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ON SMALL SUBSETS OF THE SPACE OF
DARBOUX FUNCTIONS

Abstract

We prove that the set F of all bounded functionally connected func-
tions is boundary in the space of all bounded Darboux functions (with
the metric of uniform convergence). Next we prove that the set of
bounded upper (lower)semi-continuous Darboux functions and the set of
all bounded quasi-continuous functionally connected functions is porous
at each point of the space F.

Since 1875, when Darboux functions were defined, many papers have ap-
peared about their properties. Proofs of many properties of real Darboux
functions of real variables are very important, because the family of Darboux
functions includes many important classes of functions; for example, continu-
ous functions and functionally connected functions. (See the next page for the
definition.) Mutual inclusions among several families of Darboux-like functions
inspired questions concerning the size of particular sets in spaces of functions.
One of the questions is how strong the inclusions are. Similar issues have
already been considered in a great number of papers such as [4], [5] and [6].
In [3] Jedrzejewski noticed that each continuous function is functionally con-
nected and each functionally connected function is a Darboux function. It is
not difficult to show that there exists a discontinuous, functionally connected
function and there exists a Darboux function which is not functionally con-
nected. Moreover, it turns out that in the space of bounded Darboux functions
(with the metric of uniform convergence) the set of bounded functionally con-
nected functions is boundary (its complement is a dense set) and in the space
of bounded functionally connected functions the set of bounded upper (lower)

Key Words: Darboux function; functionally connected function; quasi-continuous func-
tion; porosity.

Mathematical Reviews subject classification: 26A21, 26A24

Received by the editors January 21, 1999

343



344 JoaNNA KUCNER, RYSZARD J. PAWLAK AND BOZENA S,WI@TEK

semi-continuous functions is porous at each point of this space. We shall also
show that bounded quasi-continuous functionally connected functions form a
porous set in the space of bounded functionally connected functions.

We use the following symbols and notion.

If (X,d) is a metric space, then B(x,r) denotes the open ball with cen-
ter at x and radius r > 0. Let M C X, z € X, R > 0. Then ~(x, R, M)
denotes the supremum of the set of all » > 0 for which there exists z €

X such that B(z,r) € B(z,R) \ M. The set M is called porous at x if

; (=, R,M)
hmsupR_,O+ R > 0.

The cardinality of R is denoted by c¢. Let T'(f) denote the graph of a
function f: R — R.

We say that a function f : R — R is a Darboux function if an image of
each interval is a connected set. By D we denote a set of all bounded Darboux
functions f : R — R.

By C; (C;) we mean the set of all bounded upper (lower) semi-continuous
Darboux functions f : R — R. Let C denote the set of all bounded continuous
functions f : R — R and let DB; denote the set of all bounded Darboux Baire
1 functions f: R — R.

We say that a function f: R — R is functionally connected if for each
a,b € Rya < b and for each continuous function g : [a,b] — R such that
(f(a)—g(a))(f(b)—g(b)) < 0 there exists x € (a,b) such that f(x) = g(x). By
F we mean the set of all bounded functionally connected functions f : R — R.

The following characterization of functionally connected functions will be
useful in the further consideration.

Theorem. ([4][Theorem I1.2]) A function f : R — R is a functionally con-
nected iff for an arbitrary continuous function g : R — R function f + g is a
Darbouz one.

Then (from this Theorem and Theorem I1.3.2 from [1])

C; cDB, CF andC’l* c DBy C F.

A function f: R — R is quasi-continuous at zq if for each € > 0 and § > 0
there exists an open set U C (zg — d, zo + 0) such that f(U) C
(f(xo) — e, f(xg) +€). If the function f is quasi-continuous at each point, we
say that f is quasi-continuous. By Q we denote a set of all bounded quasi-
continuous functions f: R — R. Let Q* = QN F.

By p we denote the metric of uniform convergence.

