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ON THE n-DIMENSIONAL PERRON
INTEGRAL DEFINED BY ORDINARY

DERIVATES

Abstract

We introduce an n-dimensional Perron integral defined in terms of
ordinary (in the Saks terminology) derivates. We prove that we get
an equivalent definition of this integral if in the definition we use only
continuous major and minor functions. We also prove that this integral
is equivalent to a version of the Kurzweil-Henstock integral defined by
Mawhin.

1 Introduction

It is well known (see [16]) that the classical Perron integral defined on an in-
terval of the real line R by continuous major and minor functions is equivalent
to the one defined by major and minor functions which are not assumed to
be continuous. A proof of this fact based on the Kurzweil-Henstock theory
of integration is given in [17] (see also [2]). In the multidimensional case this
equivalence was established in [12] for the Perron integral defined with respect
to the regular interval basis (with a fixed regularity) and in [1] for the case of
the full interval basis (without any regularity condition).
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e l’Università Lomonosov di Mosca”.

371



372 B. Bongiorno, L. Di Piazza and V. Skvortsov

Here we proceed with this kind of investigation considering a Perron-type
integral which we define using so called ordinary (in the Saks terminology, see
[16], Ch. IV) upper and lower derivates. We shall call it the ordinary Perron
integral or P -integral. This notation will lead to no confusion here, because in
this paper we never use the Perron integral defined by strong derivates which is
equivalent to the usual n-dimensional Kurzweil-Henstock integral and is often
referred to as the P -integral. We prove in Theorem 1 that if we suppose that
major and minor functions in the definition of the P -integral are continuous
(in a suitably defined sense), then we get an integral (P c-integral) which is
equivalent to the P -integral. Moreover we prove that both of these integrals are
equivalent to the Mawhin integral of [11] (see also [7], [5] and [4]). The proof
essentially depends on the continuity property of the δ-variation generated by
the indefinite integral. We also consider some other versions of the definition
of the P -integral.

2 Preliminaries

We recall some definitions and notation. In this paper the word “measure”
as well as the expression “almost everywhere” always refers to n-dimensional
Lebesgue measure on Rn, denoted by |E| for a set E ⊂ Rn. In Rn we use
the norm ||x|| = max1≤i≤n |xi|, where x = (x1, x2, . . . , xn). Then the δ-
neighborhood of x, denoted by U(x, δ), is an open cube centered at x with
sides equal to 2δ. IntE denotes the interior of E.

An interval in Rn is a set I = [a1, b1]× [a2, b2]× · · · × [an, bn] with ai < bi,
i = 1, 2, . . . , n. We call the number r(I) = mini(bi − ai)/maxi(bi − ai) the
regularity of the interval I. Let α ∈ (0, 1); if r(I) > α we say that the interval
I is α-regular. Throughout this paper ∆ denotes a fixed interval and I the
family of all subintervals of ∆.

We consider here two derivation bases on ∆. By F we denote the so called
full interval basis; i.e., the subset of I ×∆: F = {(I, x) : I ∈ I, x ∈ I}. We
shall also use the regular subbases of F defined as follows: if α ∈ (0, 1), by
Fα we denote the basis of all pairs (I, x) ∈ F with r(I) > α and we call it the
α-regular basis.

In the following definitions and notation B stands either for F or for Fα.
For a set E ⊂ ∆ we write

B(E) = {(I, x) ∈ B : I ⊂ E} and B[E] = {(I, x) ∈ B : x ∈ E}. (1)

A positive function δ defined on a set E ⊂ ∆ is called a gauge on E. A
gauge on ∆ is called simply a gauge. For a given gauge we set

Bδ = {(I, x) ∈ B : I ⊂ U(x, δ(x))}. (2)



On the n-Dimensional Perron Integral 373

The meaning of Bδ(E) and Bδ[E] is clear from (1) and (2). It is clear that
to define Bδ[E] it is enough to have a gauge defined only on E. A finite subset
π of B is called a B-partition if for distinct pairs (I ′, x′) and (I ′′, x′′) in π,
the intervals I ′ and I ′′ are nonoverlapping. If ∪(I,x)∈πI = ∆, π is called a
B-partition of ∆.

