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ON SOME PROPERTIES OF
QUASI-UNIFORM CONVERGENCE AND

QUASI-CONTINUOUS FUNCTIONS

Abstract

In this note some properties of the quasi-uniform convergence of [9]
are studied and related to the quasi-continuous functions of [5] (in terms
of the entourages [1]). Then, quasi-uniform convergence is investigated
as a convergence structure in the sense of [6].

Also, quasi-uniform and quasi-normal convergences of sequences of
real-valued functions from [2], [3] are compared.

1 Introduction

Trying to explain when a limit of a sequence of quasi-continuous functions is
quasi-continuous, Irena Domnik [5] used a type of quasi-uniform convergence
introduced by Maria Predoi in [9].

Because the uniform structure can be defined in terms of a family of pseudo-
metrics on the space [6] (Theorem 20.11, 20.13) and quasi-continuity can be
characterized with a real valued function of the oscillation type (Theorem
1, [5]), in [5] one considered a family of pseudo-metrics to obtain results in
uniform spaces.

We shall now present some of the major results in terms of the uniformity,
where we have used entourages.

On the other hand, in [4] it is shown that the set of all real valued functions
defined on topological space X endowed with PrQU convergence is an L-space
(in the sense of [7]), but this is not true for any of the ArQU, GaQU and
SPQU convergences.

We shall present and investigate PrQU convergence as a convergence struc-
ture in a more general situation. We will prove that the quasi-uniform con-
vergence of [9] is a topological convergence in the sense of [6].

In the final part of the work we compare this with quasi-normal convergence
introduced in [2],[3].
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2 Sequences of quasi-continuous functions

At first we will present definitions which we will use.

Definition 2.1. [5] Let X be topological space. A set A ⊂ X is said to be
semi-open if A ⊂ IntA. A set A ⊂ X is called semi-neighbourhood of a
point x0 ∈ X if A is semi-open set and x0 ∈ A.

Definition 2.2. Let X be a topological space and let Y be a uniform space
with a family P of pseudo-metrics. A function f : X → Y is said to be quasi-
continuous at a point x0 ∈ X if for every ε > 0 and every pseudo-metric
d ∈ P there exists a semi-neighbourhood C of the point x0 such that, for every
point x ∈ C,

d(f(x0), f(x)) < ε

We now state the following theorem relative to the quasi-continuity in terms
of entourages ([1], pg. 169).

Theorem 2.1. Let X be a topological space and let (Y,U) be a uniform space.
A function f : X → Y is quasi-continuous at a point x0 ∈ X iff for every
U ∈ U there exists a semi-neighbourhood C of the point x0 such that, for every
x ∈ C,

(f(x), f(x0)) ∈ U

Proof. For the uniformity U there exists an augmented associated fam-
ily P of pseudo-metrics. The family {U(d, ε); d ∈ P, ε > 0}, where U(d, ε) =
{(x, y) : d(x, y) < ε} is a base for U . (see [6],[8]) Let U be an arbitrary element
of U . Then there exists d ∈ P and ε > 0 such that U ⊃ U(d, ε).

If the function f is quasi-continuous at x0 ∈ X, according to Definition 2.2,
the pair d, ε determines a semi-neighbourhood C of the point x0, such that,
for every point x ∈ C, d (f(x0), f(x)) < ε. This is equivalent to (f(x0), f(x)) ∈
U(d, ε) hence (f(x0), f(x)) ∈ U for every point x ∈ C. Thus quasi-continuity
implies the condition of the theorem.

If the condition of the theorem is satisfied, for ε > 0 and d ∈ P, there
exists a semi-neighbourhood C of the point x0 such that

(f(x0), f(x)) ∈ U(d, ε), for every x ∈ C,

because U(d, ε) ∈ U . This means that d (f(x0), f(x)) < ε, for every x ∈ C, so
that f is quasi-continuous at x0.

With the help of the preceding theorem we show now that the limit of
a quasi-uniformly convergent net of quasi-continuous functions is quasi-
continuous.
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Definition 2.3. [9] Let F be the set of all functions defined on topological
space X with the values in the uniform space (Y,U). Let (A,≤) be a directed
set, π : A → F a net of functions, π(a) = fa. The net π is called quasi-
uniformly convergent to the function f : X → Y if for every point x0 ∈ X
and U ∈ U there exists a0 ∈ A such that for every a ∈ A, a0 ≤ a, there is a
neighbourhood V of the point x0 with the property (fa(x), f(x)) ∈ U , for every
point x ∈ V .

