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THE HAUSDORFF MEASURE AND THE
PACKING MEASURE ON A PERTURBED
CANTOR SET

Abstract

Baek in [2] and [3] defines the covering measures h° and Q° for a
perturbed Cantor set F'. He shows that when s is the dimension of the
covering measures h® and Q° on F, then s is the Hausdorff dimension
and the packing measure dimension on F. In this paper, it is shown
that for the perturbed Cantor set F', the Hausdorff measure is equal to
the covering measure h® on F. Under more restrictions on the set F,
the packing measure is equal to 2 - Q°. Similar results are shown for the
weakly convergent deranged Cantor set.

1 Preliminaries.

In [3], Baek defined a weakly convergent deranged Cantor set as follows: Let
I =[0,1]. The left subinterval I,; and the right subinterval I, of I, are
obtained by deleting the middle open interval of I, labeled J,, inductively
for each o € {1,2}", where n =1,2,3,... . Consider E,, = Uye1,2yI5. Then
|IU,1| — ¢

‘In‘ — Co,1

{E,} is a decreasing sequence of closed sets. For each n, let

and |I;2||
Then Fa = N>, F, is a weakly convergent deranged Cantor set. Note that
if ¢;1 = ant1 and cp2 = byyq for all o € {1,2}", then F = N2, E, is a
perturbed Cantor set as in [2].

The purpose of this paper is to give explicit formulas for the exact value of
the Hausdorff measure and for the exact value of the packing measure of F at

= ¢, for all ¢ € {1,2}", where |I| denotes the diameter of I.
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the critical dimension. In fact, we prove that if s equals the common value of
the Hausdorff dimension and the packing dimension of the perturbed Cantor
set F and infy {ag,bg,1 — (ar + bg)} > 0, then the s-dimensional Hausdorff
measure, H* (F), of F is given by H*® (F) = liminf, [];_, (a + b}), and if,
in addition, 1 — (ag + br) > %max {ag, bi} for all k, then the s-dimensional
packing measure, p® (F)), of F is given by p* (F)) = 2-limsup,, [[,_, (aj +b).
We remark that only very few non-trivial examples of sets F' for which the
exact value of the Hausdorfl measure and/or the packing measure of F' at the
critical dimension are known, cf. the almost forgotten papers by Marion [9],
[10] and the more recent papers [1], [6], [8], [16], [17]. Also, Roy Davies has
an unpublished proof that the Hausdorff 1-dimensional measure of 1/4 Cantor
set in the square is v/2. The proof of this result of Davies can be found in
[17] (The author wishes to thank the referee for the wording of the above
paragraph.)
The s-dimensional Hausdorff measure of F is defined by

H* (F) = lim H; (F)

where Hj (F) = inf {37, |Us|* : {U,},—, is a d-cover of F'} and the Haus-
dorff dimension of F' is defined by

dimpy (F) =sup{s>0: H°(F) =oc0} =inf{s > 0: H° (F) =0}.

The s-dimensional packing measure of F' is defined by
p* (F) = inf{ > PE,) UL Fy = F}
n=1
where P?® (E) = lims_,o P§ (F) and
P (E) = sup { Z |U,|° : {Un} is a d-packing of E}
n=1

The packing dimension of F' is
dimp (F) =sup{s > 0:p°(F) =00} =inf{s > 0:p°(F) =0}.

A pseudo-packing of a set E is any family B of bounded subsets of the real
line such that, if B, B’ € B, then BN E° # ) and BN B’ N E = () where
B¢ =the closure of B. A pseudo-packing B of E by balls centered in E has the
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following property. If B, (x), Bs (y) € B, then y ¢ B, (z). A pseudo-packing
gives rise to a pre-measure defined as

R°(E) = }ii% [sup { Z |Un|° : {U,} is a d-pseudo-packing of E by closed
n

symmetric intervals centred in E with radii less than § }}

and the pseudo-packing measure is r® (E) = inf{), R* (E}): E C UpEy}.
Raymond and Tricot [12] defined the above measure and showed that for any
set F, r° (F') = p® (F'). [Proposition 10.1]

The s-dimensional packing measure is also equal to the following defini-
tion of a symmetric derivation basis measure where the positive real function
0 (z) replaces the constant § > 0. A §(-)-packing of the set F' is any dis-
joint collection of symmetric intervals By, (x;) where z; € F, r; < 6 (z;), and
iy (F) =sup{}_, (2r;)° : {B,, (z;)} is a 0 (-)-packing of F'}. The symmet-
ric derivation basis measure is p* (F) = inf{Pj  (F) : 6 (-) is any positive
real function}. The same notation is being used as for the packing measure
because it was shown in [11] that the two measures are equal for all sets F'.

