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A BIRKHOFF TYPE INTEGRAL AND THE
BOURGAIN PROPERTY IN A LOCALLY
CONVEX SPACE

Abstract

An integral, called the Bk-integral, for functions taking values in a
locally convex space is defined. Properties of Bk-integrable functions
are considered and the relations with other integrals are studied. Mo-
reover the Bk-integrability of bounded functions is compared with the
Bourgain property.

1 Introduction.

In this paper we consider an integral, called the Bk-integral, which is an
extension to locally convex spaces of the Birkhoff integral of [2]. Properties
of the Bk-integral are considered, and it is compared with other kinds of
integrals.

In §3, we present some properties of the Bk-integral. The Cauchy criterion
for Bk-integrability is proved (Proposition 1).

In §4, we compare the Bk-integral with other types of integrals, and we
establish that the Bk-integral lies between the Bochner integral and the Pettis
integral. When the range is a Banach space, a measurable and Pettis integrable
function f is also Birkhoff integrable. We prove that the same result holds for
functions whose range is a Hausdorfl locally convex topological vector space
(Theorem 3), if we consider the measurability by seminorm instead of the
measurability.
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410 V. MARRAFFA

In §5, the Bk-integrability of a function is compared with the Bourgain
property of a suitable family of functions. Applying a Lemma in [4], the Bk-
integrability of a bounded function is compared with the Bourgain property
of a family of real valued functions.

2 Definitions and Notations.

Let X be a Hausdorff locally convex topological vector space (briefly a locally
convex space) with its topology 7 and topological dual X*. P(X) denotes a
family of 7-continuous seminorms on X so that the topology is generated by
P(X).

Let (Q, F, 1) be a non-empty finite measure space. Unless specified other-
wise, the terms “measure”, “measurable” and “almost everywhere” (briefly
“a.e.”) refer to the measure pu. For a set E € F, we denote by Xg the char-
acteristic function of E. A partition of Q is a countable family of disjoint
measurable sets (E;);en such that Q =, E;.

A function f : Q — X is called weakly-measurable if the function z* f is
measurable for every x* € X*.

We recall that a function f : 0 — X is called simple if there exist x1, x2, . . .,
r, € X and FEi,Ey,....E, €F such that f = Z:l:l l'lXE1 If s = Z?:l szsz
and A € F, then [, s =" w(AN E;)z;.

We recall the following definitions (see [3], Definition 2.4).

Definition 1. A function f : Q@ — X is said to be strongly (or Bochner)
integrable if there exists a sequence (f,), of simple functions such that:

(1) fa(t) — f(t) a.e; ie., f is strongly measurable;

(i) p(f(t) — fa(t)) € L1 () for each n € N and p € P(X), and
limy oo o P(f(t) — fu(t))dt = 0 for each p € P(X);

(#4i) [, fn converges in X for each measurable subset A of €.
In this case we put (B) [, f = limp_.oo [, fn-

Definition 2. A function f : Q — X is said to be integrable by seminorm
if for any p € P(X) there exist a sequence (fF),, of simple functions and a
subset X8 C Q, with p(X{) = 0, such that:

(i) lim,—oo p(fE2(t) — f(t)) = 0 for all t € Q\ X7 ie., f is measurable by

seminorm;

(i6) p(f(t)—fE(t)) € L'(Q) for eachn € N, and lim,, . [, p(f(t)—f2(t))dt =
0;
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(i4i) for each measurable subset A of € there exists an element y4 € X such
that limy, oo p([, fE(t) —ya) = 0.

Then we put [, f =ya.

Clearly a Bochner integrable function is integrable by seminorm, and the
two definitions coincide in a Banach space.

Definition 3. A function f : @ — X is said to be Pettis integrable if z* f
is Lebesgue integrable on ) for each x* € X* and for every measurable set
E C Q there is a vector v¢(E) € X such that z*v(E) = [, a* f(t)dt for all
T* e X*.