Theorem 2.2. If the net π of quasi-continuous functions is quasi-uniformly
convergent to a function f , then f is quasi-continuous.

Proof. Let x0 ∈ X and U ∈ U . Let U ′ ∈ U be a symmetric entourage
such that U ′ ◦ U ′ ◦ U ′ ⊂ U . Since the net π quasi-uniformly converges to the
function f , for U ′ there exists a0 ∈ A such that for every a ∈ A, a0 ≤ a, we
can find the neighbourhood V of the point x0 with the property:

(fa(x), f(x)) ∈ U ′, for every point x ∈ V. (1)

As a consequence,

(fa(x0), f(x0)) ∈ U ′. (2)

Let a ∈ A, a0 ≤ a fixed. From the assumption the function fa is quasi-
continuous at the point x0, so for U ′ there exists a semi-neighbourhood C ′ of
the point x0 with the property:

(fa(x), fa(x0)) ∈ U ′, for all points x ∈ C ′. (3)

If C = V ∩ C ′, obviously, C is a semi-neighbourhood of the point x0 and
according to (1), (2), (3), for every x ∈ C, we have:

(f(x), f(x0)) ∈ U ′ ◦ U ′ ◦ U ′ ⊂ U

As a consequence, the condition (f(x), f(x0)) ∈ U , for every x ∈ C is
satisfied.

According to the above theorem, this means that the function f is quasi-
continuous at the point x0 and the proof is completed.

Remark 2.1. From the above theorem we can deduce Theorem 2 and Corollary
3 of [5].



794 Mihaela Racilă

3 Some convergence structure

We will prove now that the quasi-uniform convergence from [9] is equivalent
to a topological structure in the sense of [6].

Theorem 3.1. The quasi-uniform convergence on F (introduced by definition
2.3) is a topological convergence, i.e. it satisfies the following conditions:

[c1] For each f ∈ F and for each directed set (A,≤), if π : A→ {f} then π
converge quasi-uniformly to the function f ;

[c2] If π : A → F is a net which converge quasi-uniformly to the function
f ∈ F , then each subnet of π converge quasi-uniformly to f ;

[c3] If π : A→ F is a net which is not quasi-uniformly convergent to f ∈ F ,
then there exists a subnet of π such that none of its subnets converges
quasi-uniformly to f .

[c4] Let π : D → F , π(m) = fm, be a net which converges quasi-uniformly
to f ∈ F . For every m ∈ D, let πm : Em → F , πm(n) = fmn, be a net
which converges quasi-uniformly to fm. If D̃ = D ××

m∈D
Em is endowed

with the product order and π̃ : D̃ → F is the diagonal subnet (in the
sense of [6]) defined by

π̃(m,ϕ) = πm (ϕ(m)) = fmϕ(m),

then π̃ converges quasi-uniformly to f .

Proof.

[c1] is trivial.
[c2] Let π : A→ F , π(a) = fa, be a net which converges quasi-uniformly

to f ∈ F . Let (B,≤) be a directed set, h : B → A a Kelley’s application and
π ◦ h : B → F a subnet of π. We show that π ◦ h converges quasi-uniformly
to f ∈ F . Let U ∈ U and x0 ∈ X. Since π converges quasi-uniformly to
f , there exists a0 ∈ A such that for every a0 ∈ A, a0 ≤ a, one can find a
neighbourhood Va of the point x0 with the property

(fa(x), f(x)) ∈ U, for every x ∈ Va

But h : B → A is a Kelley’s application, i.e. for any a0 ∈ A (as before)
there exists b0 ∈ B such that b0 ≤ b implies a0 ≤ h(b).
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Now from h(b) ∈ A and a0 ≤ h(b) it follows that there exists a neighbour-
hood Vh(b) of the point x0 such that(

fh(b)(x), f(x)
)
∈ U, for every x ∈ Vh(b) .

Hence the subnet π ◦ h converges quasi-uniformly to f .
[c3] We suppose that the net π : A → F , π(a) = fa, is not quasi-

uniformly convergent to f . It follows that there exists x1 ∈ X, U1 ∈ U
and a cofinal subset A1 ⊂ A with the property that for every neighbourhood
V of the point x1 there exists x ∈ V such that

(fa1(x), f(x)) 6∈ U1, a1 ∈ A1 .

