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I AND I* - CONVERGENCE OF NETS

Abstract

In this paper we consider the idea of I - convergence of nets in a
topological space and derive several basic properties. This idea extends
the concept of I - convergence of sequences considered so far in various
spaces.

1 Introduction.

The concept of convergence of a real sequence has been extended to statistical
convergence by Fast [7] (see also Schoenberg [20]) as follows.

If N denotes the set of natural numbers and K C N, then K,, denotes the
set {k € K;k < n} and |K,| stands for the cardinality of the set K,. The
natural density of the subset K is defined by d(K) = lim, @ provided
the limit exists ([8], [16]).

A sequence {z,, }nen of real numbers is said to be statistically convergent
to [ if for arbitrary € > 0, the set K(¢) = {k € N;|zx — | > £} has natural
density zero.

Applications of statistical convergence in mathematical analysis and the
theory of numbers may be seen in [2], [3] and [15].

The concept of I-convergence of a sequence is an extension of statistical
convergence which depends on the structure of ideals of subsets of the set of
natural numbers.

Key Words: ideal, filter, net, I-convergence, I*-convergence, I-cluster points, condition
(DP)

Mathematical Reviews subject classification: Primary: 40A30; Secondary: 40A99

Received by the editors April 24, 2007

Communicated by: Udayan B. Darji

431



432 B. K. LAHIRI AND PRATULANANDA DAS

Definition 1 ([11], p. 34). If P is a non-void set, then a family I C 27 is
called an ideal if
(i) ¢ € I and
(ii) A,B € I implies AU B € I and
(ili) A€ I,B C A implies B € I.
The ideal [ is called non-trivial if I # {¢} and P ¢ I.

Definition 2 ([11], p. 34). A non empty family F of subsets of a non-void
set P is a filter if

(i) ¢ ¢ F and

(ii) A, B € F implies AN B € F and

(ili) A€ F,A C B implies B € F.
Clearly I C 2% is a non-trivial ideal of P if and only if F = F(I) = {A C P;
P\ A € I} is a filter on P, called the filter associated with I. A non-trivial
ideal [ is called admissible if I contains all the singleton sets.

Several examples of non-trivial admissible ideals have been considered in
[9]. We are now in a position to define I-convergence of a real sequence.

Definition 3 ([1]). A sequence {z,, },¢n is said to converge to x with respect
to an ideal I of the set of natural numbers or I-convergent to z if for any € > 0,
Ae) = {n € N;|z,, — x| > €} € I. In this case we write [ — lim,_o =, = .

I-convergence includes ordinary convergence and statistical convergence
when [ is the ideal of all finite subsets of the set of natural numbers and all
subsets of the set of natural numbers of natural density zero respectively.

In recent times several papers on I-convergence including substantial con-
tributions by Saldt et. al. have been published ([1], [4], [6], [9], [10], [12],
[13], [19]). Another concept closely related to that of I-convergence is I*-
convergence. The concept arises from the following result on statistical con-
vergence [18]: a real sequence {z,}nen is statistically convergent to ¢ if and
only if there exists a set M = {m; < ma < mz < ...} C N such that
d(M) = 1 and limy oo T, = & In this area also Saldt et. al. [9] made
remarkable contributions.

The concept of I-convergence of sequences has been extended recently from
the real number space to a metric space [9], to a normed linear space [19], to
a finite dimensional space [17], and to a topological space [13]. In this paper
we intend to broaden the idea of I-convergence in a separate direction. We
consider nets in a topological space instead of sequences and examine how far
the concept of I-convergence of nets reasonably ensures all the basic properties.
Similarly we introduce the idea of I*-convergence of nets and study when I-
convergence and I*-convergence of nets coincide.
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2 Definitions and Notation.

The following two definitions are widely known.

Definition 4. Let D be a non-void set and let > be a binary relation on D
such that > is reflexive, transitive, and for any two elements m,n € D, there
is an element p € D such that p > m and p > n. The pair (D, >) is called a
directed set.

Definition 5. Let (D, >) be a directed set and let X be a non-void set. A
mapping s : D — X is called a net in X denoted by {s,;n € D} or simply by
{sn} when the set D is clear.