In [3] for the weakly convergent deranged Cantor set, Baek introduces the
covering functions

h* (F) =liminf min (c] +¢3) (cf,‘l’l + 02‘172) (ci‘ml + Ci\n,z)

n—oo ge{l1,2}"

and

Q* (F) =timsup_max (¢f +¢5) (e300 + 1) - (€5 + e -
n—oo o€{1,2}

For the perturbed Cantor set in [2],

n n
h* (F) = lim inf I (@i +b3) and Q° (F) = limsup [ ] (a; +b}) -
k=1 Sy
In [2] and [3], Baek uses h® (F) and Q° (F) to show that if ¢;7, +c)% = 1
(or a;* 4+ by = 1) and lim, .o So = s, for all o € {1,2}" (or limy_.c s, = ),
then the dimension h® (F') (likewise Q° (F)) equals s which is the Hausdorff
dimension and the packing measure dimension.

2 Main Results.

Let F denote a perturbed Cantor set determined by the contracting ratios

I, I, n .
Ani1 = ||I’1||, il = ||12| for all o € {1,2}" and gap ratio dp41 = 1 —
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(an+1 4 bny1). Assume that the contracting ratios are uniformly bounded
away from 0 in the sense that there exists an a > 0 such that a,, b, and d,
are greater than or equal to a for all n = 1,2,... . The covering measure h*
is defined as

h* (F) =liminf > |L,|* =liminf [] (af +b}).
n—oo 06{1,2}" n—oo he1

The following theorem shows that the covering measure h® is equal to the
Hausdorff measure on a perturbed Cantor set.

Theorem 1. Let F' be a perturbed Cantor set with contracting ratios a, and
b, such that air + bi» = 1. Assume that s, — s as n — oo. Then the

Hausdorff measure H® (F) = h* (F) = liminf, o [[;_; (a; + b}) .

ProoF. The dimension of the Hausdorfl measure H?® (F') and the dimen-
sion of the covering measure h® (F') are both equal to s by [2]. Note that
[The, (af +b5) = > oe{1,23n Lo Also note that for each number n, {15}, ¢ 4 oyn
is a covering of F. Therefore, HJ (F) < 3. ¢ oyn [Io|* where [I;| < ¢ for
all o € {1,2}". Since lim, . |I,|] = 0 for each o € {1,2}", there exists
an N such that if n > N, then |I,| < 6 for all & € {1,2}". Therefore,
H (F) < infusn Y eqy oy Io]* and Hy (F) < liminf, oo >, e oy [ o]*
Hence H* (F) < liminfn oo }eq1 2y [o|*. Let 7> 0 such that H* (F)) <r.
Then Hj (F) < r for all § > 0 which implies that there exists a d-covering
{Ug}n of F such that ), |UZ|* < r for each § > 0. Suppose that there exists
a natural number N such that if n > N, then 3° ¢ 5yn |I5|° > 7. Consider

206{1’2}1\1 |I,|°. Let §p = max{|l(,\ 1o € {1,2}N}. Then, >, US| < r <
> oeq1,23 o] This implies that there exists an M such that U # I, for all
o € {1,2}" and for all n. (For, if not, and each U2 = I, where o € {1,2}™ for
some m, then by a finite process described in [7], p. 16, Remark 2.12 which is
a method used by A. F. Beardon, On the Hausdorff dimension of the general
Cantor set, Proc, Cambridge Phil. Soc., 61 (1965), 679-94 and I. J. Good, The
fractal dimension theory of continued fractions, Proc, Cambridge Phil. Soc.,
37(1941), 199-288 there would exist an n such that 3, ¢y oyn [Io|* <7.) (The
remainder of this paragraph is referred to as Argument (I). later in the pa-
per.) Therefore, there exists a .J, C I, where o € {1,2}" such that .J, is
not contained in U]‘?/?; however, U]‘&} D Jy where v € {1,2}K, K < N, and
75| > |J,|. Now, I, C I, which implies that |I,| < ()™ |I,|. Therefore,
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1 2N7K
m > ﬁ which implies that
o v
J,| _ 2NK|,| _2NK|J
dN+1: | | | | | 'Y| :2N_KdK+1>2N_KCL