Obviously, {fa}a∈A1 is a subnet of π with the property that each of its
subnet is not quasi-uniformly convergent to f .

[c4] Let U ∈ U , x0 ∈ X, be arbitrary and U1 ∈ U be a symmetric
entourage such that U1◦U1 ⊂ U . Since the net π is quasi-uniformly convergent
to f , for U1 ∈ U and x0 ∈ X there exists m0 ∈ D such that for each m ≥ m0

there exists a neighbourhood V ′m of the point x0 such that

(fm(x), f(x)) ∈ U1, for every x ∈ V ′m . (4)

For m ≥ m0, since πm is quasi-uniformly convergent to fm, there exists
ϕ0(m) ∈ Em such that for each n ∈ Em, n ≥ ϕ0(m) there exists a neighbour-
hood Vn of the point x0 such that

(fmn(x), fm(x)) ∈ U1, for every x ∈ Vn . (5)

If m ≤ m0, let ϕ0(m) ∈ Em be arbitrary. Therefore, (m0, ϕ0) ∈ D̃. If
(m,ϕ) ≥ (m0, ϕ0) it follows m ≥ m0 and ϕ ≥ ϕ0.

For m ≥ m0, the condition (4) is satisfied and ϕ ≥ ϕ0 implies
ϕ(m) ≥ ϕ0(m).

According to (5), there exists a neighbourhood V ′′m of the point x0 such
that (

fmϕ(m)(x), fm(x)
)
∈ U1, for every x ∈ V ′′m . (6)

Then Vm = V ′m ∩ V ′′m is a neighbourhood of the point x0 and for every
x ∈ Vm, according to (4) and (6), we have(

fmϕ(m)(x), f(x)
)
∈ U1, ◦U1 ⊂ U . (7)

This proves that π̃ is quasi-uniformly convergent to f and the proof is
finished.
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4 Quasi-uniform and quasi-normal convergences of se-
quences of real-valued functions

Definition 4.1. [2],[3] Let fn, f, n = 0, 1, 2, . . . be real-valued functions de-
fined on a set X. We shall say that the sequence {fn}n∈N converges quasi-
normally to f on X, if there is a sequence {εn}∞n=0 of non-negative reals
converging to zero such that for every x ∈ X there is an index kx such that

|fn(x)− f(x)| ≤ εn

for every n ≥ kx.

Remark 4.1. If X is a topological space and fn, f, n = 0, 1, 2, . . . are
real-valued functions defined on X, according to definition 2.3, the sequence
{fn}n∈N converges quasi-uniformly to f on X if for every x0 ∈ X and ε > 0
there exists n0 ∈ N such that for every n ≥ n0 there is a neighbourhood Vn of
the point x0 with the property

|fn(x)− f(x)| < ε

for every point x ∈ Vn.

Remark 4.2. According to [2],[9], the quasi-uniform convergence, but also the
quasi-normal convergence imply pointwise convergence, and both are implied
by the uniform convergence.

However, neither quasi-uniform convergence nor the quasi-normal conver-
gence implies the other. Some simple examples show this.

Example 4.1. Let fn(x) = xn for x ∈ [0, 1] and f(x) = 0 for x ∈ [0, 1),
f(1) = 1. Then {fn}n∈N converges quasi-normally to f on [0, 1] but not
quasi-uniformly.

Example 4.2. The sequence {gm}m∈N of continuous functions on R from [2],
example 1.7., converges pointwise to a continuous function (zero) on R, but
does not quasi-normally. According to [9], the sequence {gm}m∈N converges
quasi-uniformly to zero on R.

Example 4.3. Let fn(x) = xn and f(x) = 0 for x ∈ (0, 1), n ∈ N . Then
{fn}n∈N converges quasi-normally and quasi-uniformly to f on (0, 1).

Example 4.4. The sequence {fn}n∈N of continuous functions on R from [2],
example 1.4., converges pointwise to f on R, but not quasi-normally. Since f
is not continuous, it follows that {fn}n∈N does not converge quasi-uniformly.
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Remark 4.3. If X is a QN-space in the sense of [3], then the quasi-uniform,
quasi-normal and pointwise convergence coincide in C(X).

Further, in order to compare the quasi-uniform and quasi-normal conver-
gence, we can easily see that these two coincide in C(X) if and only if X is a
QN-space.
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