Throughout the paper (X,7) will denote a topological space (which will
be written sometimes simply as X) and I will denote a non-trivial ideal of a
directed set D. Also the symbol N is reserved for the set of natural numbers.

For n € D let M,, = {k € D;k > n}. Then the collection Fy = {A C
D; A > M, for some n} forms a filter in D. Let Iy = {A C D; D\ A € Fy}.
Then Ij is also a non-trivial ideal in D.

Definition 6. A non-trivial ideal I of D will be called D-admissible if M,, €
F(I) for all n € D.

We now define the I-convergence of a net where I is an ideal of D.

Definition 7. A net {s,} in X is said to be I-convergent to zg € X if for
any open set U containing xo, {n € D;s, ¢ U} € I.

Symbolically we write I — lim s,, = x¢ and we say that xg is the I-limit of
the net {s,}.

Example 1. Let X = {a,b,¢,d} and 7 = {¢, X, {a},{a,b},{qa,c},{a,b,c}}.
Let D = U, = {{a},{a,b},{a,c}, {a,b,c}, X} with the binary relation ">’
defined by U > V if U C V for any U,V € D. Then D is a directed set. Take
I = {{{a},{a,c}},{{a}}, {{a,c}},#}. Clearly I is a non-trivial ideal of D.
d ifU={a} or {a,c}

Define anet s: D — X by sy = .
a otherwise.

Then for any open set @ containing a, {U € D;sy ¢ Q} is either the void
set ¢ or {{a}, {a,c}}. But both belong to I and so {sy} is [-convergent to a.

But {sy} is not convergent to a because for any open set () containing a, there
does not exist a U € D such that sy € @ for all V € D such that V > U.
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Note 1. If I is D-admissible, then net convergence in the topology 7 implies
I-convergence and the converse holds if I = ;. In other words, Iy-convergence
implies net convergence, which fact will be used several times in the paper.
Also if D = N with the natural ordering, then the concepts of D-admissibility
and admissibility coincide and in this case Iy is the ideal of all finite subsets
of N.

From this stage onwards we shall assume that the ideals are always non-
trivial and that all ideals are from some directed set, which will be evident
from the context. For convenience, an ideal I of D will be written sometimes
as Ip to indicate the directed set D of which I is an ideal.

3 Basic Properties.

Theorem 1. If X is Hausdorff, then an I-convergent net has a unique I-limit.

PROOF. If possible, suppose that an I-convergent net {s,} has two distinct
I-limits, say x¢ and yg. Because X is Hausdorff, there exist U, V' € 7 such that
2o €U, yo € Vand UNV = ¢. Because {k;s, ¢ U} € I and {k;s, ¢ V} € I,
we have {k;sp € (UUV)} C {k;sp € U U{k;s, € V°} € T where ¢ stands
for the complement in X. Since I is non-trivial, there exists ky € D with
ko & {k; s € (UNV)c}. This implies s, € U NV, a contradiction. O

A sort of converse of Theorem 1 is given below.

Theorem 2. If every I-convergent net in X has a unique I-limit for every
D-admissible ideal I, then X is Hausdorff.

PROOF. If possible let X be not Hausdorff. Then there exist at least two
points z,y € X, x # y such that whenever z € U, y € V, U,V € 7 we have
UNV # ¢. Let U, and U, be the families of all neighborhoods of = and
y respectively. Let D = U, x U, with the binary relation >’ defined by
(U, V) > (U,V1) f U Cc Uy and V C V4. Then D is a directed set. Let I
be any D-admissible ideal. For any U € U, and V € U, there exists a point
zw,v) € UNV. We now consider the net s : D — X defined by s,v) = zw,v)-
Then it is easy to check that the net converges to both x and y and since I is
D-admissible, the net is I-convergent to both x and y, a contradiction. O

In the following theorem we examine the relation between a limit point of
a set (in the usual topology of X) and I-limit of a certain net.
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Theorem 3. Let A C X and xp € X. If there is a net in A\ {zo} which is
I-convergent to xg, then xq is a limit point of A (in the usual topology of X ).
Conversely if xo is a limit point of A, then there is a net in A\ {xo} which is
I-convergent to xy for some D-admissible ideal I.