Given an interval function F defined on the family of all α-regular intervals,
a set E ⊂ ∆ and a gauge δ, for any interval A ∈ I we put

Vδ(A) = V (Fαδ , F, E,A) = sup
{ ∑

(I,x)∈π

|F (I)| : π ⊂ Fαδ [E] ∩ Fαδ (A)
}

and we call it the δ-variation over Fα of the function F on E∩A. If E∩A = ∅,
we define Vδ(A) = 0. Clearly, for each fixed E, the interval function Vδ(A) is
non-negative and superadditive.

Definition 1. An interval function F defined on the family of all B-intervals
is said to be B-continuous at a point x if for any ε > 0 there exists η > 0 such
that |F (I)| < ε whenever (I, x) ∈ Bη[{x}].

We need the following particular case of a result established in [1].

Proposition 1. Let F be a Fα-continuous additive function defined on the
family of all α-regular intervals. Then for a fixed set E ⊂ ∆ and a fixed gauge
δ the interval function Vδ(I) = V (Fαδ , F, E, I) is F-continuous at each point
x ∈ ∆.

3 Main Results

To define the “ordinary” Perron integral we recall first the definitions of α-
regular and ordinary lower and upper derivates.

The α-regular lower and upper derivates of an interval function F at a point
x (i.e., the derivates with respect to the basis Fα) are defined respectively as

DαF (x) = sup
δ

inf
{
F (I)
|I|

: (I, x) ∈ Fαδ [{x}]
}
,

DαF (x) = inf
δ

sup
{
F (I)
|I|

: (I, x) ∈ Fαδ [{x}]
}
.

If DαF (x) = DαF (x) 6= ±∞, we call this common value the α-regular
derivative DαF (x) of F at x and we say that F is α-regularly differentiable at
x.
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The ordinary lower and upper derivates are defined respectively as

DF (x) = inf
α∈(0,1)

DαF (x),

DF (x) = sup
α∈(0,1)

DαF (x).

If DF (x) = DF (x) 6= ±∞, we call this common value the ordinary derivative
DF (x) of F at x and we say that F is ordinarily differentiable at x. (Note
that this definition is obviously equivalent to the one given in [16].)

It is clear that for any 0 < α < β < 1 and for any x ∈ ∆ we have

DF (x) ≤ DαF (x) ≤ DβF (x) ≤ DβF (x) ≤ DαF (x) ≤ DF (x) . (3)

Definition 2. Let f be a point function on ∆. An interval function M
(resp. m) is called a major (resp. a minor) function of f on ∆ if it is su-
peradditive (resp. subadditive) and the lower (resp. upper) ordinary derivate
satisfies the inequality

DM(x) ≥ f(x) (resp. Dm(x) ≤ f(x)) for all x ∈ ∆.

A function f is said to be P -integrable on ∆ if

−∞ < inf
M
{M(∆)} = sup

m
{m(∆)} <∞,

where “inf” is taken over all major functions M and “sup” is taken over all
minor functions m. The common value is denoted by (P )

∫
∆
f , and is called

the ordinary Perron integral or P -integral of f over ∆.

Since f is also integrable on each subinterval of ∆, for each I ∈ I we can
define the indefinite P -integral F (I) = (P )

∫
I
f which is an additive function

on I.
The consistency of Definition 2 follows from the fact that for any major

function M and any minor function m the difference R = M −m is a super-
additive interval function for which DR(x) ≥ 0 at each point x ∈ ∆, and from
the following assertion.

Proposition 2. If a superadditive interval function R satisfies the inequality
DR(x) ≥ 0 at each point x of an interval I, then R(I) ≥ 0.

The proof is the same as the one of the similar assertion in [16, p. 190],
for an additive interval function.
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In the previous definition replacing lower and upper ordinary derivates
with α-regular lower and upper derivates for a fixed regularity α ∈ (0, 1), we
get the known definition of α-regular Perron integral (Pα-integral) (see [13]).

It is clear from (3) that any major function in the sense of Definition 2 also
is a Pα-major function and the same is true for minor functions. Hence each
P -integrable function is Pα-integrable, α ∈ (0, 1), with the same integral. We
denote this fact symbolically by the inclusion

P ⊆
⋂

α∈(01)

Pα. (4)

To define the “continuous” version of P -integral we introduce an appro-
priate version of continuity of an interval function at a point which we call
regular continuity.

Definition 3. We say that an interval function is regularly continuous at a
point x if it is Fα-continuous at this point for each α ∈ (0, 1).

Now we get the definition of P c-integral if we replace major and minor func-
tions in the Definition 2 with regularly continuous major and minor functions.
Obviously any P c-integrable function is P -integrable and we can write

P c ⊆ P. (5)

In a similar way we get the definition of P cα-integral using Fα-continuous major
and minor functions (see Definition 1).