The set function vy : F — X is called the indefinite Pettis integral of
f. It is known (see for example [16], p. 65) that vy is a countably additive
vector measure, continuous with respect to the measure p (in the sense that
if w(E) =0, then v¢(E) = 0).

3 The Bk-integral.

From now on X is a complete locally convex space. We denote by I' a partition
of Q. The notation I'y > I'y for two partitions I'y and I'y of 2 means that I'y
is finer than I's; that is, every set v, of I'y is a subset of some 7, of I's. For a
given set v C Q, we set f(y) = {f(t) : t € v}; clearly f(y) C Q. Moreover, if
I' = (0;) is a partition of 2, by the symbol X(f,T') we denote the formal series
> (o) f(oi). Let p € P(X) be given. Then p~1(0) is a vector subspace and
p defines a norm on X/p~1(0). If B C X is bounded with respect to p, we use
the notation p(B) = sup{p(z) : x € B}. Given a sequence B, Bs,... of sets
in X, the series Y~ | B, is said to be p-convergent provided that for every
choice of b,, € B,,, n € N, the series fozl by, is convergent in the normed space
X/p~1(0). The series > 7 | By, is said to be p-convergent to z € X provided
that for every choice of b, € By, n € N, the series Y~ b, is convergent
to z in the normed space X/p~'(0). Let f : Q — X. We say that f is p-
unconditionally summable on T' = (0;) if, for each ¢ € N, f | o; is bounded
with respect to p whenever pu(o;) > 0 and the series (f,T') is p-convergent.

Definition 4. A function f: Q — X is said to be Bk-integrable with integral
z € X if for every p € P(X) and € > 0 there exists a partition I'y = (o;) of Q
for which f is p-unconditionally summable on I', and

(X nleft) ~=) <. M

€N
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for all ¢; € 0;. The vector z is called the value of the integral on the set €2,
and we set z = (Bk) [, f

We denote by Bk(€, X) the family of all Bk-integrable functions on €.
In order to prove the Cauchy criterion for the Bk-integral, we need the
following lemma.

Lemma 1. Let f : Q@ — X be a function. Assume that, given p € P(X)
and € > 0 there is a partition T', = (0;) of Q such that f | o; is bounded
with respect to p and the series X(f,T,) is p-convergent to z € X. Then, for
any partition I', = (Bx), I', > I'y; also, the series X(f,T},) is p-convergent to
ze X.

PROOF. Let p € P(X) and ¢ > 0 be fixed. Let I'), = (o) be a partition
so that the series ¥(f,T'y) is p-convergent to z € X and let '), = (0 ;) be
a subpartition of I'y, with Ujo; ; = o; for each ¢ € N. Set B; = p(0;)f(04)
and B, j = u(0i;) f(0i,). We show that >, ; B, j is p-convergent to z. Since
>, Bi is p-convergent to z, for each € > 0 there is N € N, such that for each
m > N

m

p(ZBn—z> <%, (2)

n=1
and for each finite set Q@ C N\ {1,... N},

W(Xm) <5 ®

neq

Take M = max{p(f(o1)),...,p(f(on)) : p(o;) > 0,5 = 1,...N}. Since
() < oo and p(2) =32, p(a”) there is K big enough such that

,

N
ZZ Unk <ﬁ. (4)

We want to prove that

Z Bmk) < g,

(n,k)eS

for each finite subset S of T = NxN\ ({1,..., N} x{1,..., K}. Indeed for such
aset S, let " ={(n,k)eS:1<n<N}and " ={(n,k) € S:n>N}. By
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(4), we get
> Bn,k) =p( > u(on,k)f(%k))
(n,k)es’ (n,k)GS’
. (5)
< Z p(p(oni) f(onk)) ZZMMUnk <Mm:§~
(n,k)es’ n=1k>K

Define N’ = max{n > N : there is k with (n,k) € S}. Then by (3) we obtain

p( Z Bn,k):p( Z M(Un,k)f<an,k>)