PROOF. Suppose that there is a net {s,} in A\ {zo} which is I-convergent
to zg. Let U be any arbitrary open set containing zy. Since I — lim s,, = z,
{n;s, ¢ U} € I and so {n;s, € U} ¢ I (since I is non-trivial). Hence
{n;s, € U} # ¢. Let ng € {n;s, € U}. Then s,, € UN(A\ {x0}). Thus x¢
is a limit point of A.

Conversely if xg is a limit point of A, then for arbitrary neighborhood U of
2o, UN(A\ {x0}) # ¢. Then taking the directed set D as U,, as the family
of all neighborhoods U of zy with U; > U if U; C U and defining the net
s:D — X by sy € UN(A\{zo}) for any U € Uy,, we see that the net {sy}
converges to xg and so is I-convergent to xg if I is D-admissible. This proves
the theorem. O

We observe in the following theorem that a continuous mapping may be
characterized through I-convergence of nets.

Theorem 4. A continuous mapping g : X — X preserves I-convergence of
a net. Conversely if g : X — X preserves I-convergence of nets for any
D-admissible ideal I, then g is continuous.

PrOOF. Let I —lims,, = z. Let V be any open set containing g(z). There
exists an open set U containing = such that g(U) C V. Since

{n;g(sn) ¢V C{n;s, ¢ U}

and {n;s, ¢ U} € I, we have {n;g(s,) ¢ V} € I. This shows that I —
lim g(sn) = g(x).

Conversely, suppose g is not continuous at * € X. Then there is an
open set V containing g(z) such that for any open neighborhood U of z,
g(U) € V. Then there is an sy € U such that g(sy) ¢ V. Consider the net
{su;U € D =U,} where U, is the family of all neighborhoods of z and D is
directed as in Theorem 3. Then {sy} is convergent to = and so is I-convergent
to x for any D-admissible ideal I. But since {U;g(sy) ¢ V} =D ¢ I (since I
is non-trivial), {g(sy)} is not I-convergent to g(x). This contradiction shows
that g is continuous. O
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4 [-Cluster Points.

We recall the following known definition of a subnet.

Definition 8. A net {t,;a € E}, where E is a directed set, is said to be a
subnet of the net {s,;n € D} if there is a mapping i; E — D such that
(i.) t =soi and
(ii.) for any m in D there is an element oy € E with the property that
i(a) > m for all @ in E with a > ayp.

Note 2. Let {t,;a € E} be a subnet of {s,;n € D}. We consider the
collection {A C D;i~1(A) € Ig}. Then this collection is an ideal of D which
will be denoted by Ig(i). So Ig(i) = {A C D;i"*(A) € Ig}. Let Ig be
E-admissible and n € D. Let M,, = {k € D;k > n} as before. From above
(ii.) it follows that corresponding to n € D there is oy € E such that i(a) > n
for all @ € E, a > . Thus i(My,) C M, where M,, = {a € E;a > ap}.
Hence M,, C i~'(M,). Since Ig is E-admissible, M,, € F(Ig) and so
i1 (M,) € F(Ig) which in turn implies M,, € F(Ig(i)). this shows that I (i)
is D-admissible.

We now introduce the following definitions, where Definition 9 is needed to
show that an I-cluster point of a net is necessarily an I-limit of the net under
certain restrictions on the net.

Definition 9. y € X is called I-cluster point of a net {s,} if for every open
set U containing y, {n;s, € U} ¢ I.

Definition 10. A net {s,} is called I-maximal if for any set A C X, either
{n;sn, ¢ Ay €l or{n;s, ¢ X\ A} €1.

Theorem 5. Let the net {s,} be I-mazimal. If xg € X is an I-cluster point
of {sn}, then {s,} is I-convergent to xg.