| Lo | |1, |1,
where a > 0 is the uniform lower bound for ay, bg, and dy, for all k. Consider
Yoeqipvit [Io]|* > 1. Againlet 6, = max{\[a| roe{l, 2}N+1} . Then, there
exists a UJ‘?/}l # I, for all 0 € {1,2}" and for all n which implies that there
exists a oy € {1,2}"V

however, U]‘\s/}l D J,, forsomey; € {1,2}" and Ky < N+1 with | J,,| > [T, |-
(1) Suppose K1 = N. Then |J,,| > |J,,| implies that dyio > 2dny1 >
2 (2V"Ka) > 2%a. (2) Suppose K1 < N. Then dyjo > 2V Kudy oy >
oNHI=Fg = 2 (2N~ R1a) > 2%a. Again, consider 35, () gyn+2 | Io|® > 7 and

Jy = maX{|L,\ io € {172}N+2}. Then there exists a U]‘\sjz #+ I, for all o €
N+2

such that J,, C I,, and J,, is not contained in U]‘f/}l;

{1,2}" and all n which implies there exists a o5 € {1,2} such that J,, C
Iy, Joy ¢ Uz but J,, C U where 32 € {1,2}* and K < N + 2 with
|Joy] > |J5,]. (1) Suppose Ky = N + 1. Then dyi3 > 2dy42 > 2(2%a) =
23%a. (2) Suppose K3 = N. Then dyi3 > 2%dy41 > 22 (2V " Fa) > 2%
(3) Suppose Ky < N. Then dy;3 > 2N¥+t37 K24 1 > 23a. Continuing this
process for each natural number k produces a sequence dy,x > 25a — oo as
K — oco. However, since a; > a, and by, > a for all k, d, = 1—(ar + b)) < 1—2a
which is a contradiction.

Thus, there exists infinitely many n such that > . oy [I|* < 7 which
implies that liminfy, oo 30, ¢ 1 oyn [1o|* < 1. Since r > 0 with r > H* (F) was
arbitrary, liminf,, . de{l’z}n |I,|* < H?® (F) and, therefore,

H* (F) =liminf Y |I,|* = liminf ] (a; +b}). O
e oe{1,2}" T

The following corollary gives the result that the Hausdorff measure is equal
to one when the left contracting ratio is equal to a and the right contracting
ratio is equal to b for all k.

Corollary 2. Let F be a perturbed Cantor set with contracting ratios ai = a
and by, = b for all k. Let a® +b* = 1. Then H* (F) = 1.

ProOOF. The Hausdorff dimension of F is equal to s by [2]. Also H* (F) =
liminf,, o [[;_; (a} + b;) by Theorem 1. Since aj, = a, by = band a*+b* = 1,
H* (F) =1. O
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Now, let F' denote a weakly convergent deranged Cantor set determined
by the contracting ratios ¢, and the gap ratios d, = 1 — (¢o1 + Co,2) With
o € {1,2}" where n = 1,2,... . Assume that the ¢, and d, are locally
uniformly bounded away from 0 in the sense that for each o € {1,2}™,
{cg|k}211 and {d0|k}211 are uniformly bounded away from 0. Note that
if # € F, then there is an o € {1,2}* such that N} I, = {z}. (Here
olk = (i1,i2, - -ix) where o = (i1, 19, “ik, k41, - ) Also, assume for the fol-
lowing corollary that for a fixed N, the left ratios of each subinterval of I, are
equal to Cy|n4x,1 meaning that for any o* € {1,2}> such that o*|N = o|N,
Cor|N+k,1 = Co|N4k,1- Assume similarly for Cynix2 in each right ratio of
each subinterval of I y.