(n,k)es" (n,k)es"
> 0o 00) <p( X ol u0D)
(n,k)es” N<n<N' (6)
( 3 BU{O}) ( 3 Bu{o})
N<n<N’ N<n<N'
= e (B <5

where 0 is the null vector in X and co(B) is the convex hull of B. Therefore,
by (5) and (6) we get

p( Y Bux)<e (7)

(n,k)es

By (3) there is N € N such that

n>N

and by (7) there is K € N such that if T =N x N\ ({1,...,N} x {1,...,K},

3 Bn,k) <e. (9)

(n,k)eT
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Let » > N and s > K. By (2), (8) and (9) we have

A3t =p( S 2 B L)

+p(;Bn—z)gp(§;§Bn,k—ZBH)
(T m) + (n;m;lgm;];{aw)+p(an_z)
<p(nzlkleM ZB)+25.

Consider the first term in the last inequality. Applying (5), we have

p(iiBm—iBn) <Z (Zuank (Onk) —ulo )f(an>>>

n=1k=1 n=1

K
Zﬂ(gn,k)(f(an,k) - f(Un))>> +p <Z Z U(Un,k)f(gn)>
k=

n=1k>K

<p Zco«Bn—an{O}))+;=p(co< (B. —B)u{0}>>

(10)

Thus, we get that the series X(f, I‘;) is p-convergent to z € X and the
assertion holds true. O

The following proposition is a version of the Cauchy criterion.

Proposition 1. Let f : Q — X. Then f is Bk-integrable if and only if for
every p € P(X) and for every e > 0 there exists a partition T'), = (0;) of Q for
which f is p-unconditionally summable on I',, and

p(i,u(oi Zu (o0)f )<€,
i=1
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for all t;,v; € o;.
PROOF. Necessity is obvious. To prove sufficiency, let p € P(X) and ¢ > 0

be fixed. Then there exists a partition I'), = (o;) of Q for which f is p-
unconditionally summable on I';, and

p <iﬂ(0i Zu i) f(vi) )

for all t;,v; € 0;. Let D = {(L£,m) : L is a finite subset of P(X) and m € N}
and define for (£,m) and (K,n) € D, (£,m) < (K,n) if and only if £L C £
and m < n. Now let £ = {p1,...,px} be a finite subset of P(X). Since P(X)
is filtering, we can find a seminorm p, € P(X) and a constant ¢, > 1 such
that for every ¢ € {1,...,k} and x € X

pi(z) < eepe(x). (11)

For each (£,m) € D, let T, = (Uf’m) be the partition corresponding by
hypothesis to ps and to € = . Then f is p-unconditionally summable on

ccm

I'Z and
o0 o0 1
L,m L,m L,m Lm
pe (2 moE M FEE™) = Yo neEMFWE™) < 0 (12)
i=1 i=1
for tﬁ s fm € Uf’m. By Lemma 1 we may assume that I'Z is finer than

| j = 1,...k, where I''] is the partition corresponding, by hypothesis,
to the seminorm p; and to € = % Moreover, applying again Lemma 1 we
may assume that, for each fixed £, the partition T'4 is finer than I'4 for
m > n. Also, if (L m) < (K, m), we may assume that 'K is finer than re.
For any (£,m) € D, let {(t=™ o m) } be a fixed family of couples, where
(£ € 0B Sot QF, = 3oy (02 ™) f(1E™). Then (QE )z is & Cauchy
net. Indeed let p € P(X) and € > 0 be fixed. Choose N € N such that
+ < 5. Let (£,m) > ({p},N) and (K,n) > ({p}, N). Take a couple (Q, N’)
such that @ = LUK and N’ = max{m,n}. Then the partition 'Y, is finer
than both '~ and I'®. Therefore, by Lemma 1, and applying (11) and (12) it
follows that

p(Zu(of’m Zu M)
<C£PL(ZM oy ZM SN tzQW/)) (13)

/ / 1 1
Jrc;cp;g(Zu @My tQN Zu t] ))<E+E<€'
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As the space is complete, there is a vector L such that the net (Qﬁz)(gym)
converges to L. We want to prove that L is the Bk-integral of f. To do this,
fix p € P(X) and € > 0. Since (Q%)(z,m) converges to L, there is a natural
number N, with 7 < £ such that

(D) pe) ~ L) < (14)

€N

whenever (£,m) > ({p}, N). Let v, € U,Ep}’N. Since (T'4)) is finer than 1"%7},
applying once again Lemma 1, we get

p( X nlo ) - 1)
k
<p( 3 e T pw) = 3wl ) FE))
k i
(Sl ) L) <+ 5 < O

Proposition 2. If f : Q@ — X is Bk-integrable, then for every v € F the
function f | v is Bk-integrable.