PrROOF. Let U be any open set containing xo. Since {s,} is I-maximal,
{n;s, ¢ U} € L or {n;s, ¢ X\ U} € I. If possible, let {n;s, ¢ X \U} € I.
Then {n; s, € U} € I. But as xg is an I-cluster point of {s,, }, {n;s, € U} ¢ I,
a contradiction. Hence {n;s, ¢ U} € I and this proves the theorem. O

Theorem 6. Let {s,;n € D} be a net. If xq is an Ip-cluster point of {sn}
for some D-admissible ideal Ip, then there is a subnet {to;a € E} of {sn}
which is I'g-convergent to xg provided the ideal Ig is E-admissible.
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PROOF. Let U, denote the family of all open neighborhoods of xy. Let E =
{(U,n);U € Uy,,n € D}. For (U,n) and (V,p) in E, define (U,n) > (V,p) if
U CV and n > p. Then F is a directed set.

Let (U,m) € E. Since zg is an Ip-cluster point of {s,}, {n;s, € U} ¢ Ip.
Then {n;s, € X\ U} ¢ F(Ip). Since Ip is D-admissible, M,,, = {k € D; k >
m} € F(Ip) for each m € D. So M, € {n;s, € X \ U}. Then there exists a
p € M, (and so p > m) such that s, ¢ X \ U i.e. s, € U. Write p = py,m)-
Now define i : E — D by i(U,m) = p,m) and t : B — X by t(U,m) = 55, ., -
Then it is easy to check that the subnet {t,;«a € E} is convergent to xg and
so is Ig-convergent to xg because the ideal I is F-admissible. This proves
the theorem. O

The following theorem represents something similar to the converse of The-
orem 6.

Theorem 7. If a subnet {to; € E} of a net {sp;n € D} is Ig-convergent
to xq for some ideal I, then xq is an Ip-cluster point of {s,} for some ideal

Ip.

PROOF. Since {t,;a € E} is a subnet of the net {s,;n € D}, there is a
mapping i : F — D with t = soi. Let Ip = Ig(i) (see Note 2). We will show
that zo is an Ip-cluster point of {s, }. Let U be an open set containing zq. If
possible, let {n € D;s, € U} € Ip. Thenlet B=i"'({n € D;s, € U}) € Ig.
Now since {to} is Ig-convergent to zo, {& € E;t, ¢ U} € Ig. Then let
A={a € Ejt, € U} € F(Ig). Buta € A = t, € U = (soi)(a) €
U= sja) €U = i(a) € {n € D;s,, €c U} = a € B. Thus AC B
and so B = i~'({n € D;s, € U}) € F(Ig), which contradicts the fact that
B € Ig (since Ig is non-trivial). Hence {n € D;s, € U} ¢ Ip and so x¢ is an
Ip-cluster point of {s,,}. This proves the theorem. O

We characterize I-cluster points through the following theorem in terms of
a certain subset of X.

Theorem 8. Let {s,;n € libe anetin X. Thenxg € X is an I-cluster point
of {sn} if and only if xg € Ar for every T € F(I) where Ay = {z € X;x = s
fort € T}. Here bar denotes the closure in X.

PRroOF. First suppose that xq is an I-cluster point of {s, }. Let U be an open
set containing xg. Then {n;s, € U} ¢ I. Hence {n;s, € X \U} ¢ F(I).
Let T € F(I). Clearly T ¢ {n;s, € X \ U} and so there is a t € T such
that t ¢ {n;s, € X \ U}. But then s; ¢ X \ U and so s; € U. Therefore
U N Ar # ¢. Since this is true for any open set U containing zg, zo € Ar.
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Conversely, let xg € A for every T € F(I). Let U be an open set contain-
ing xg. If possible, let {n;s, € U} € I. Then let Ty = {n;s, € X\U} € F(I).
But then Ay, N U = ¢ which contradicts the fact that g € Ap,. This shows
that {n;s, € U} ¢ I and the proof is complete. O

Let I(Cs) denote the collection of all I-cluster points of a net s = {s,}.
The following theorem gives a set-theoretic character of the set I(Cy).

Theorem 9. (i.) I(Cs) is closed for any net s = {s,;n € D} and any ideal
I of D.
(i.) Suppose X is completely separable and let I be a given ideal of a directed
set D. Let there exist a pairwise disjoint sequence {Ry,} of sets such that
R, C D, R, ¢ I for all p. Then for any non-void closed set F C X,
there is a net s = {sp;n € D} in X such that F = I(Cs).