Corollary 3. Let F' be a weakly convergent deranged Cantor set with con-
tracting ratios cs,1 and cs 2 such that ci‘jl + c‘;',’2 = 1. Assume lim,,_,o0 S = 8
for each o € {1,2}" . For any n, let {o},eq1,0yn be the closed intervals such
that Ep, = Ugcq1,0yn o with ' = 002 E,. Assume there exists an N such that
for each interval I, n,0 € {1, 2}°° | the left ratios for n > N equal Coln,1 and
the right ratios equal Cy\y, 2. Then

N N+m

e (F)= Y W (Fnl)= > ([[eytiminf [T (G +Cipes)
k=N

oe{1,2} " oe{1,2}V k=1
where |I,|* = Hszl (cjlk) for each o € {1,2}" .

PROOF. Since the contracting ratios {c,}, ¢y oyn and gap ratios {do},c (1 2yn
are locally bounded away from 0, for each I,y with o € {1,2}*, the con-
tracting ratios {ca|k}2o:1 and gap ratios {dalk}i1 are uniformly bounded
away from 0. Therefore, {Cy i1} v and {Co\k,2}2iN are uniformly bounded
away from 0. By Theorem 1, H* (F'N1,) = lminfy oo 32 cpqoym [Loury|®
where o % v is the sequence o € {1, 2}N followed by the sequence v € {1,2}"™

I,
such that oy € {1,2}" ™. Note that |I,|* = [T;_; ¢, Coina = ||I|N71||,
o|N
‘IU\N,2‘
and CG\N,2 = T n] where |IU|N| = |I,|. Therefore,
o|N

N N+m

e (F 1) = ([] esotimint [T (G +Coa)
k=1 k=N
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Hence,

H* (F)

E H?(FNnlI,) = E lim inf E [ Lorsry|?
m—0o0
oe{1,2}~ oe{1,2}N ye{1,2}m
N+m

N
> (T etmint TT (Copn + Copa) - =
k=N

oc{1,2}V k=1

The analogous results for the packing measure is unknown to the author.
However, if the gap ratios in the perturbed Cantor set are restricted to being
greater than or equal to %max {ak, by}, the following result holds.

Theorem 4. Let F' be a perturbed Cantor set with contracting ratios ay and
b such that a;* + bj* = 1. Assume that the gap ratios di, = 1 — (a + bx)
satisfies dy, > %max {ak,br} and that limy_o s = s. Then

p*(F)=2-Q° (F) =2 limsup [ (aj +5}).

n—0o0 k=1

PrOOF. From [2] p® (F) = Q° (F) = s. Since the pseudo-packing measure
r® (F) is equal to the packing measure by [12]-Proposition 10.1], it suffices
to show that r° (F) = 2. Q®(F). Also, since F' is a closed, bounded set,
P*(F) =p*(F) =7r*(F) = R*(F). For each I,, with o € {1,2}" let S'(I,)
be the symmetric open interval whose center is the left endpoint of I, and
whose radius is 1|1,| and let S” (I,,) be the symmetric open interval whose cen-
ter is the right endpoint of I, and whose radius is $|I,|. Note that |S" (1) [*+
1S" (I;)|* = 2+ |I,|* and {S'(I,),S" (Ig)}ge{u}n is a pseudo-packing of F
since d, > % max{ak,by} which means that each interval satisfies |J|
%|IU)1| and |J,| > %|IU)2|. Therefore, de{l’z}n [\Sl (I;) ]+ 15" (I,) |S]
R (F) when £|I,| < 6 for every o € {1,2}" . Hence,

IN IV

2-Q°(F) =limsup »  2-|L|* < Rj(F)