Theorem 1. The set F is boundary in the space D.
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PROOF. Let f € D and let £ > 0. We shall show that there exists g € B(f,¢)\
F. First, let us suppose that f is not a constant function . There are points a
and b such that f(a) # f(b). For example assume f(a) < f(b). Let N > 3 be
such that W < g Let f(a) =po <p1 <p2<..<pn-1<pn=[f(b)
be points such that

Di — Die1 = W fori=1,2,...,N and

[f(a), f(D)] = [po,p1] U [p1,p2] U ... U [pn—1,PN]-
Obviously, for all ¢ € {1,2,...N}
f|[7a1b] (pi—1,pi) is a c-dense-in-itself set. (1)

So, there exist sets FS), a < ¢, such that flfalb (Pi—1,75) = Upce Féi), where

sets F,g ), a < ¢, are pairwise disjoint and dense in fl (p2 1,D:). Let F; =

{FS ra<c}fori=1,2,...N.
Let

& 2 F1— [po, 2],
& Fi — [pi—2,pit1) (1€4{2,...,N —1}),
v Fn — [pn—2,DPN]

be bijections. Let g* : R — R be defined by

flx) if 2 ¢ (a,b);
f(z) if z € (a,b) and

f(x) € (=00, f(a)) U (f(b), +00) U{pi : i =0,1,..., N};
&G(K) ifrxeKeF,i=12,..,N.

g (z) =

We define a function g : R — R as follows.

g*(z) ifz ¢ (a,b) orif z € (a,b) and g*(z) # I(z);
Di if x € (a,b), g*(x) =l(x)
and g*(z) € (pi—1,pi),t1 =1,2,...,N;
9(x) = {pi-1  ifz € (a,b), g*(z) = l(z) = pi
and f(x) <p; (i=1,2,...,N);
pit1 itz €(ab), g%(z) =l(z) = p;
and f(z) >p; (i=0,1,...., N —1).
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where [ is a linear function such that I(a) = f(a) and I(b) = f(b).

First note that for an arbitrary ¢ € {1,2,..., N} and for an arbitrary non-
degenerate interval I C R

In f|[_a17b] (Pie1,0) 20 = Vace oyt 1,20 € INFD, (2)

((2) follows from (1) and the fact that F{Y is dense in fﬁalb] (pi—1,pi) for each

a < ¢.) We will show that for an arbitrary nondegenerate interval I C R and
for an arbitrary ¢ € {2,3,...,N — 1}
In f[al,b] (Pi—1,p:) #0 = g(IN f\[_a{b] (Pi-1,pi)) D [Pi-2, Pit1]- (3)
Let i € {2,3,..., N — 1} be fixed and let I be a nondegenerate interval such
that 1N f‘[_a{b] (pi-1,pi) # 0. Let yo € [pi—2,piy1]. Then yo € &(F;). So, there
exists & < ¢ such that yy = fi(Fo(f)). By (2) there exists x1,22 € I N o
such that x1 # x3. Then g*(x1) = &-(Fg)) = g*(x2). Hence g*(z1) # l(z1)
or g*(zg) # I(x2). For example, assume g*(x1) # I(z1). Obviously z1 € (a,b).
Hence g(z1) = g*(z1) = fi(FO(f)) = yp. So yo € g(I) finishing the proof of (3) .
In the analogous way we can show that for an arbitrary nondegenerate
interval I C R

In fH_al,b] (po, 1) # 0 = g(Iﬂf‘[_a{b] (Po,P1)) D [po, p2] (4)
and

Imfl[_a{b] (pN—lva) #@ig([ﬂf‘[_a{b] (pN—17pN)) D) [pN_27pN]. (5)
Now, we will show that
Ji[a,p) s a Darboux function . (6)

Let I C [a,b] be a nondegenerate interval. Then there are two possible cases.
1. I CA{z € [a,b] : f(z) < f(a) or f(z) > f(b)}. Then I C (a,b) and
g(I) = f(I) is a connected set since f is a Darboux function.
2. In{z €a,b]: f(z) € [f(a), F(O)]} # 0.
Let 44 = min{s € {1,2,...,N} : I N f‘[_a{b](pi_l,pi) # 0} and ip = max{i €
{1,2,...,N} : In f[alb](pi—l’pi) # (}. Obviously i1 < is. Moreover for all

1 E {il,...,ig} )
In f\ihb] (piflapi) 7’é 0. (7)
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Consider the four following subcases.
2a. I C{z € a,b]: f(z) € [f(a), (D]}
Then from the fact that f is a Darboux function and from the definition
of 41,12 we can infer that I C Uz"’:“ fl[_alb] [pi—1, pi]. Hence
i

g"(I) C U 9*(f|fa1,b] (pi—1,p:)) U U 9*(f|fa1,b] {pi}) =

i=iy i=ir—1
UsrUFru U wt=UaE v U o= U a@&),
1=11 a<c =11 —1 =11 =11 —1 1=11
SO )
g (N c &) (8)

And again, consider the following subcases.
1. i1 >2, ig <N —1.