PRrROOF. Let p € P(X) and € > 0 be fixed. According to Proposition 1, let
I, = (0;) be a partition of 2 for which f is p-unconditionally summable on
I'y, and

p( X ulef(t) =X o) <.

for all ¢;,v; € o;. Without loss of generality, by Lemma 1, we can assume that,
for each i, 0; Cyoro;Ny=10. Let I = {i: 0; C~}. Forallt;,v; € oy, we get

p( D wlon ) =D nle)fwy)

el el
ZP(ZM(Ui)f(ti) + > o) f(t) =Y plod) f(vs) — ZN(Ui)f(ti))
il il il il

=p( Do wlo (@) =Y ne)fw) <=

where z; = t; and y; = v; if ¢ € I, while x; = y; = t; if « ¢ I. Then, by
Proposition 1, f [ v is Bk-integrable. O
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The property of linearity of the Bk-integral holds and can be proved in a
standard way.

Proposition 3. Let f : Q — X and g : Q@ — X be two Bk-integrable functions,
then:

(1) the function f + g is Bk-integrable;

(ii) for each o € R the function af is Bk-integrable;
(7i1) if * € X*, the real valued function x* f is Lebesque integrable.

We recall that if X is a Banach space with norm |- |, then a function f : Q
— X is Birkhoff integrable, with Birkhoff integral z € X, if for every ¢ > 0
there is a partition I' = (0;) of  into measurable sets such that for all ¢; € o;
> ien #(0) f(;) is unconditionally convergent, and

Hz,u(ai)f(ti) —ZH <e (15)
€N

([8] Definition 3). Note that if X is a Banach space, Definition 4 is equivalent to
the above definition of the Birkhoff integral. Indeed, at first we observe that 7
is the norm topology and P(X) = {|-|}. Moreover, let f : @ — X be a Birkhoff
integrable function. Then there exists a vector z satisfying that, given € > 0
there is a partition I' = (0;) of Q such that ), u(0;)f(0;) is unconditionally
convergent and (15) holds. Therefore, f is unconditionally summable with
respect to the norm | - | and hence it is Bk-integrable. Conversely, assume
that f : Q2 — X is Bk-integrable. Given ¢ > 0, for each n = 0,1,2,... there
exists 'y, = (o), where I',,11 > T, and a finite set of natural numbers 7,
such that if 7 > m,, then |Y_u(o7)f(0]') — 2| < 5=. Let N, be the greatest
of the integers in m,. If m,ip > N,,, k=1,...,l, we get forn =0,1,2,...,

HZ;L )— 2 <7and"2u ai)

Let M, be such that Y2, u(o}) < 37 and set P, = max{N,, M, }. Define
a sequence of sets o1, 09,... inductively as follows. o = 0?; if o, is in T,
then o1 is the set of lowest subscript of I';, which is disjoint from any of the
previously chosen sets unless all of such sets have subscript greater than P,.
In this case, let R,, = k and o1 is the set of lowest subscript of I';,+1 which is
disjoint from any of the previously chosen sets. Since Zl (o) = () — 5,
I’ = (0;) is a partition of © unless a set of measure 0. As T > T'y, there exists,
by Lemma 1, Nr such that for n > Nr,

H zn:u(oi)f(ai) - ZH < le.
=1

<2—
| <25
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Moreover, by the choice of (I',,), if 4% > R, then oy, is a subset of some o7,
i > N,,. Thus, there exists a finite set of integers 7 C N\ {1,... N, } so that

O = | X2 cotutory sy + 0
< sup {H POVCAHCI w} S

Therefore, ). p1(0;) f(o;) is unconditionally convergent and it follows that f
is Birkhoff integrable.