As we have already mentioned in the Introduction, it is proved in [12] that
the Pα-integral is equivalent to the P cα-integral, and our aim here is to prove
the equivalence of the P -integral and the P c-integral. Our method is based on
the Kurzweil-Henstock approach to the notion of integral and we need some
definitions and known facts from this theory.

The Pα-integral is known (see for example [13]) to be equivalent to the
following version of the n-dimensional Kurzweil-Henstock integral.

Definition 4. Let α ∈ (0, 1) be fixed. A function f on ∆ is called Hα-
integrable on ∆ with integral A if we can find a gauge δ so that∣∣∣∣ ∑

(x,I)∈π

f(x)|I| −A
∣∣∣∣ < ε

for any Fαδ -partition π of ∆. We put A = (Hα)
∫

∆
f .
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The following integral was introduced by Mawhin in [11] where it was
named GP -integral. In [9] it is called the M -integral, and we prefer to use the
same name for this integral.

Definition 5. A function f on ∆ is called M -integrable on ∆ with integral
A if for each α ∈ (0, 1) f is Hα-integrable on ∆ with integral A. We put
A = (M)

∫
∆
f .

The following proposition is an immediate consequence of the previous
definition and the Saks-Henstock lemma for the Hα-integral (see [8]).

Proposition 3. If a function f is M -integrable on ∆ and F is its indefinite
M -integral, then for any ε > 0 and for any α ∈ (0, 1) there exists a gauge δ
such that for any partition π ⊂ Fαδ we have∑

(x,J)∈π

|f(x)|J | − F (J)| < ε.

It is easy to proof that M -integrability of a function and the value of the
M -integral does not depend on the values of the function on a set of measure
zero. So having a fixed set E of measure zero, we can assume that an integrable
function is equal to zero on E. This observation together with Proposition 3
gives us the next result.

Proposition 4. Let F be the indefinite M -integral of some integrable function
on ∆ and let E ⊆ ∆ be a set of measure zero. Then for any ε > 0 and for
any α ∈ (0, 1) there exists a gauge δ such that V (Fαδ , F, E,∆) < ε.

From Definition 5 and from the equivalence of the Hα-integral and the
Pα-integral we get M =

⋂
α∈(01) Pα. This equality together with (4) gives

P ⊆
⋂

α∈(01)

Pα = M. (6)

So we have proved the following proposition.

Proposition 5. Any P -integrable function on ∆ is also M -integrable on ∆,
and the two integrals coincide.

Our next step is to prove the following.

Proposition 6. Any M -integrable function on ∆ is also P c-integrable on ∆,
and the two integrals coincide.
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Proof. Let f be an M -integrable function on ∆ and F its indefinite integral.
As f is also Hα-integrable, for any α ∈ (0, 1), it follows that F is α-regularly
differentiable and DαF (x) = f(x) almost everywhere on ∆ (see [13]). More-
over, as it is proved in [10], the α-regular differentiability of any additive
interval function defined on I does not depend on α in the interior of ∆; i.e.,
if F is α-regularly differentiable at x, then it is β-regularly differentiable at x
to the same value, for any β ∈ (0, 1). Hence F is ordinarily differentiable to f
almost everywhere on ∆.

Fix ε > 0 and denote by E the set on which DF does not exist or is not
equal to f . Then |E| = 0. Take αn ↘ 0 with αn ∈ (0, 1). Now to F , to each
αn and to the chosen E we apply Proposition 4 with ε replaced by ε/2n+1.
In this way we get a sequence of gauges δn such that for the corresponding
sequence of interval functions Vδn(I) = V (Fαn

δn
, F, E, I) we have

Vδn(∆) ≤ ε

2n+1
. (7)

Define on I the function R =
∑∞
n=1 Vδn

. According to (7) we have

0 ≤ R(∆) ≤ ε

2
. (8)

As each Vδn
is obviously superadditive, so is R. Moreover R is F-continuous

at each point of ∆. In fact, for each n, we can apply Proposition 1 to Fαn

and to the gauge δn to deduce that Vδn is F-continuous. This easily implies
the F-continuity of R.