In that case from (8) and the definition of &;, i € {2,..., N — 1}, it follows
that

g"(I) C [pi,—2, pir 1. 9)
Now, we will show that
9(1) = [pi,—2, Piz+1]- (10)
Indeed, by (7), (3) and the definition of i; and 43, we have
12
g(I) > U [pi—2: piv1] = [piy—2, Pist1].

i=11

We will prove that g(I) C [pi;—2,Pi,+1]- Let yo € g(I). Then there exists
xo € I such that yo = g(zo).
The following cases are possible.

- If g*(wo) # (z0), then g(wo) = g*(20) € [pi; 2, Piy+1] (by (9)).

- If g*(zo) = l(xo) and there exists iy € {i1 — 1,...,42 + 1} such that
9" (w0) € (Pig—1,Pi,) (by (9)), then g(x0) = piy € [Pi,—1,Pir+1] C [Pir—2, Pirt1]-

- If g*(x9) = Il(zo) and there exists ig € {i1 — 2,...,i2 + 1} such that
g*(z0) = piy (by (9)) and f(xo) < piy, then ig > i1 — 2. (If ig = i1 — 2,
f(z0) < piy = Piy—2 < Pi;—1, which contradicts the definition of 41 and the
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fact that f is a Darboux function.) Hence g(zo) = pio—1 € [Pi;—2:Dis] C
[piy—2, Pis41]-

- If g*(zo) = Il(xo) and there exists ig € {i1 — 2,...,92 + 1} such that
g*(fﬂo) = Di, (by (9)) and f(l’()) > Digs then g < 19 + 1. (If g = 1o + 1,
f(zo) > piy = Pis+1 > Diy, which contradicts the definition of iy and the
fact that f is a Darboux function.) Hence ¢g(x0) = pig+1 € [Piy—1:Dis+1] C

[piy—2, Pis+1]-

The proof of (10) is now complete. So g(I) is a connected set.
2. i =1,is <N — 1.

Note that from (9) and the definition of &;, i € {1,..., N — 1}, it follows
that

g"(I) C [po; pir+1]- (11)
Now we will show that

9(I) = [po; Piz+1]- (12)
Indeed, by (7), (3) and (4) and the definition of #; and iz, we have

9(I) > [po, p2] U O[pFQapiJrl] = [po, Piy1]-
i=2

We will prove that g(I) C [po,pip+1]- Let yo € g(I). Then there exists z¢ € I
such that yo = g(xo).
There are possible the following cases.

- If g*(wo) # (z0), then g(wo) = g*(x0) € [P0, Pir+1]-

- If g*(x0) = l(zp) and there exists ig € {1,...,92 + 1} such that g*(zg) €
(Pio—1,Pio) (by (11)), then g(zo) = pi, € [p1,Pir+1] C [P0, Pir+1]-

- If g*(zo) = I(x0) and there exists ig € {0, ..,42+ 1} such that g*(z¢) = p;,
(by (11)) and f(zo) < pi,, then io > 0. (If ip = 0, f(z0) < pi, = po = f(a),
which contradicts the assumption 2a. and the fact that f is a Darboux func-

tion.) Hence g(x0) = pio—1 € [Pi,—1,Pis] C [P0s Pig+1)-

- If g*(x0) = l(x¢) and there exists ig € {0, ..., i2+1} such that g*(z¢) = p;,
(by (11)) and f(20) = piy, then ig <io+1. (Ifig = i2+1, f(x0) = Piy = Pir+1,
which contradicts the definition of 49 and the fact that f is Darboux function.)
Hence g(z0) = pig+1 € [Piy—1,Pio+1] = [P0s Pis+1].