Remark 1. Observe that Definition 4 is equivalent to the extension to locally
convex spaces of the Birkhoff integral, given by Phillips and called V-integral
(see [13] Definition 2.1). In Definition 4, following the idea of [2], (see also
[4] and [8]), it is required that for each p € P(X) the series >, pu(o;) f(03) is
p-convergent. Phillips’ definition, instead, requires that given a seminorm p
there exist a subdivision I, = (0;) and a finite set of natural numbers 7, such
that Zﬂp w(o;) f(o;) is contained in a neighborhood of the vector 2.

The following proposition, for Banach valued functions, has been proved
in [8], Lemma 9 (see also [4], Lemma 3.2).

Proposition 4. Let (2, F,u) be a finite measure space, let f : Q@ — X be
a function and (S;)ien be a cover of Q by measurable sets. Then f is Bk-
integrable if and only if f is Pettis integrable and f [ S; : S; — X is Bk-
integrable for every i € N.

PROOF. Assume first that f is Bk-integrable. By Proposition 2, f [ S is
BkEk-integrable for each S € F. Moreover, if z* € X*, the real valued function
xz* f is Lebesgue integrable, then f is Pettis integrable. Now assume that f
is Pettis integrable and f [ S; : S; — X is Bk-integrable for every ¢ € N.
Without loss of generality, we can suppose that the sets S; are disjoint. Let
p € P(X) and € > 0. Recall that vy : F — X is countably additive. For
each i € N, let (0i;);en be a partition of S; such that >,y u(oij) f(ti;) is
p-unconditionally convergent and

(Y mloi) fiti) = (BR) [ f) < (16)
s 2
JjEN i

Let 6 > 0 such that whenever p(E) < ¢ then p(vy(E)) < e. Since pu(Q2) =
i1 (Ss) < oo, there is a N € N such that Y, v p(Ss) = u(U;s n Si) < 0.
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Moreover, let L be a finite subset of N and fix n € N. If B,, 1, = UleL On,l, We
get by Proposition 2 that f [ B,  is Bk-integrable, and

o3 ntow)s (e~ (1) [

lEL Bn.L

f)<2in.

Thus, if T = (0, ;) we get that X(f,T") is p-convergent. For n > N,

p(z > nloi) f(tiy) = Vf(ﬂ)) < p(z#(aij)f(tij) - Vf(Si))
i=1jeN i=1  jeN
+P(Vf(U S)) <2 +e=3e. O

i>n

4 Relation Between the McShane Integral and the Bk-
integral and Other Types of Integral.

In this section we establish some relations between the Bk-integral and the
Bochner and the McShane integrals.

We prove that each integrable by seminorm function is Bk-integrable.
First, we need the following lemma.

Lemma 2. If f : Q — X is a simple function, then f € Bk(Q, X).

PROOF. Since the Bk-integral is linear, it is sufficient to consider the case
f(z) = Xg(z) - w where E is a measurable set in 2 and w is a non null vector
in X. Let p € P(X) and € > 0 be fixed. If I'? = (E, E¢), then I'? is a partition
of Q and f is p-unconditionally summable on I'’’. Moreover, inequality (1) is
satisfied with z = p(F) - w. Therefore, f € Bk(Q2, X) and for each v € Q,

(BR) [, f=p(ENY) - w. O

Lemma 3. Let f : Q@ — X be a function. Given p € P(X) and e > 0, there
is a partition T, = (0;) of Q into disjoint measurable sets such that

> plfulo) < [ plre)de+e

for all x; € o;, where the integral in the last inequality is the upper Lebesgue
integral.