We can also construct in a standard way a nonnegative additive F-conti-
nuous interval function G defined on I such that DG(x) = +∞ for each x ∈ E
and

G(∆) <
ε

2
. (9)

Now we prove that the function M = F+R+G is a superadditive regularly
continuous major function of f . The superadditivity of M follows from the
superadditivity of R and the additivity of F and G. Recall that F is the
indefinite Hα-integral of f , for each α ∈ (0, 1). Hence it is Fα-continuous
(see [13]), for each α ∈ (0, 1) and therefore, by Definition 3, is also regularly
continuous. The regular continuity of R and G follows from their F-continuity.
This implies the regular continuity of M .

We prove next that
DM(x) ≥ f(x), (10)

for all x ∈ ∆.
If x ∈ ∆\E then (10) holds since at such a point DF (x) = f(x), DR(x) ≥ 0

and DG(x) ≥ 0. If x ∈ E, then having chosen α ∈ (0, 1), we fix n for which
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αn ≤ α and an interval I such that (I, x) ∈ Fαn

δn
[{x}]. For such an interval we

obviously have |F (I)| ≤ Vδn(I). Then F (I) + Vδn(I) ≥ 0. Hence

M(I)
|I|

=
F (I) +R(I) +G(I)

|I|
≥ F (I) + Vδn

(I) +G(I)
|I|

≥ G(I)
|I|

.

From this, from (3) and from the properties of G we infer

DαM(x) ≥ Dαn
M(x) ≥ Dαn

G(x) ≥ DG(x) = +∞ > f(x).

As α is arbitrary, the last inequality implies (10) for x ∈ E. So (10) holds for
every x ∈ ∆.

Therefore we have proved that M is a regularly continuous major function
of f . Moreover (8) and (9) imply

0 ≤M(∆)− F (∆) < ε. (11)

In a similar way we can show that the subadditive function m = F −R−G is
a regularly continuous minor function of f with 0 ≤ F (∆)−m(∆) < ε. From
the last inequality together with (11) we get that f is P c-integrable and F is
its P c-integral.

The last proposition together with (5) and (6) gives us the following chain
of inclusions. P ⊆ M ⊆ P c ⊆ P. So we have proved the main result of this
paper.

Theorem 1. The P -integral is equivalent to the P c-integral, and both are
equivalent to the Mawhin integral.

4 Some Additional Remarks

1. Although the indefinite M -integral of a function M -integrable on ∆ is
additive on I, this integral is not additive in a stronger; namely, if J and K
are nonoverlapping intervals such that J ∪ K is an interval, then a function
f : J ∪K → R needs not be M -integrable on J ∪K even if both its restrictions
f |J and f |K are M -integrable on J and K respectively.

In [9] J. Kurzweil and J. Jarńık have suggested a simple way to remove
this drawback by introducing the so-called extensive M -integral.

Definition 6. A function f : ∆ → R is said to be extensively M -integrable
on ∆ if there exists a compact interval L ⊆ Rn such that ∆ ⊆ IntL and the
function

fex(x) =
{
f(x) for x ∈ ∆,
0 for x ∈ L \∆

is M -integrable on L.
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In the same way we can define the extensive P -integral and the extensive
P c-integral.

In [9] it is proved that the extensive M -integral is equivalent to the Pfeffer
integral defined in [15] (see also [14]). Thus we can apply the technics of the
previous section to construct continuous major and minor functions for the
extensive P -integral, the extensive Mawhin integral and consequently for the
Pfeffer integral of [15].

2. Using the equivalence of the P -integral to the M -integral we can give
a descriptive characterization of the P -integral in terms of the absolute con-
tinuity of the variational measure generated by the indefinite integral F . We
recall that by the variational measure we mean the set function

VF (E) = sup
α

inf
δ
V (Fαδ , F, E,∆).

In [4, Theorem 6], it is proved that an additive function F is the indefinite M -
integral of its ordinary derivative iff the variational measure VF is absolutely
continuous with respect to Lebesgue measure. So using our Theorem 1 we get
the following.

Theorem 2. A function f : ∆→ R is P -integrable iff there exists an additive
interval function F on I (its indefinite integral) which generates a variational
measure absolutely continuous with respect to Lebesgue measure and for which
DF (x) = f(x) almost everywhere in ∆.

Note that in the “if” part of this theorem we need not require the function
F to be differentiable. The differentiability of F is here a consequence of the
absolute continuity of the variational measure.

3. We remark in conclusion that the question of whether the Perron in-
tegral, defined with respect to a general basis, is equivalent or not to the one
defined by continuous (with respect to this basis) major and minor functions,
is still open (see [3], p.202 and [6]).
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