The proof of (12) is now complete. So g(I) is a connected set.
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3. In the way similar to the previous cases we can show that for i; > 1,13 = N
we have g(I) = [pi,—2,pn] and for iy = 1, i = N we have g(I) = [po, pn], so
g(I) is a connected set in these cases.

2b. I C{x€la,b]: f(z)< f(b)} and IN{x € [a,b] : f(z) < f(a)} # 0.
From the fact f is a Darboux function it follows that i; = 1. Then, by (7),
(3) and (4), we have

g(I 0 f7 [ f(a), f(B)]) D U Q(Iﬂf\fa{b] (Pi-1,Pi)) 2 [P0 Pint1]-

i=1

In a way analogous to case (2) we can show that

g(In 71 f(a), F(B)]) C [po, pirs1),

gI N fHf(a), f(B)]) = [pos Pis+1]-

Let m = inf{f(z): x € I'}. Then, by our assumption, m < f(a).
Moreover (by the fact that f is a Darboux function, the definition of m and
the assumption of 2).

fIN{e: f@) < fa)}) = { e i maHD

So,

g(I) = g(In{x: f(x) € [f(a), FOIN UgIN{z: f(z) < f(a)})
= [f(@), P UFI N {z: f(x) < f(a)})
_ {[f(a»pw] Ulm, f(a) = [m,pia] i m € F(1),
[£(@), pigs1] U (m, £(@) = (mspigsa] i m & (D).

Hence ¢([I) is an interval, so it is a connected set.

2c. IC{z€lab]: f(z)> fla)} and IN{z € [a,b] : f(z)> f(O)} £ D
2d. INn{z € a,b]: f(z) < f(a)} #0and IN{z € [a,b] : f(z) > f(b)} #0.
These cases are analogous to the previous ones. The proof of (6) is thus

complete.

From condition (6) and the fact that 9(—o0,a] = fl(=o0,a] a0 G|jp 4o0) =
filb,+oc) are Darboux functions, it follows that g is a Darboux function ([7],
Lemma 1). We will show that

g¢ F. (13)
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Suppose that g € F. Then g — ! € D (Theorem I1.2 from [4]). Note that

0¢ (9—1(ab). (14)

Indeed, if 0 € (g — 1)(a, b), there exists ¢ € (a,b) such that (g —{)(c) = 0. So
g(c) =l(c). Hence

(¢,9(c)) € D(g)(ap)) NT (D). (15)

But, on the other hand, by the definition of the function g, we can easily show
that I'(g|(a,5)) NT'(1) = 0. This condition contradicts (15) completing the proof
of (14).
(%me@ﬁﬂﬁ@“mmﬁ#@md@wﬂm&ﬂWAmm#@ﬁq
by (4), g(a,b) D [po, p2] and by (5), g(a,b) D [pn—2,pn]. Hence, in particular,
there exists z1 € (a,b) such that g(x1) = po and there exists z3 € (a,b) such
that g(z2) = px.
Thus we have

(9 = D) = po = l(x1) = f(a) = l(z1) < f(a) — f(a) =0

and
(9 = D(w2) = pn — U(z2) = f(b) = U(z2) > f(b) — f(b) = 0.
Hence the above conditions and (14) contradicts the fact that g — 1 € D.
the proof of (13) is now complete.
Now we shall show that
g € B(f,e). (16)

Let x € R. Consider the following cases.
1. @ ¢ (a,b). Then |f(x) — g(a)| = |f(z) - f(@)] < 5.
2. z € (a,b) and g*(x) # l(z).
Then the following subcases are possible.
2a. f(z) € (=00, f(a)) U (f(b),+o0)U{p; :i=0,1,..N}. Then

(@) = g(@)] = |f(@) = f(@)] < 5.

