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Ilona Ćwiek and c, Department of Mathematics, Lódź University, Banacha
22, PL-90-238 Lódź, Poland. e-mail: rpawlak@imul.uni.lodz.pl
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ON SOME SUBCLASSES OF BAIRE 1
FUNCTIONS

Abstract

We will consider the classes of first return continuous, weakly first
return continuous with respect to some trajectory and almost continuous
functions in the sense of Stallings and we will show that for the Baire 1
functions the classes of functions mentioned above are equal. Moreover
we will define the class BF1 of strongly F-almost everywhere first return
recoverable functions and shall present the relation between family BF1
and Baire 1 functions.

It is well known that almost continuous functions (in the sense of Stallings)
which belongs to the first class of Baire satisfy the Young condition and a real
valued function f defined on [0, 1] is an almost continuous, Baire 1 function
if and only if f is first return continuous with respect to some trajectory.
Moreover the class of first return recoverable functions with respect to some
trajectory defined on the interval [0, 1] and the class of Baire 1 function on
[0, 1] are equal.

In this paper we will define weakly first return continuous function and
moreover we will define F - almost everywhere first return recoverable and
strongly F - almost everywhere first return recoverable functions but in our
considerations we shall use only the second class. This class we denote by BF1 .
It is worth noting that each Baire 1 function f defined on the interval [0, 1]
belongs to the family BF1 .
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In this paper we will also show that for a Baire 1 function the conditions of
almost continuity (in the sense of Stallings), first return continuity and weakly
first return continuity are equivalent (see, for example, [2], [1] or [6]).

We apply the classical symbols and notation. By R (N) we denote the set
of real (natural) numbers. Let A (int(A)) denote the closure (the interior) of
A, where A ⊂ [0, 1]. By B1 (A) we denote the family of all Baire 1 (almost
continuous in the sense of Stallings) functions f : [0, 1]→ R.

We say that a function f : [0, 1] → R satisfies the Young condition if for
every x ∈ [0, 1] there exist sequences xn ↗ x and yn ↘ x such that both
{f(xn)} and {f(yn)} converge to {f(x)}.

By a trajectory we mean any sequence {xn}∞n=0 of distinct points in [0, 1],
which is dense in [0, 1]. Let {xn} be a fixed trajectory. For a given interval,
or finite union of intervals, H ⊆ [0, 1], r(H) will be the first element of the
trajectory {xn} in H. First, for x ∈ [0, 1] we define what we shall mean by the
first return route to x based on the trajectory {xn}. If ρ > 0, we use Bρ(x)
to denote {y ∈ [0, 1] : |x− y| < ρ}. The first return route to x, Rx = {yk}∞k=1,
is defined recursively via

y1 = x0,

yk+1 =

{
r(B|x−yk|(x)) if x 6= yk

yk if x = yk.

We say that f : [0, 1] → R is first return recoverable with respect to {xn} at
x provided that limk→∞ f(yk) = f(x), and if this happens for each x ∈ [0, 1],
we say that f : [0, 1]→ R is first return recoverable with respect to {xn}.

We say that x ∈ [0, 1] is a Baire one point of f : [0, 1] → R with respect
to {xn} if f is first return recoverable with respect to {xn} at x. For a fixed
function f let B1(f, {xn}) denote the set of all Baire one points of f with
respect to {xn}. Moreover let B∧1 (f, {xn}) = [0, 1] \ B1(f, {xn}).

It is known that f : [0, 1] → R is a Baire 1 function iff there exists a
trajectory {xn} such that B∧1 (f, {xn}) = ∅ (see [2]).

For 0 < x ≤ 1, the left first return path to x based on {xn}, P lx = {tk},
is defined recursively via t1 = r(0, x) and tk+1 = r(tk, x). For 0 ≤ x < 1, the
right first return path to x based on {xn}, P rx = {sk}, is defined analogously.

A function f : [0, 1] → R is first return continuous from the left [right] at
x with respect to the trajectory {xn} provided that

lim
t→x,t∈P l

x

f(t) = f(x) [ lim
s→x,s∈P r

x

f(s) = f(x)].

We say that for any x ∈ (0, 1), f : [0, 1] → R is first return continuous at
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x with respect to the trajectory {xn} provided it is both left and right first
return continuous at x with respect to the trajectory {xn}.

We say that x ∈ [0, 1] is a first return continuity (from the left, from the
right) point of f : [0, 1]→ R with respect to {xn} if f is first return continuous
(from the left, from the right) with respect to {xn} at x. For a fixed function
f let C(f, {xn}) denote the set of all first return continuity points of f with
respect to {xn}. Moreover let C∧(f, {xn}) = [0, 1] \ C(f, {xn}). It is known
that f : [0, 1] → R is an almost continuous Baire 1 function iff there exists a
trajectory {xn} such that C∧(f, {xn}) = ∅ (see [3]).

