

S,(f) =V, (), (45)

and let W,_ be the union of all W, with 1 < r < p. It is shown in [5, §12,
p. 32] that, for p > 1,
Wy C Wy CW,. (46)

It can also be shown that W is a closed subspace of W),, by means of theorems
on approximation to functions in W, by step functions [5, Theorems 18 and
19], one of which is quoted below (see Lemma 33).

The definition of Sy(a; 1, k) in (17) is also needed. Repeating it here, it is

the pth root of
h(r)

>

i=h(r—1)+1

l p
Sp(a; 1, k)P = max y : (47)

r=1

where the complex numbers a; are components of the vector a = (a;), and the
maximum is taken for all integer sequences

0=nh(0)<h(l)<h(2)<...<h(l)=k.

This means that the sequence ai,as,...,a; is partitioned into sums in all
possible ways preserving order, and then the pth powers of moduli of the sums
added together.

A minor extension of (47) is to define S,(a;2, k) in the same way except
that the value of h(0) is changed from 0 to 1. It is evident that

Sp(a;2,k) < Sp(a; 1, k). (48)

Lemma 31. Ifp'4¢'=1,p>1,¢g>1, A>0, B>0,k is a positive
integer and b is a complex vector (b;) such that (see (47))
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then there is a vector a = (a;) (real if b is real) such that

Z aibj

0<i<j<k

Sp(a;1,k) <A and > AB/2'*+/a

This is the lemma in [4, p. 249]. It is obviously analogous to a form of
the classical “converse of Hélder’s inequality” and it is, in a similar sense, a
converse of Theorem 17. It has some minor extensions, not needed here, which
allow p~! 4+ ¢~! < 1 and omission of the modulus signs in the final inequality.
In the sixth line of [4, p. 249], ax should be ay.

Lemma 32. If a,, are complex, a; + as + ...+ apm + ams1 = 0, a = (a,),
p >0 and S, is defined as in (47) and (48), then

Sy(a;2,m +1) < 2YPS,(a;1,m).
PRrROOF. By definition S,(a;2,m + 1) is the greatest of the sums

Tm + |am+1‘p7 Tm—l + }am + am+l|p7 T7n—2 + |am—1 + am + am-l»l!py (49)
vy ot lastas+ .ot am|”, Jaz +as 4 am|”,

where T, stands for any sum like the inner sums in (47) but restricted to
as,a3,...,a,. In (49) all the sums which involve a,,41 have been separated
out and written explicitly. Now for 2 <n <m

T, < T, < Sp(a;2,m)? < Sp(a;1,m)?
and consequently S, (a;2,m 4 1)P is at most equal to

Sp(a;l,m)p+maX{|am+1|p7 |am + am1|”, |am—1+ am + amy1|",

ey |a3+...+am+1‘p, {a2—|—a3+...+am+1‘p}

:Sp(a;l,m)p+max{|a1 +az+...+aml’, lartaz+ .. +am|”,

‘a1+a2+...+am,2’p, e ’a1+a2’p, ’al‘p}
S Sp(a;17m)p + Sp(a;17m)p'

The stated inequality follows from this. O
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Lemma 33. Ifp > 1 and f € W then, given € > 0 there is a step function
s such that
Vp(f —s) <e. (50)
Further, there is a partition P(e) such that, for all P D P(¢) and all P*
associated with P as in §11, the step function s given by

S(xn) = f(xn) and S(l‘) = f(gn) Jor w1 <x<Ty,
satisfies (50)
This is [5, p. 30, Theorem 18] with one difference, that the associated
points &, of P* are confined to the open interval (z,_1, 2, ); this simply omits

a little of what is proved in [5]. There is a converse [5, p. 32, Theorem 19],
but it is not needed here.