2b. x € F(gf) e Fi,i=12,..., N, a < ¢. Since F(gi) - f[alb] (Pi—1,Di),
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f(z) = g(z) = f(2) = g"(x) = f(z) = &(F) < pi = &(FL)

P1 — Do, ifi=1,

< §pi —pi—2, ifi=23,. ,N-1,
PN —DPN—2, ifi=N,
Wa le:]_,

= (L0 f@) | JOIZI@) =03 N 1,
f(b)]—vf(a)_i_f(b)]—vf(a), ifi=N,
e if i =1,

< %+%7 lf’L:273,7N—1 S%
$+5, ifi=N,

and
f@) = glx) = f(x) — g"(x) = f(z) = &(FP) > pica — G(FY)

Po — D2, 1fZ=17
Pi—1 — Pi+1, ifi = 273a"'aN7 17
PN-1 — PN, le:N,

{f(b)f(a) _SOf@

N
_f(b)&f(a) _ f(b)&f(a)’ ifi=23..,N—1,
_ f®)—f(a) ifi=N

ifi=1,
ifi=2,3.,N-12>-¢.
if i = N.

FNISRFNTIRFNT

N IO 2

So |f(x) — a(x)| < 5.

3. x € (a,b), g*(x) = l(x), g"(x) € (Pig—1,Dip), t0 = 1,2,..., N.
Then
f(@) € (pig—2,Pig+1)-

Indeed, in the other case there are three possible cases.

- f(@) € (=00, f(a)] U [f(b), +00).
Then g*(z) = f(x) ¢ (Piy—1, i), Which contradicts our assumption.

351
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-there exists j € {1,2,...,59 — 2,49 + 2, ..., N} such that f(z) € (pj_1,p;).

b f(z)
Then g*(z) € [pj—2,pj+1]- But [pj727pj+l] N (Pig—1,Pi,) = 0. So g*(x) ¢
(Pio—1,Piy ), Which contradicts our assumption.

-there exists j € {0, 1, ..., N} such that f(z) =
Then g*(z) = f(z) = p; ¢ (Piy—1,Pi,), Which contradicts our assumption.

The proof of (17) is thus completed..

Hence f(x) — g(z) < pig+1 — Piy = w < < §and f(z) —g(z) >
Pig—2 — Diy = _[f(b);[f(a) + f(b)]—vf(a)] >—(£4¢)=-¢.
So [ (x) — g(a)| < 5. |

4.z € (a7b)a g*(x) = l(.T), g*(’I}) = Pigy 0 = 1727 "'aNa f(l‘) < Dig-
Assume that ig > 2 (for ig = 1 the proof is analogous). Note that

f(x) > pig—2- (18)

Indeed, suppose that f(z) < pj,—2. If ig = 2, then f(z) < po = f(a) and
g*(z) = f(z) < f(a) = po < p2, which contradicts our assumption. Therefore,
assume that ig > 3. Then the following cases are possible.

-If f(x) < f(a), then g*(x) = f(z) < f(a) = po < piy, which contradicts
our assumption
If f(z) =pi, i = 0,1, .., 40 — 3, then g*(x) = f(x) = pi < pig—3 < Piy, Which
contradicts our assumptlon
If f(x) € (pie1,pi), t = 1,2,...,i9 — 2, then ( by the definition of &; )
9 () < piy1 < pip—1 < Piy, which contradicts our assumption completing the
proof of (18).

Thus, we have

and

e €
f@) —g(a) = f(2) = pig-1 < 7 < 5.
Hence | f(z) — g(z)| < 5.
5. x € (a,b), g*(x) = l(x), g*(x) = piy, 10 =0,1,.... N = 1, f() > pi-
Assume that ig < N — 2 (for i90 = N — 1 the proof is analogous). Like the
procedure in 4. we can show that f(z) < p;;42. So we have

f(0) = f(a)

f(:v) - 9(@ < Pig42 —Dig41 = ———— < - <

| ™

£
N 4
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f(0) = f(a)

f(x) —g(x) > piy — Pig+1 = —(Pig+1 — Diy) = N > >

£ €
4 2
Hence |f(x)—g(x)| < 5. Thus we have proved that for all z € R | f(x) —g(z)| <
5 completing the proof of (16).
The proof of the theorem is finished in case f is not a constant function. If
[ is a constant function, then there exists f € D such that p(f, f) < 5 and f

is not a constant function (for example f(z) = f(x)+ 5 arctanx). Then from

the first part of the proof we infer that there exists g € B(f, 5) \ F. Hence
g € B(f,e) and g ¢ F. O

Theorem 2. The set C;; is porous at each point of the set F.