Let F be an ideal of subsets of real line such that if A ∈ F , then int(A) = ∅.
A function f : [0, 1]→ R is F-almost everywhere first return recoverable with
respect to the trajectory {xn} if B∧1 (f, {xn}) ∈ F . A function f : [0, 1] → R
is strongly F-almost everywhere first return recoverable with respect to the
trajectory {xn} if B∧1 (f, {xn}) ∈ F .

In this paper we will examine the second class. Let us denote this class
(of strongly F-almost everywhere first return recoverable with respect to the
trajectory {xn}) by the symbol BF1 ({xn}). We will say that a function f :
[0, 1] → R is strongly F-almost everywhere first return recoverable if there
exists a trajectory {xn} such that f ∈ BF1 ({xn}). Let BF1 denote the set of all
strongly F- almost everywhere first return recoverable functions f : [0, 1]→ R.

A function f : [0, 1] → R is nearly first return continuous (f ∈ C?({xn}))
with respect to the trajectory {xn} if f ∈ BF1 ({xn}) and for each component
(a, b) of the interior of the set B1(f, {xn}) there exists a trajectory {yn} ⊂ (a, b)
such that (a, b) ⊂ C(f, {yn}) and a and b are unilateral first return continuity
point with respect to {yn}.

A nearly first return continuous function f : [0, 1] → R is weakly first
return continuous with respect to the trajectory {xn} provided for each x ∈
B∧1 (f, {xn}) there exists an open set G ⊂ B1(f, {xn}) such that x is a bilateral
accumulation point of the set G and there exists a trajectory {yn} ⊂ G such
that f �G is first return continuous with respect to {yn}.

Proposition 1. Let F be an arbitrary ideal. A function f : [0, 1] → R is
Baire 1 function iff there exists a trajectory {xn} such that f ∈ BF1 ({xn}) and
B∧1 (f, {xn}) is a countable closed set.

Proof. If f ∈ B1, there exists a trajectory {xn} such that B∧1 (f, {xn}) = ∅.
Suppose now that there exists a trajectory {xn} such that f ∈ BF1 ({xn}) and
B∧1 (f, {xn}) is a countable closed set. Let {αn} be a sequence of all elements
of B∧1 (f, {xn}). We define a trajectory {zn} by z2n = αn, z2n+1 = xn for
n ∈ N. We shall prove that x ∈ B1(f, {zn}) for each x ∈ [0, 1]. To this purpose
let us consider the following cases:
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1) x ∈ B∧1 (f, {xn})
Then there exists n0 ∈ N such that x = αn0 = z2n0 . Hence yk = z2n0 for

k ≥ 2n0, where Rx = {yk}∞k=1 is the first return route to x based on the tra-
jectory {zn}. Therefore limk→∞ f(yk) = f(z2n0) = f(x); so x ∈ B1(f, {zn}).

2) x ∈ B1(f, {xn})
By the assumption B1(f, {xn}) is an open set, so there exists a neigh-

borhood U of point x such that U ⊂ B1(f, {xn}). Hence {zn} ∩ U ⊂ {xn}.
Therefore {yk} is a subsequence of a sequence R∗x = {y∗n}, where R∗x is the
first return route to x based on the trajectory {xn}. Since x ∈ B1(f, {xn}),
limk→∞ f(yk) = f(x). Hence x ∈ B1(f, {zn}). Therefore B∧1 (f, {zn}) = ∅ and
f ∈ B1.

Remark. In the previous proposition the assumption that B∧1 (f, {xn}) is closed
can not be omitted.

Proof. Consider the function f : [0, 1]→ R defined by

f(x) =

{
0 if x ∈ [0, 1] \ C?

1 if x ∈ C?,

where C? is a set of all endpoints of components of complement of Cantor set.
Let {xn} be a sequence which is dense in [0, 1] and contained in [0, 1] \C?.

Then B∧1 (f, {xn}) = C? is countable and B∧1 (f, {xn}) = C, where C is Cantor
set. Hence f ∈ BF1 ({xn}). On the other hand f /∈ B1.

Theorem 1. If f : [0, 1]→ R is Baire 1 function the following conditions are
equivalent:

(i) f is weakly first return continuous with respect to some trajectory {xn}

(ii) f is first return continuous.

(iii) f ∈ A.