PROOF. The proof of (i.) is omitted as being similar to that of Theorem 10 (i)
in [13]. For (#i.), since X is completely separable, F' is separable and so let A =
{a1,as,...} C F be a countable set with A = F. For n € R;, let s,, = a;. For
n € D such that n ¢ R; for any ¢ (if there is any), we take s, = a, a fixed
element from F for any such n. Let s = {sp;n € D} and y € I(Cy). f y = a
or a; for some i, then y € F. So let y # a or a; for any i.

Let U be any open set containing y. Then from definition, {n;s, € U} ¢ I
and so {n;s, € U} # ¢. This implies either a € U or a; € U for some i and
so UNF # ¢. Thus y is a limit point of F and so y € F. So I(Cy) C F.

To prove the reverse inclusion, let z € F and let U be any open set con-
taining z. Then there is a; € A such that a; € U. Thus {n;s, € U} D R; and
so {n;s, € U} ¢ I. This implies z € I(Cy). O

5 [I*-Convergence and the Condition (DP).

In this section we introduce the concept of I*-convergence of a net and examine
its equality with I-convergence. One may be referred to ([9], [13]) which deal
with this concept for sequences.

Definition 11. A net {s,;n € D} is said to be I*-convergent to z € X if there
exists a set M € F(I) (i.e. D\ M € I) such that M itself is a directed set and
the net {sp;n € M} is convergent to z. In this case we write I* —lims, =«
and z is called the I*-limit of {s,}.
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Example 2. We consider Example 1 with the same D, I and binary relation.
Since M = D\ {{a},{a,c}} = {{a,b},{a,b,c}, X} € F(I) which is clearly
a directed set as per the binary relation of Ex. 1, the net of Ex. 1 is I*-
convergent to a. However if we define a net s : D — X by

_{ d if U ={a} or {a,c} or {a,b,c}
Sy =

a otherwise.

then the net {sy; U € D} is still I*-convergent to a but is neither I-convergent
to a nor convergent to a in the usual sense. Note that I is not D-admissible.

Theorem 10. If I is D-admissible, then I* —lim s, = x implies I —lim s,, =
x. If, in addition, X is Hausdorff, then I* — lim s, is unique irrespective of
M e F(I).

PROOF. There exists a set M € F(I) such that {s,;n € M} converges to z.
Then for any open set U containing x, there is a p € M such that s,, € U for
alln e M, n>p. Thus s, € U for all n € M N M, € F(I) where, as defined
earlier, M, = {k € D;k > p}. Clearly {n € D;s, ¢ U} C D\ (M NM,) el
and so I — lim s, = x. This proves the theorem, in light of Theorem 1. O

The following theorem may act as a converse.

Theorem 11. If X has no limit point, then I and I* convergence coincides
for every D-admissible ideal I.

PrROOF. Let I —lims, = xg. We should show that I* — lims,, = xy. Since
X has no limit point, U = {x0} is open. So {n;s, ¢ U} € I. Hence {n;s, €
U} = {n;sn = 20} = M (say) € F(I). The proof will be complete if we
show that M is directed with respect to the binary relation induced from
(D, >). It is obvious that > is reflexive and transitive in M. Let ny,nqy € M.
Then there is a p € D such that p > ny,ns. Now since I is D-admissible,
M, ={k € D;k > p} € F(I). Then M N M, € F(I) and so M N M, # ¢.
Thus there exists a k € M such that k > p > nj,ne. Clearly {s,;n € M}
converges to xg and this proves the theorem. O

Note 3. In [13] we observed that if a first axiom Hausdorff space X has a limit
point z, then there exists an admissible ideal I of the set of natural numbers
and a sequence {y,} in X such that I — limy,, =  but I* — limy,, does not
exist. Here we may also infer that under the same conditions I-convergence
of a net may not imply its I*-convergence even if I is D-admissible. However
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it is known (Theorem 10) that I*-convergence always implies [-convergence
for any D-admissible ideal I. In the following we study the converse part
under some condition which becomes necessary as well as sufficient on certain
restrictions of the space. A similar condition has been widely used in the cited
papers on various situations by considering sequences of elements.