15 A Riesz-type Representation Theorem

Theorem 34. Ifp~' +q¢ ' =1, p > 1, L is a bounded linear functional on
Wy (a,b) normed as in (41), T and z are the Heaviside functions in (42), and
the functions g and g defined by

g(z) = L(x) and g(r)= L(z) (51)

satisfy the equations
g(z) = 3{g(z+) + g(z+)} for a<x<b
and (52)
g(z) = %{y(x—) +g(x—)} for a<ax<b,

then there is g € Wy such that L(f) = (R*S) [ fdg for all f € W .

Proor. I prove first that g and g are in W,. This ensures that they are
simply discontinuous, so that equations (52) have meaning.

(i) Suppose that g ¢ W,. Let M be a bound of L on Wj. There is a
partition P such that

l
Z‘g(xn) _g(xnfl)‘q > 23q+1Mq .

n=1

Taking b,, A and B in Lemma 31 as g(z,,) — g(xn_1), 1 and 23+1/9M respec-
tively, there is a = (a,,) such that S,(a;1,1) <1 and

> ai{gle;) —glz;—1)}| > 4M.

0<i<j<l
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Writing A; = 25:1 a; this gives, since each 7; € W, C W, by (46),

4M < ‘zl: Aj{g(z;) — ?(%‘—1)}’

Jj=1

l l
= ’L(ZAJ'(@ *fj—l))‘ < MHZAJ'(@ —7j1) ’ ;o (53)
Jj=1 j=1
this leads to the contradiction
l
1<V, (Y As(@ - 7)) = Syl 1) < 1. (54)
=1

The middle equality in (54) holds because Z; —T;_1 is the characteristic func-
tion of (xj_1,x;], so that the linear combination of these in (53) is the step
function which has jumps a; at 2;_q for j = 1,2,...,1. The contradiction (54)
proves that g € W,,.

(ii) A proof that g € W, is exactly like (i) as far as (53), the function
occurring in (53) being replaced, on account of (51), by

Now z; — x;_; is the characteristic function of [z;_1, ), so this linear com-

bination is the step function with jumps ag at z1, as at za, ..., a; at x;_;. It
has no jump at xg, but as the other end-point z; is approached it jumps from
Aj; to 0. Denoting this last jump —A; by a;41,

ar+ar+...+a+a4+1=0.
Instead of (53) and (54) I now have, using (41) and Lemma 32,

l
1< + (3 Ay (2, —2,0))
j=1
= la1| + Sp(a; 2,1+ 1)
< la1] + 2478, (a;1,1)
< (1 +21/7) 8, (a1, 1)

< M/P g ol/p — o1H1/P 4y
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This contradiction shows that g € W,.
(iii) Given f € W, and € > 0, Lemma 33 provides a partition P(e/M) such
that V,(f —s) < ¢/M whenever s is the step function

l

l
§= Z f(xn)(fn - Qn) + Z f(fn)(@n _En—l) )

n=1

Tp—1 < &, < x, for each n, and the partition P is a refinement of P(e/M).
By (51),

l

l
L(S) = Z f(xn){ﬁ(xn) - Q(xn)} + Z f(fn){g(xn) - Q(xn—l)} . (55)

n=0
Define g by g(a) = g(a), g(b) = g(b), and
g(z) = H{g(z) + g(z)} for a <z <b. (56)

Then g € W, by (i) and (ii); and by (52)

g(z+) =g(x) for a <z <b,
(x) for a <z <b.
These with (55) give

L(s) =f(a){g(a+) — gla)} + f(b){g(b) — g(b-)}

-1

l
+ Z f(zn){g($n+) - g(znf)} + Z f(fn){g(l“n*) - g(:cn—1+)}

n=1

which is equal to S(P*) in the notation of (7) and (8). Thus

[L(f) = S(P)| = [L(f = 5)| < M||f = sll = MV,,(f — ) <e¢
whenever P O P(e/M) and P* is associated with P. So by (9) and (10),
f € R3S(g) and L(f) is the value of the R3S-integral. O

Remark. By (56) and (51),
g(x) = L{é(i—i—@)}: L(h) for a<xz<b,

where h is the Heaviside function

h(t)=1 fort <z, h(z)=3%, h(t)=0 fort>uz.
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