Proof. It is well known that (ii) ⇐⇒ (iii). So, it is sufficient to prove
implications (i) =⇒ (iii) and (ii) =⇒ (i). We start with the proof of the
implication (i) =⇒ (iii). Let f be weakly first return continuous with respect
to some trajectory {xn}. It is sufficient to prove that f satisfies the Young
condition. So let x0 ∈ [0, 1]. If x0 ∈ B1(f, {xn}), there exists an component
(a, b) of the set B1(f, {xn}) such that x0 ∈ (a, b). Since f ∈ C?({xn}) we can
infer that there exists a trajectory {yn} ⊂ (a, b) such that (a, b) ⊂ C(f, {yn}).
Hence

x0 ∈ (a, b) ⊂ C(f, {yn}) = Cl(f, {yn}) ∩ Cr(f, {yn}).
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So
lim
t→x0

t∈P l
x0

(yn)

f(t) = f(x0) and lim
s→x0

s∈P r
x0

(yn)

f(s) = f(x0),

and consequently the Young condition holds.
If x0 ∈ B∧1 (f, {xn}), then there exists an open set G ⊂ B1(f, {xn}) such

that x0 is a bilateral accumulation point of G and there exists a trajectory
{yn} ⊂ G such that f �G is first return continuous with respect to {yn}. In
particular, f �G is bilateral first return continuous with respect to {yn} at the
point x0. Therefore it is easy to conclude that the Young condition holds.

Now we shall prove (ii) =⇒ (i). From our assumption, we may infer that
there exists a trajectory {zn} such that [0, 1] = C(f, {zn}). Note that f
is nearly first return continuous with respect to {xn}. By assumption f ∈
BF1 ({xn}). Let (a, b) be an arbitrary component of the set B1(f, {xn}). Let
{yn} be a sequence such that

y1 = zmin{k∈N:zk∈(a,b)},

yn+1 = zmin{k∈N:zk∈(a,b)\{y1,y2,...,yn}}.

Then {yn} is a subsequence of the sequence {zn} such that

{yn} ∩ (c, d) = {zn} ∩ (c, d), for each (c, d) ⊂ (a, b).

Therefore {yn} is a dense subset of (a, b), so it is a trajectory in (a, b). Moreover
(a, b) ⊂ C(f �(a,b), {yn}), a ∈ Cr(f �(a,b), {yn}) and b ∈ Cl(f �(a,b), {yn}).

Indeed, let x0 ∈ (a, b). We will prove that x0 ∈ Cl(f �(a,b), {yn}) (the proofs
that x0 ∈ Cr(f �(a,b), {yn}), a ∈ Cr(f �(a,b), {yn}) and b ∈ Cl(f �(a,b), {yn}) are
similar). Let P lx0

(yn) = {tn} be a left first return path to x0 based on {yn}
and let P ′lx0

(zn) = {t′n} be a left first return path to x0 based on {zn}. Put
n0 = min{k ∈ N : zk ∈ (a, x0)}.

If n0 = 1, then y1 = z1 and t1 = r(0, x0) = y1 = z1 = t′1. Next t2 =
r(t1, x0) = r(t′1, x0) = t′2 and tk = r(tk−1, x0) = r(t′k−1, x0) = t′k.

If n0 > 1, then zk ∈ [0, a] ∪ [x0, 1] for each k < n0. Let zk1 , . . . , zkl
be a

sequence of all elements of the sequence {zn} from the interval [0, a], where
ki < ki+1 for i ∈ {1, . . . , l−1}. Then t′1 = r(0, x0) = zk1 , t′2 = r(zk1 , x0) = zki2

,
. . ., t′m = r(t′m−1, x0) = r(zkim−1

, x0) = zkim
for some i2, . . . , im ∈ {2, 3, . . . , l}.

Moreover let t′m be the last element of a sequence P ′lx0
= {t′k} in [0, a]. Then

t′m+1 = r(t′m, x0) = r(zkim
, x0) = zn0 = yj0 , for some j0 ∈ N. Hence, by

definition of the trajectory {yn} and n0, yj0 is the first element of the sequence
{yn} from an interval (a, x0). Hence

yj0 = r(0, x0) = t1 and t′m+1 = t1.
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So by induction we can show that t′m+j = tj for each j ≥ 1. Therefore in both
considered cases P lx0

(yn) = P lx0
(zn) except finite number of elements. Hence

lim
t→x0

t∈P l
x0

(yn)

f(t) = lim
t→x0

t∈P r
x0

(zn)

f(t) = f(x0).