PROOF. Let p € P(X). We can counsider only the case Tgp(f(t))dt < 00,
otherwise the inequality is obvious. Choose a real-valued function g on 2 such
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that g(t) > p(f(t)) for all t and [, g(t)dt = [,p(f(t))dt. Since g is Lebesgue
integrable for each fixed € > 0, there is a decomposition I', = (o;) of Q into
disjoint measurable sets such that g is p-unconditionally summable on T',.
Moreover,

’ig(ti)ﬂ(ai) - /Qp(f(t))dt’ <e

whenever t; € o;. Therefore, we have
S plf o) < Y gttute) < [ oo+
i=1 i=1

as required. O

Proposition 5. Let f : QQ — X be a function which is integrable by seminorm.
Then it is Bk-integrable and the two integrals coincide.

PROOF. Choose p € P(X) and fix € > 0. Let ¢, : 2 — X be a simple function
such that

[P0~ o0yt < 5. (1)
Q

According to Lemma 2, the function ¢, is Bk-integrable. Thus, there is a
partition I') = (o;) of Q such that

= €
(S utoontt) =~ [ o) < 5 (15)
for all ¢; € o;. Moreover, by Lemma 3 there is a partition Fg = (0}) such that
S p((t) = Gyt nlad) < [ plFO = g)ar+§ (19
i=1

for all t; € oj. If I, =T, NT2, we get by (17), (18) and (19),

p( i ulo) f(t:) - /Q 7) <( iwnmi) — n(o)é(t)))

=1

+p(§u<m>¢p(ti>—/§2¢p)+p(/ﬂ¢p—/ﬂf)

€ €

g/glp(f(t)_¢p(t))dt+4+4+/Qp(f(t)—¢p(t))<§+§+§=e

for all ¢t; € ;. Therefore, the Bk-integrability of f follows. O
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Since a Bochner integrable function is integrable by seminorm, we get,
as a consequence of the previous proposition, that each Bochner integrable
function is Bk-integrable.

We see when a Bk-integrable function is integrable by seminorm.

Theorem 1. Let f: Q — X be a function which is measurable by seminorm.
Then f is integrable by seminorm if and only if f is Bk-integrable and for
each p € P(X), the real valued function p(f(x)) is Bk-integrable.

PROOF. Necessity has been proved in Proposition 5. To prove the converse,
let f: Q — X be a measurable by seminorm function such that for each
p € P(X), the real valued function p(f(x)) is integrable. Then, the assertion
follows by ([3], Theorem 2.10). O

We investigate now the relationship between the Bk-integral and the Mc-
Shane integral. Since the McShane integral involves a topology, from now on
(Q,7,F, ) is a non-empty finite quasi-Radon measure space (see [7]).

A generalized McShane partition (or simply a MeS-partition) in € is a
countable (eventually finite) set of pairs P = {(F;,w;) : ¢ = 1,2,...} where
(E;); is a disjoint family of measurable sets of finite measure and w; € Q for
eachi=1,2... . If p(Q\U;E;) =0, we say that P is a McS-partition of .
A gauge on Q is a function A :  — 7 such that w € A(w) for each w € Q.
We say that a McS-partition {(F;,w;) 14 =1,2,...} is subordinate to a gauge
Aif E; C Aw;) fori=1,2,... .

Definition 5. A function f : Q — X is said to be McShane integrable (briefly
McS-integrable) on € if there exists a vector w € X satisfying the following
property. Given € > 0 and p € P(X) there exists a gauge A, on  such that
for each McS-partition P = {(E;,t;) : 4 = 1,2,...} of Q subordinate to Ay,
we have

limsupp(zn:y(Ei)f(ti) - w) <e.

n— 00 ;
=1

We denote by MeS(2, X) the family of all McS-integrable functions on
Q, and we set w = (McS) fQ f. Definition 5 extends to locally convex spaces
Definition 1A of [6]. Properties of the McS-integral for functions defined on
a bounded subinterval of the real line and taking values in a locally convex
space have been studied in [10].