PrOOF. Let f € F and let R > 0. Consider the following cases.
1. Assume that there exists a point z( of continuity of f. Let 6 > 0 be
such that

R R
f([xo — 6,20 +6]) C (f(x0) — 3 f(xo) + g)-
We will show that there exists g € F such that
R .

Define a function g : R — R by

f(x) if x ¢ (xg— 9,20 +9),

ll(il?) ifx € [I‘o — 5, ’130],

g(x) =9\ ~Rr .. 1 . 5

g sin =+ f(zo) ifx € (xo, 20 + 5],

la(z) if x € [g + 3,70 + J;
where [y is a linear function such that {1 (z¢g — 0) = f(zo — 0), and {1(zg) =
f(xo); Iz is a linear function such that Ils(xg + g) = %sin% + f(zo) and

lg(l‘o + (5) = f(l‘o + 5)
By Lemma 1.4 of [7], g|[zo—s,20+5) 15 @ bounded Darboux Baire 1 function, so
9|[wo—s,z0+06] 15 functionally connected. By Lemma 5.2 from [3], we infer that

g is also functionally connected. Note that p(g, f) < £. Then

R
Now we will show that
R
B(g, w=)NC; = 0. (21)

16
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If h € B(g,£), then h(xo) < f(zo0) + £. On the other hand, consider a
sequence T = Tg + 7r+4k7r’ keN.
Then z; — xo and zy, € (xo, o + 5] for k large enough. Thus, we have

limsup A(z) > limsup[g(zx) — -] = F(z0) + & > h(zo),
T—To k—o0 16 16
so the function h is not upper semi-continuous at the point zg, which finishes
the proof of (21).
According to (20) and (21) we may infer that v(f, R,C}) > 1%. Therefore
we deduce that

1 EALE S AECIAD
1msotip 16 > 0,

so C; is porous at f and we have proved the theorem in case 1.

2. Assume f has no points of continuity. Then there exists xg, such that
the function f is not upper semi-continuous at zg. Indeed, if f is upper semi-
continuous (at every point), then it is in Baire class 1. Thus, it has a point of
continuity which contradicts our assumption.

We define a function g : R — R g(z) = f(x). We will show that for R small
enough
B(g,R)nC; = 0. (22)

Indeed, there exists x,, — g, T, # To such that f(z,) — a > f(z). Consider
R > 0 such that R < %@0) If n € B(g, R), then

o+ 2f(zo) < 2a + f(2o)

n(zo) < f(wo) + R < 3 3

and
limsup n(z) > limsup[f(z,) — R] > M.

T—x0 n—oo 3
Hence limsup,, ., n(z) > 1(xo). So, the function 7 is not upper semi-continuous
at xg. Thus n ¢ C* completing the proof of(22).
Thus, for R small enough v(f, R,C;) = R. Therefore we deduce that

R,C R
lim sup —————%~ glef ) = limsup — =1,
R—0t+ R R—0t R
so C; is porous at f and we have proved this theorem in the case 2. .

In an analogous way we can establish the following result.

Theorem 3. The set Cf is porous at each point of the set F.
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The above theorem implies the following assertion.
Theorem 4. The set C is porous at each point of the set F.
Theorem 5. The set Q* is porous at each point of the set F.

PrROOF. Let f € F and R > 0. Consider the following cases.

1. Assume that the function f is quasi-continuous at every point. Let xg
be an arbitrary point and fix § > 0. There exists an open interval (a,b) # ()
such that [a,b] C (zo — 6,20 + &) and f([a,b]) C (f(z0) — &, f(wo) + &). We
will show that there exists g € F such that

By o Bir r)o. (23)