So x0 ∈ Cl(f|(a,b), {yn}).
Now let x0 ∈ B∧1 (f, {xn}) and let P lx0

(zn) = {tk} be the left first return
path to x0 based on {zn}. We define a sequence {t′′k} in the following way:

• if tk ∈ B1(f, {xn}) let t′′k = tk

• if tk ∈ B∧1 (f, {xn}) let t′′k = y0, where y0 ∈ B1(f, {xn}) ∩ (tk, x0) and
f(y0) ∈ (f(tk)− 1

k , f(tk) + 1
k ).

Note that such a point y0 in the second case above exists. Indeed in the oppo-
site case f(y) ∈ (−∞, f(tk)− 1

k ] ∪ [f(tk) + 1
k ,+∞) for each y ∈ B1(f, {xn}) ∩

(tk, x0). Obviously B1(f, {xn}) ∩ (tk, x0) 6= ∅ (because B1(f, {xn}) is a dense
set). Then

f

(
[tk, x0) ∩

(
(−∞, f(tk)− 1

k

]
∪ [f(tk) +

1
k
,+∞)

))
6= ∅

and f(tk) ∈ f([tk, x0)). Hence, by the fact that f ∈ C?({zn}) = B1 ∩ A =
B1 ∩ D,[

f(tk)− 1
k
, f(tk)

]
⊂ f([tk, x0)) or

[
f(tk), f(tk) +

1
k

]
⊂ f([tk, x0)).

But f((tk, x0) ∩ B1(f, {xn})) ∩ (f(tk)− 1
k , f(tk) + 1

k ) = ∅; so

(f(tk)− 1
k
, f(tk)) ⊂ f([tk, x0) ∩ B∧1 (f, {xn})) or

(f(tk), f(tk) +
1
k

) ⊂ f([tk, x0) ∩ B∧1 (f, {xn})),

which is impossible because from our assumption B∧1 (f, {xn})) is countable.
In the analogous way we can define a sequence {s′′k}:

• if sk ∈ B1(f, {xn}), let s′′k = sk

• if sk ∈ B∧1 (f, {xn}), let s′′k = y1, where y1 ∈ B1(f, {xn}) ∩ (x0, sk) and
f(y1) ∈ (f(sk)− 1

k , f(sk) + 1
k ).
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Now, let dn ∈ (t′′n, t
′′
n+1) and pn ∈ (s′′n, s

′′
n+1), for each n ∈ N. Put

G =
+∞⋃
n=1

([(dn−1, dn) ∩ St′′n ] ∪ [(pn−1, pn) ∩ Ss′′n ]),

where for each n ∈ N, St′′n (Ss′′n) is a component of the set B1(f, {xn}) contain-
ing t′′n (s′′n). Obviously G is an open set contained in B1(f, {xn}). Moreover x0

is the bilateral accumulation point of the set G, because tk ↗ x0, t′′k ∈ [tk, x0)
and t′′k ∈ G for each k ∈ N and sk ↘ x0, s′′k ∈ (x0, sk] and s′′k ∈ G for each
k ∈ N. Put

yn =


zn if zn /∈ P lx0

(zn) ∪ P rx0
(zn) and zn ∈ G

t′′n if zn = tn

s′′n if zn = sn.

Then obviously {yn} ⊂ G. We will show that f �G is first return continuous
with respect to the trajectory {yn}. Let x ∈ G. Consider the following cases:

10 x ∈ G \ {x0}.
Hence, if P lx(yn) = {ak} and P rx (yn) = {bk}, then for sufficiently large k,

ak /∈ P lx0
(zn) ∪ P rx0

(zn) and bk /∈ P lx0
(zn) ∪ P rx0

(zn). Hence

P lx(zn) = P lx(yn) and P rx (zn) = P rx (yn)

except fo a finite number of elements. Hence

lim
t→x

t∈P l
x(yn)

f(t) = lim
t→xt∈P l

x(zn)
f(t) = f(x0)

and
lim
t→x

t∈P r
x0

(yn)

f(t) = lim
t→x

t∈P r
x (zn)

f(t) = f(x).

So x ∈ C(f �G, {yn}).
20 x = x0.
Then P lx0

(yn) = {t′′n} and P rx0
(yn) = {s′′n}. Hence

lim
t→x0

t∈P l
x0

(yn)

f(t) = f(x) = lim
t→x0

t∈P r
x0

(yn)

f(t),

because f(t′′n) ∈ (f(tn)− 1
n , f(tn) + 1

n ) and f(s′′n) ∈ (f(sn)− 1
n , f(sn) + 1

n ) for
each n ∈ N. Hence x0 ∈ C(f �G, {yn}).
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