T se{1,23n

for any 6 > 0 which implies that 2- Q® (F') < R® (F). Let > 0 be a positive
real number such that 0 < r < R® (F') which implies that » < R} (F) for any
0 > 0. Therefore, there exists a pseudo-packing {Ug}n such that > |U2|* > r
for each § > 0. Suppose that there exists a natural number N such that if n >
N. Then 2-J[j_, (af +b}) = X c (1037 2+ Ls|* <7 for eachn > N. Fix § > 0.
Since ), \U,‘ﬂs > r, there exists an M such that Ufw = (xp — T+ rAr)
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where z); € F, rjyr < & but x)/ is not an endpoint of any I, where o € {1,2}"
and n > N. (For, if not, and each midpoint of a U’ is an endpoint of some
I, then by a finite process described in [7, p. 16, Remark 2.12] there would
exist an n such that }° . ¢ oyn 2 [I5|* > r.) Therefore, z/ is a limit point of
F which implies that there exists a o € {1,2}" such that z,; € Ik, where
olk € {1, 2}k Jfor k=1,2,... and xpr = N3, I, Let No be the first natural
number larger than N such that 1|I,| < § for every o € {1, 21N | Then

r< Y IO SIURE+ D (ISP ISP -

o#ve{1,2}No

However,

(18" (T v )I* + 18" (L v )|*) + > (ST (L) 5+ 15" (Is) I°] <7
o|No#ve({1,2)No

where o| Ny € {1,2}"°. This implies that
2 Lo |* = 18" (L) I° + 15" (o) I° < |UR,1° = (2ra)° (1)

which means that rp; > \IU| No|- Without loss of generality, assume that

|IU|N0‘

I Ny = Is|(No—1),1 and that = ap,. In order for the inequality

|IU|N0—1| B
(1) to hold with s < 1, the gap interval J,n,—; in the interval I n,_;

|JO'|N071‘ )

(where dy, = must be very large and |/,|y,| must be very small.

|IG\N0—1|
However, by Argument (f) in Theorem 1, J,|n,—1 cannot by disproportion-
ately large. Therefore, J,n,—1 must be very off center and I, y, is very
small which implies that an, = rn,bn, Where ry, < 1 . Again, let §; =
max{%|]0.| io € {1,2}N°+1} . Then, there exists a packing {U2'} such that
r <Y, |U3® and D oe{1,2}No+ [IS" (I5) |* + |5 (I,) |*] < r. Therefore, again,

there exists an M; such that UJ‘\s/}l = (Tym, — "My Ta, + T, ) Where zpy, € F,
ry, < 01 and xp, is not an endpoint of any I,,0 € {1,2}" and n > N.
Likewise, there exists a o1 € {1,2}” such that {za,} = Np2, 1,k and
|S! (Igl\NOH) |54|S" (Igl|N0+1) |* < |U1‘f/}1\s which implies that ras, > |15, |ng+1]
and any,+1 = rNy+10N,+1 Where rn,4+1 < 1. Continuing this process for each
natural number k£ produces the equation for the interval 15y,

k+1

= H (" No+50No+5) o) Np—1]
j=0

|| No 5,1
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which implies that an,+r = (H?:o ?"N0+j) bnog+r < (H?:o TNO+]') 1. Since
each J,|n,+r must be significantly off center, there exists an ¢ > 0 such that
rng+k < 1 — ¢ for all k. Therefore,

k
1 1
0<a<anyt+k < _I_IOTNOH §<(1f€)k§HOask‘ﬂoo
‘7:

which is a contradiction. Hence, there exists infinitely many n such that
Doe(1,2)n (1S (I5) |* +1S" (1) |*) > r which implies that

lim sup Z 2~|L,|SZrand?limsupH(aerbZ)zr.

oce{1,2}" k=1

Since r > 0 was arbitrary, limsup,, . > ,eq1 2y 2/15|° = R (F) which im-
plies that

2olimsupH(aZ+b2):Rs(F) O

The following corollary shows that under the restriction that the gap ratio
d> %max {a,b} when a is the left contracting ratio for the simple perturbed
Cantor set and b is the right contracting ratio, then the packing measure is 2.

Corollary 5. Let F' be the perturbed Cantor set with contracting ratios ax = a
and by = b for all k. Assume that the gap ratio d = 1 — (a +b) satisfies
d > 2 max{a,b} and a® +b* = 1.. Then P*(F) = 2.