For each p € P(X), let X,, be the completion of the normed linear space
X/p~1(0) and let i), be the canonical mapping of X into X, (see [14], 0.11.1).
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Given a function f : 2 — X and a seminorm p € P(X), define the function
fp:Q— X, by _ .
fo(t) = (ip 0 f)(t) = ip(f(1))-

Remark 2. We note that if f : 8 — X is Bk-integrable then also f, : Q@ — X,
is Bk-integrable. Indeed let z denote the Bk-integral of f. Fix p € P(X) and
€ > 0. Let I') = (0;) be a partition of  for which f is p-unconditionally
summable on I',, and

p( Do ulef(t) ~ =) < (20)

for all ¢; € o;. Since

p(3 woiyo 12— in(2)) = (X nlon (e - =),

from (20), we get for ¢; € oy,

(Zu o) fts) — ip(2) < <.

Theorem 2. Let f: Q — X be a Bk-integrable function. Then the function
f is McS-integrable and then Pettis integrable.

PRrOOF. By the previous remark, we get that for each p € P(X) the function
fp : Q@ — X, is Bk-integrable. Then, by [8] Proposition 4 f, is M cS-integrable
with integral (McS) [, fp = ip((Bk) [, f). Let € > 0 be fixed. Then there is
a gauge A, such that if P = {(F;,t;) : ¢ = 1,2,...} is a McS-partition of Q2
subordinate to A,, we have for n big enough

(Zﬂ (McS)/Q f,,) <e. (21)

Since

(Zu - res) | 1) =p(i,(X mB 00— 35 [ 1)),

we obtain by (21),

p(in (Zu Blc)/Q 7)) ZP(Z:/L(Ei)f(ti) - b [
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Therefore, f is McS-integrable. The proof that each M c¢S-integrable function
is Pettis integrable follows as [10] Theorem 2. O

In the case when the range X is a Banach space, each measurable Pettis
integrable function is Birkhoff integrable (see [12] Corollary 5.11). For func-
tions taking values in a locally convex space, an analogous result is true if we
consider measurability by seminorm instead of measurability.

Theorem 3. Let f: Q) — X be a function which is Pettis integrable and mea-
surable by seminorm. Then it is Bk-integrable and the two integrals coincide.

PROOF. Choose p € P(X) an fix € > 0. According to ([1] Theorem 6), let
¢p : @ — X be a simple function and X a null set such that

p(f(t) — 6p(1)) < % for all t € Q\ X7 (22)

and

o[G0 =opmar) < 5. (23)

Let (E;) be disjoint measurable sets with UE; = Q\ X{ and ¢,(t) = y; on E;.

Then, fQ\Xp ¢p = >_; u(E;)y; and the series is p-convergent. Hence, since by
0

(22) we have that for s; € E;,

> p((E)(F(si) = ) < 5 (24)
=1
the series
S uE) F(si) = S n(Ef(si) = > plE)(F(s:) = i) + Y p(Ei)yi
1=0 i=1 =1 =1

is p-convergent, being the sum of two such series. Therefore, applying (23)
and (24), we get

p(So B~ [ ) = (S HEN s = S (E)oy)

=0 =0 =0
(S utmaonts) [ 1) =p( S B0~ 3 wBw)

=1 =0 =0
+p(§ju(Ei>yl/f)<§+;e 0
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Proposition 6. Let f: Q — X be a measurable by seminorm function. Then
f is McS-integrable if and only if it is Pettis integrable.

ProoF. If f is McS-integrable, by Theorem 2, it is Pettis integrable. The
proof of the sufficiency part follows as in [11] Theorem 3, applying [6] Corollary
4C instead of [9] Theorem 17. O

Remark 3. In separable by seminorm spaces the Pettis integral, the McShane
integral and the Bk-integral all are equivalent. Indeed, by the Pettis measu-
rability Theorem ([3] Theorem 2.2) the Pettis integral and the Bk-integral
coincide. The McShane integrability follows from Proposition 6.

5 The Bk-integral and the Property of Bourgain.

In [4], the Birkhoff integral for functions taking values in a Banach space is
considered. In particular, it is compared with the Bourgain property of the
set of compositions of the function with elements of the unit ball of the dual.
We extend this result to a locally convex space.