Definition 12 (cf. [4], [7], [9], [13]). A D-admissible ideal I is said to sat-
isfy the condition (DP) if for every countable family of mutually disjoint sets
{A1, As, ... } belonging to I there exists a countable family of sets { By, Ba, ... }
from D such that for each j, A;AB; C D\ M,, for some p; € D and
B=B; €l '

Note that B; € [ for all j € N. Here A stands for the symmetric difference.

Theorem 12. Let I be a D-admissible ideal of a directed set (D,>).
(i.) If T satisfies the condition (DP) and (X, T) is a first axiom space, then
for any net {s,;n € D} in X, I —lims,, = x implies I* — lims,, = x.
(i.) Conversely if (X, ) is a first aziom Hausdorff space containing at least
one limit point and for each x € X and any net {s,;n € D}, [-lims,, =
x implies I* —lim s,, = x, then I satisfies the condition (DP).

PROOF. The proof of the theorem is patterned after Theorem 8 of [13] with
necessary modifications.

(i.) Let I-lim s,, = x. Then for any open set U containing z, {n;s, ¢ U} €
I. Let B,(z) be a monotonically decreasing local base at z. Let Ay = {n €
D; s, ¢ Bi(x)} and for m > 2, A,, = {n;s, ¢ B, (x) but s, € B—1(x)}.
Then {A;, Az, ...} is a sequence of sets in I with A;NA; = ¢ for ¢ # j. By the
condition (DP) there exists a countable family of sets {Bj, Ba, ...} in I such
that A;AB; C D\ M, for some p; € D and B=UB;j € I. Let M = D\ B.
Then M € F(I) and so is itself directed with respect to the relation > (see
Theorem 11). We will show that {s,;n € M} converges to .

For this, let U be any open set containing . Then there is | € N such that
By(z) C U for all r > 1. Now {n;s, ¢ U} C U\_, A;. Also A;AB; C D\ M,
for some p; € D for j =1,2,...1. Choose ng € D such that no > p1,p2,...p
Then

1 1

U BinM,, =] AN M,,.

j=1 j=1
Since I is D-admissible, M,,, € F(I) and so M N M,, € F(I). This implies
M N M, # ¢. So there is a p € M such that p > ng. Now for g € M, g > p
gives ¢ ¢ B and this implies from the above relation that ¢ ¢ Ué-zlAj (since
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q>p>mng). So sq € Bi(x) C U. This shows that {s,;n € M} converges to x
and so [* — lim s, = .

(ii.) Suppose that € X is a limit point of X. Let B,(z) be a mono-
tonically decreasing open base at . We can find a sequence {z,} of distinct
elements in X such that z, € B,(x) \ B,y1(x), 2, # x for all r, and z, — z.
Let {A;} be a mutually disjoint countable family of non-void sets from I. De-
fine a net {s,} by s, = if n € A; and s, =z if n ¢ A; for any j. Let U be
any open set containing x. Then there is a m € N such that B,(xz) C U for
all » > m. Now

{neD;s, ¢ Ut C AL UAU---UA,,_1

and so belongs to I and thus I —lim s,, = . By our assumption I*—lim s,, = x.
Hence there exists a set H € I such that M = D\ H € F(I) and {s,;n € M}
converges to z. Let B; = A; N H for all j € N. Then B; € [ for all j € N
and also UB; C H € I and thus UB; € I. Take j € N. Now there must
exist a p € D such that A; is disjoint from M N M,. For otherwise, for any
n € M choose ny > n. Now M N M,, € F(I) and so is non-void and also
A;N (M N M,,) # ¢. This implies that there exists a ¢ € A; N (M N M,,)
which implies ¢ € M, ¢ > n; > n and s; = x;. Since x; # x, there exists
an open set V containing x such that z; ¢ V (since X is Hausdorff) and it
follows from above that there does not exist any n € M such that m > n,
m € M = s, € V. This contradicts the fact that {s,;n € M} converges to
x. Thus we have A; C B; U (M \ Mp). Then A;AB; = A;\ B; C M\ M, C
D\ M,. Since this is true for all j € N, I satisfies the condition (DP). This
proves the theorem. O
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