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A GENERALIZATION OF A RESULT DUE
TO HAVIN AND MAZYA

Abstract

In this short note we give a direct proof of a generalization of a stan-
dard result due to Havin and Mazya which relates the Bessel capacity
of a set to its Hausdorff dimension.

Let LE(RY) = {f : f = Ga*g, g € LP(R)}, a € R, p > 1, be the space of
Bessel potentials, with norm || f||o,p = [|g]l,- Here Gy, is the Bessel kernel, i.e.,
the inverse Fourier transform of the function Gy (€) = (1 + [€[2)*/2.

The Bessel capacity of a set £ C R is defined as

Bap =inf{||f[h,:p>1on E}

The relation between capacity and Hausdorff dimension is given by the fol-
lowing result due to Havin and Mazya [2]:

Theorem 1. Let E C R? be a Borel set. If p > 1, ap < d, then
B p(E) = 0= HTPT(E) =0, for every e >0

In this note we generalize the preceding result in the case of " mixed-norm”
capacities to be defined as follows:

Let LP1P2(R% x R9), p; > 1, pp > 1 be the space of all functions with
finite || - ||p,,p, norm, where

p2/p1 1/p2
ol = (| (/ g(xl,xmwzl) d»
Rd2 Rd1

For a > 0, define the space

L7 (R x R®) = {f : f = Ga *g, g € L7 (R x R™)}
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with norm || flla,p,,po = [19lp1 po-
The mixed-norm capacity of E C R? = R% x R?% is defined as

B%Pl,pz(E) = 1nf{Hf||p2 : f Z 1on E}

@,p1,P2

Theorem 2. Let E C R = R% x R?% pe g Borel set.
If p1 < p2 and dy + di B2 — poa > 0 then

Ba,pl,pg (E) —0= Hd2+d1%_P2a+E(E) =0, fO’f‘ every € > 0.

If po < p1 and dy +d2% —pra >0 then

Boprpa () =0= Hdl+d2%7pla+e(E) =0, for every e > 0.

PrOOF. Without loss of generality we may assume that £ C [0,1]%. Let p
be a finite measure supported on E, and let v be a non-negative C2° function
such that v > 1 on E. Then

W(E) < [ u(e)duta)
- /Ga x D%u(x)dp(x)

= [D*uty) [ Gate ~ y)duta)ay
< N ullaspy p2 |G * pll g1 g0

where ¢1,¢2 are the conjugate exponents of pi,ps respectively, and D%u is
the fractional derivative operator acting on u, defined as the inverse Fourier
transform of the function (1 + |£]?)*/2a(¢).

For each n > 0 we subdivide R? into disjoint dyadic cubes of side 27, so
that each cube of side 27* is split into 2¢ cubes of side 2= (+1) If  is such a
dyadic cube then (@) denotes its side length and @ the cube with the same
center as ) and side length 31(Q).

Let

a—d :
7@ = {|x| L if0<al <1,
0, if |x| > 1.

It follows from the properties of the Bessel kernel (see, e.g., [1]) that there
exist constants @ and A such that

Golz) < Al(z), 0< |z| <1



A GENERALIZATION OF A RESULT DUE TO HAVIN AND MAZYA

and
Golz) < Ae™ol 2| >1

Therefore

”Ga */’6||Q17!Z2

a2 1

< / </ (fa * M(.’El,$2))q1d$1> " dxo
Rd2 R41
q % a2
+ / (/ (/ ea|(m1’m2)ydu(y)> dﬁUl) dzo
RP2 \JR4 \J|(z1,22)—y[>1

=B+ B
B’ is easy to estimate. By Minkowski’s inequality for integrals we have

1/q2

q2/q1
B S/ / (/ ea41|($1,w2)ydx1> dws d,u(y)
Rd R42 R4
. L q2/q1 /a2
S M(E) / e—ﬁaqﬂﬂcﬂde (/ e_\/’f’aqlxldl'l) < 00
R42 R4

On the other hand

T« (o) / dp(y)

z—y|<1 |.T - y|d_a

R du(y)
; ,;)/2 y|i-e

(n+1) <|g—y|<2—7 |!L‘ -

<y 2y (B(z,27))
n=0

<y l(gﬁﬁam(w)

)<t
[e%e] 1/171 ~ 1/111
< ~op1(nt1) _ @
S (X)) (3 e
n=0 Q<1

Where 6 is a positive number.

365

Let mp : RN x R9%2 — R% be the usual projection m(z1,22) = 2. Also,

let 5:d2—|—d1%f—p2a and t = d; +d2§—;—p1a.
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Suppose that p; < py and that H5T¢(E) > 0 for some ¢ > 0. Then there
exists a nontrivial finite measure p supported on F such that u(B(z,r)) < r$te
for all x € R?, r > 0. It follows that

_ q2/q
B? = /d </d (1o *p(ml,xg))qldm) dxo
R22 R21

a2/a1
c Qo d
= /]Rdz <l(QZ)S1 Z(Q)Q1(d—a+6) (@)™ x 2(@)(1‘2) T2

<C Z w(Q)*

d—a+té)—d 2 4
(Q)<1 I(Q)qQ( T dig

oo

—C Z 2n(q2(d—a+5)—d1%—d2) Z M(@)M(@)%—l
n=0 1(Q)=2—"

00 2n(q2(d7a+5)7dlg—f7d2)

SCuE) Y

n=0

on(@—1)(5+9) <o

provided that § has been chosen so that pad < e.

Now suppose that po < p; and that H!T¢(E) > 0 for some € > 0. Then,
as above, there exists a nontrivial finite measure supported on E such that
w(B(z,7)) < rtte for all # € R r > 0. It follows that

(@)ql q2/q1 q1/q2
B® gc( /R ( > WZ(Q)dlxm(Q)(mz)) df’f?)

H(Q)<1

<C Z w(Q)"

1(d— §)—do L —d,
N Q)i

-C Z 2n(£]1 (d7a+5)*d2%7d1) Z u(@)u(@)ql_l
n=0 1(Q)=2—"

00 2n(q1(d7a+5)7d2%7d1)

SCuE)Y

n=0

eI <00

provided that p1d < e.

It follows that p(E) S ||u|la,py.ps- By assumption, By p, p, (F) = 0. There-
fore p(F) = 0 which is a contradiction. O
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