Definition 6. ([4], Definition 2) A family A of real valued functions defined
on {2 is said to satisfy the Birkhoff property if for every € > 0 there is a
partition I' = (0,,) of © such that for each zy,yx € ok, k € N, we have

|3 r@nton) = 3 Funton)| <e,
k=1 k=1

for every m € N and f € A.

In other words, a family A of real valued functions satisfies the Birkhoff
property if Cauchy criterion is satisfied uniformly for every function of the set
A.

To simplify the notation, in the following we write |z*| < p instead of
|z*(z)| < p(x) for each » € X, and we let X; = {z* € X* : |[z*| < p}. We
recall that a seminorm p € P(X) is called representable if

p(z) = Sup 2" ()] (25)
for all x € X. If equality (25) holds for all p € P(X), the space X is said
to be representable by seminorm (see [5], p. 185). If a space X is separable
by seminorm, then it is representable by seminorm. We characterize the Bk-

integrability of f : © — X in terms of the Birkhoff property of the set of
composition of f with elements of X;

77 ={a"f 2" € X;}.
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Proposition 7. Let X be a representable by seminorm locally convex space
and f:Q — X be a function. The following conditions are equivalent:

(i) f is Bk-integrable;

(ii) for each seminorm p, f is p-unconditionally summable with respect to
some countable partition I‘g of Q and Z]]f has the Birkhoff property.

PROOF. Assume that f is Bk-integrable. Let p € P(X) and € > 0 be fixed.
Then, the function f, : @ — X, is Bk-integrable. Let z* € X». By ([4],
Proposition 2.2), we have

’fol’k (ok) im*f ‘
~Jr (3 oo =32 santon)

<p(2uak (1) Zuak yk><5

=1

Conversely, fix p € P(X) and € > 0. Since Z} has the Birkhoff property, there
is a partition Fl (o) such that for all zy,yi € o and all m € N,

N ™

| o) = 0w fnlon)| <
k=1 k=1

for every m € N and z* € X7, If I, = (ay) is finer than I') and Fl, we get
that f is p-unconditionally summable with respect to Iy, and for all z* € X7,

\foxk—xﬂyk | |30 X @ ) - o Fmton)

i=1 ap,Co;

i‘ xz - f(yZ)

ulo;) < e.

Since the space X is representable by seminorm, we get

(Zu o) f Zu ar)f )<«s

Therefore, by Proposition 1, it follows that f is Bk-integrable. O
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Definition 7. (see [15], Definition 10) A family A of real valued functions
defined on € is said to satisfy the Bourgain property if for each set K of
positive measure and for every € > 0 there is a finite collection F' of subsets
of positive measure of K such that for every f € A, the inequality

sup f(B) —inf f(B) <e
holds for some member B € F.

In order to link the Bk-integrability with the Bourgain property of the set
Z%, we need the following lemma.

Lemma 4 ([4] Lemma 2.3). Let A be a family of real valued functions defined
on Q. The following statements hold:

(1) if A has the Birkhoff property, then A has the Bourgain property;

(i1) if A is uniformly bounded and has the Bourgain property, then A has the
Birkhoff property.

Theorem 4. Let X be a representable by seminorm locally convex space and
f:9Q — X be a bounded function. Then the following conditions are equiva-
lent:

(i) f is Bk-integrable;

(ii) for each seminorm p, f is p-unconditionally summable with respect to
some countable partition Fg of Q and Z;’ has the Bourgain property.

PrOOF. Let p € P(X). If f : @ — X is a bounded function, then the set
Zf» ={z*f:2* € X} is a family of uniformly bounded functions. If f is Bk-
integrable, by Proposition 7 the set ij = {z*f : 2* € X;;} has the Birkhoff
property, therefore by Lemma 4, it has the Bourgain property. Conversely
if the set Z]Ic’ = {z*f : ¥ € X} has the Bourgain property, applying again
Lemma 4 we get that Z}) has the Birkhoff property, and the assertion follows
by Proposition 7. O
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