B
(9, 51

Let a; = a+ bfT“ and by =b— l’fTa. Let E C [a1, b1] be a bilaterally c-dense in
itself F,, set of null measure such that a1,b; ¢ E. From [1], Theorem 11.2.4 we
can deduce that there exists a Darboux Baire 1 function A : [a1,b1] — [0, %}
such that £ € h((a1,b1)), h(z) =0 for 2 ¢ E and 0 < h(z) < £ for z € E.
We define a function g : R — R by

f(z) if z ¢ (a,b),
e I (z) if x € (a, a1],
g(x) h(z) + f(zo) if z € (a1,by),

I () if x € [b1,b),

where [ is a linear function such that l;(a) = f(a) and l1(a1) = f(xo); l2
is a linear function such that lo(b1) = f(xo) and l3(b) = f(b). Note that
g € F. Indeed, obviously g|(a,a,], 9|[ar,b1]+ 9|(p1,6] are bounded Darboux Baire
1 functions. So (Theorem II.2 from [4] and Theorem I1.3.2 from [1]) they
are functionally connected. Thus from Lemma 5.2 from [3] and the fact that
9(=o0,a] = fi(=c0,a]> Glbp400) = fl[b,+00) are functionally connected, we infer
that g € . Now, let us notice that p(g, f) < $R. Then

R
We will show that
Blg, 5;)nQ" =0. (25)

Let 7 € B(g,4). Let yo € (a1,b1) be such that g(yo) = f(z0) + £. Let
do > 0 be a real number such that (yo — do, %o +3do) C (a1,b1) and let g9 = %.
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Let G # 0 be an arbitrary open interval such that G C (yo — o, yo + do)-
There exists zp € G be such that g(z9) = f(zo) (since (ay1,b1) \ F is dense in
(al, bl)) Then

= g(vo) — SR< n(yo) — Eu

1(z0) < g(z0) + n = f(xo) + o 21 TE

24 24

s01(20) & (1(y0) = 15, n(yo) + 15 )- Then n(G) ¢ (n(yo) — 15, 1(yo) + {5 ). Hence
we showed that there exist 6o > 0 and €9 > 0 such that for each nonempty open

set G C (Yo —do, Yo +00), (G) & (n(yo) —€0.n(yo) + o). Hence the function n
is not quasi-continuous at the point yo, which finishes the proof of (25). From
(24) and (25) we may conclude that the condition (23) holds.

According to (23) we may infer that v(f, R, Q*) > 2%. Therefore we deduce
R

: R,0" : 24
that limsupp_, o+ LR) > limsupp_, o+ 2% = 2—14 >
and we have proved the theorem in the case 1.

R
24°
0, so, Q* is porous at f

2. Assume that there exists point zg € R such that the function f is not
quasi-continuous. Then there exists Ry > 0 and dy > 0 such that for each
nonempty open set G C (xg — dg, g + 0g) we have

f(G) & (f(x0) — Ro, f(x0) + Ro).

We will show that R
B(f, IO) no*=9. (26)

Let n € K( ,%). Let R, = %, 0y = 0. Let G C (xg — &y, 0 + 0p) be an
arbitrary nonempty open set. Then (by assumption) there exists yo € G such
that f(yo) & (f(w0) = Ro, f (o) + Ro). Hence n(yo) < f(yo)+ T < f(xo) =5 Ro
or n(yo) > f(yo)—% > f(z0)+3Ro. Thus n(yo) ¢ (f(zo)—3Ro, f(x0)+2Ry).
Moreover f(zo) — £ < n(zg) < f(z0) + £2, s0

() = 22, o) + )  (F(zo) = 5 Roy f(zo) + 3 Ro).

Hence n(yo) ¢ (n(zo) — 5, n(zo) + f2). Consequently, 1(G) ¢ (n(zo) —
Bo p(zo) + B2), so we have shown that there exists J, >0 and there ex-
ists R, > 0 such that for each nonempty open set G C (xzg — 0y, 20 + 0p),
n(G) ¢ (n(zo) — Ry, n(xo) + Ry). Thus the function 7 is not quasi-continuous

at the point zg, which finishes the proof of (26).
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According to (26) for all R < fo B(f, R)n Q* = (. Thus for R small
enough v(f, R, @*) = R. Therefore we deduce that

: v(f, R, Q%) . R
limsup —————= =limsup = =1
R—0F R R—0+
so Q* is porous at f and we have proved this theorem in the case 2. O]
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