PROOF. By [2], s is the packing measure dimension of F. By Theorem 4,
p* (F) =2limsup [[}_, (aj + b5) = 2limsup [[_, (a® 4+ b*) = 2. O

Now for the result analogous to Corollary 3 for the more general weakly
convergent deranged Cantor set F.

Corollary 6. Let F' be a weakly convergent deranged Cantor set with con-
tracting ratios c,1 and c, o such that c;7y + c;7%y = 1. Assume that the gap
ratios dy = 1 — (o1 + Co,2) satisfy dy > %max {¢s1,C02}, and there exists
an N such that for each interval I, n, o € {1, 2}°° | the left ratios of each left
subinterval of 1, n equal Cypn1 and the right ratios equal Cyp o for n > N.
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Assume also that lim,, .o s, = s for each o € {1,2}". Then

p(F)= Y p(FNL)

oe{1,2}V
N N+m
= Z (H c§k> 2. limjup H (C;‘k,l + C’f,‘k’z) .
ce{1,2}V \k=1 M= k=N

Proor. The packing measure dimension of F"is s by [3]. Let {I},c(; o3~ be
the set of closed intervals such that Ex = U, {1}2}NIO— where the left ratios
for each left subinterval of I, equal Cy, 1 and the right ratios equal Cy,, 5 for
n > N. Then, the Cy, 1, Csjpn,2 and Dy, are uniformly bounded. By The-

orem 4, p* (FN1I,) = (Hivzl ci‘k) limsup,,, ., 2 - ngﬁ (C§|k,1 + Cglkﬁ) .
Therefore, since {/,}, {12}V are pairwise disjoint closed intervals,

= Y pFNL)

oe{1,2}V
N N+m
= Z (H cjk> 2 - lim sup H <C§‘k’1 + C;|k,2) . O
ce{1,2}Y \k=1 M= k=N

Returning now to the perturbed Cantor set F' where the gap ratios have no
restrictions other than the uniform lower bound a > 0 which is the same as the
lower bound for the left contracting ratios a; and the right contracting ratios
by, the following lower bounds and upper bounds hold for the s-dimensional
packing measure.

Theorem 7. Let F be a perturbed Cantor set with contracting ratios ay, and
bi such that a;* + b;* = 1. Then

n 2 172 1 S n
2% liminf [ (aj +b}) < p* (F) < {(”)*} limsup [ (a; +b}) -

n—oo
n—oo
k=1

a

k=1

PROOF. Let B, (z) be any symmetric interval where z is an endpoint of a I,

for any o € {1,2}", n =1,2,... and r > 0. Let B be the collection of all
a diam (B, (z) N F)

B, h that < -

(%) such tha 2(1—2a)+1~  diam B, (z)
all k and 0 < a < ag, b, and di, for all k. Let y € F' be any point that is not an
endpoint of any I,,0 € {1,2}" andn = 1,2,... . Then, there exists a sequence

< % where dj, < 1—2a for
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of positive numbers {t; (y)};, depending of y, such that lim; .. ¢; (y) =0

0< a _e< diam. (Buw (v) N F) <
[2(1—2a)+1] diam By, () (y)

where 0 < & < min{3, m} Therefore,

B =BU {Bt,(y) (y) :y € F' and y is not an endpoint of any
I, foro € {1,2}" ,n=1,2,...}

is a Vitali covering of F' which implies that there exists a disjoint collection of
{B,, (z;)}, C BY such that p* (F\ U; B, (z;)) = 0 and H* (F\ U; B, (z;)) =
0. The inequality diam (B,, (z;) N F) < (3 + ¢) diam B,, (z;) implies that

(; + E) ) (diam (B, (z;) N F))® < (2r;)°

and consequently that

—S

1 o 1 s s
foralli=1,2,... . Hence,

1

(2 ; ) () = (; ¥ ) b S0 B ) F)
< (; + 5) h Z [diam (B,, (z;) N F)]* (2)
< Z (2r:)* < P5 (F)

where r; < 0 for all ¢ = 1,2,.... Now, let § (x) > 0 be any positive real
function and restrict the radii in BY to those where r; < 6 (x;) . Then, again,
a Vitali covering occurs and the inequality (2) is true for any positive function
(). Hence, (3 +¢) " H* (F) <p*(F).

Let 9 > 0 be any positive number, and let § (x) be any positive real
function such that Py, (F) < p*(F) + €o. Then there exists a ¢ (-)-packing
{U,},, such that p* (F) < Y |U,|® < p° (F) 4 €. Suppose that there exists

a Ujps such that
a diam (Up N F)

- - N 7 3
20-2a)+1 °~  diamUn (3)
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where Uy = (xpr — vy, 2y + 7ar) - Since m —e < %,
diam (Up N F) < 4 diamUy. Also, since (3) holds, diam (Uy N F) is very
small and x); must be an endpoint of an I, for some n and some o € {1,2}" .
Likewise, the gap intervals on both sides of I, must be very large, one of
which must be J,|,—1. Because of argument (1) in Theorem 1, assume Joln—1

is not the gap interval with endpoint s and that ra; < |[Jgpn—1|+ |I5|. Then,

we have

Joln_ 1, -
M < [Join ] + Lol <dg+ar <(1- Qa)—&—% (similarly, for dj, +bg).
‘Ialn—l‘ |Ia|n—1| |Io\n—1|
Hence,
diam(UMﬂF)_diam(UMﬂF)> |Ig|
dlamUM o 2"AM - 2(|J0'|7L—1|+|IU)
|Io| . ‘[alnfl\ > ap. - 1
B |Io\n—1| [2 (|Ja|n—1‘ + |It7|)] B 2 (dk + ak)

a a
Z =

2(1—2a)+21 ~ 2(1—2a)+1

(where the same inequalities are true for by) which is a contridiction to (3).
This implies that the & (-)-packing {U,}, is contained in BY. Therefore,

“ diam (U, N F)
[2<1—2a)+1 - 5} diam U,

which implies {m - 5} (2rn)” < diam (U, N F)*. Therefore,

or [2(1_ga)+1 - s} diam U,, < diam (U, N F)

B RG] e e B DYC)
<D diam Uy O F) < 3 1L, I

where {I,,}, are disjoint and U, N F C I, for each n. However, Y |1, |°
can be replaced by 206{172}1\1 |I,|® for some N by the finite process described

. a
m [7] Hence, (m

S
€0 was arbitrary, (m — 5) p* (F) < limsup,, o >_,e 1,03 [ 1o| Which
implies that

- 5) p°* (F) < sup,>n 206{172}7; |I,]°. Since

p® (F) < [a —5} limsupH (af +b%).
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Since ¢ was arbitrary,

- 2(1-2a)+1]° -
25 1' 3 S S S 3 S S
mint TT (ot +08) < () < | 2022052 imnsup T (a5 4 80
k=1 k=1
for any perturbed Cantor set F. O

For the simple perturbed Cantor set with left contracting ratio equal to a
and right contracting ratio equal to b, the packing measure has the following
upper and lower bounds.

Corollary 8. Let F' be the perturbed Cantor set with contracting ratios ax = a
and by, = b for all k. Assume that a®*+b* = 1. Then 2° < p* (F) < (%)

where ¢ = min {a, b} .

For the weakly convergent deranged Cantor set, the packing measure has
the following upper and lower bounds when a,|xy is defined to be the uniform
lower bound for all the contracting ratios of all the left subinterval, right
subinterval and gap subintervals of I,, where o € {1,2}.

Corollary 9. Let F' be a weakly convergent deranged Cantor set with con-
tracting ratios cs,1 and cs 2 such that ci‘jl + c‘;‘,’2 = 1. Assume lim,,_,o0 S = 8
for each o € {1,2}" and that there exists an N such that for each interval
Iyn,o € {1,2}, the left ratio of each left subinterval of I,y is equal to
Cosn,1 and the right ratios equal Cyp o for n > N. Let agn be the uniform
lower bound for I, y,0 € {1,2}>°. Then

N N+m
2D <Hci|k>1;£f£glofﬂ (Can + Copz) <" (F)
k=N

oe{1,2}V \k=1 =
N s N+m
S 2(1_20"7|N)+1 : s S
< Z <H cak> l , lim sup H (Ca|k71+00|k,2).
ce{1,2}V \k=1 oV M=o N
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