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ON THE SUMS OF UNILATERALLY
APPROXIMATELY CONTINUOUS AND
APPROXIMATE JUMP FUNCTIONS

Abstract
In paper [4] it is proved that every jump function f : R — R is
the sum of two unilaterally continuous jump functions. In this article
we prove that the analogous result is not true for the density topology.
Moreover we show some necessary and sufficient conditions ensuring
that an approximate jump function is the sum of two unilaterally ap-
proximately continuous and approximate jump functions.

Let R be the set of all reals. Denote by u the Lebesgue measure in R.
For a Lebesgue measurable set A C R and a point = we define the right (left)
density Dy (A, z) (D-(A,x)) of the set A at the point z as

g HAN [0+ B) (A0~ hoa)

respectively),
h—0+ h h—0+ h P ¥)

whenever these limits exist. A point z is called a right density point (a left
density point) of a set A if there is a Lebesgue measurable set B C A such
that Dy (B,z) =1 (D_(B,z) =1).

A function f : A — R is said to be approximately continuous from the
right (from the left) at a point z if there is a Lebesgue measurable set B C A
such that © € B, D4y (B,z) = 1 (D_(B,z) = 1) and the restricted function
fIB is continuous at x. If a function f is simultaneously approximately con-
tinuous at a point x from the right and from the left,, then we will say that
f is approximately continuous at x ([2]). A function f is called unilaterally
approximately continuous at x if f is approximately continuous at x from the
right or from the left. A function f : R — R is called an unilaterally approx-
imately continuous function if it is unilaterally approximately continuous at
each point z € R.
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For a function f : R — R and a point z we will say that the right
approximate limit aplim, 4+ f(¢) (respectively the left approximate limit
aplim,_ - f(t)) is equal a € [—00, o] if there is a Lebesgue measurable set B
with D, (B, z) = 1 (respectively D_(B,z) = 1) such that limps;—.. f(t) = a.

A function f : R — R is said to be an approximate jump function if for each
point & € R there are both finite unilateral approximate limits ap lim,_, .+ f(¢)
and aplim, - f(t).

Since the operations of the calculation of unilateral approximate limits are
linear, the sums and the products of approximate jump functions are also
approximate jump functions.

Remark 1. Fach approximate jump function f: R — R is Lebesque measur-
able.

PRrROOF. Let n be a positive real and let A C R be a Lebesgue measurable set
with p(A) > 0. Let a € A be a density point of A. Since the left approximate
limit aplim, ,,— f(¢) is finite, there is a Lebesgue measurable set B C A
such that D_(B,a) = 1 and diam(f(B)) < 7, where diam(f(B)) denotes the
diameter of the set f(B). So, by Davies’ Lemma 2 from [3] the function f is
Lebesgue measurable. O

Remark 2. If f : R — R is a Lebesgue measurable function, then there is a
sequence (fn) of approzimate jump functions such that f = nlingo fn-

ProOOF. Of course, there is a Baire 2 function g : R — R such that the set
A={z: f(z) # g(x)} is of measure zero. By Preiss’ theorem from [6] there is
a sequence (g, ) of approximately continuous functions g, : R — R such that
g= nler;O gn. Consequently, the functions

_Jgn(x) forzeR\ A
fn(ac)_{f(x) forz € A

are approximate jump functions and f = lim f,.
n—oo

Let Dg,(f) denote the set of all points « at which f is not approximately
continuous. Since for each set A with p(A) = 0 the function fa(z) = 1 for
xz € Aand fa(z) =0 for x € R\ A is an approximate jump function and there
are uncountable sets A with u(A) = 0, there are approximate jump functions
(also without the Baire property) with the uncountable sets Dg,(f).

From Belowska’s construction in [1] follows that there are unilaterally ap-
proximately continuous functions for which the sets D,,(f) are not countable.
But the following theorem is true.
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Theorem 1. If a function f : R — R is an approzimate jump and unilaterally
approzimately continuous function, then the set Dgy(f) is countable.

PROOF. Assume by a contradiction, that the set Dy, (f) is not countable. Let

A={x:aplim, . f(¢t) <aplim, . f(t)}

and
B = {x: aplim,_,+ f(t) > aplim, _, f(1)}.

Since f is an unilaterally approximately continuous and approximate jump
function, we obtain Dg,(f) = A U B. So, at least one of the sets A, B is
uncountable. Without loss of the generality we may assume that A is not
countable. For each point # € A there are rationals a(z), b(x) and a positive
rational r(z) such that:

aplim, , .+ f(t) < a(x) < b(x) < aplim,_,,— f(t)
pllz, x4+ h] 0 fH (=00, a())))
h
p([x — h, 2] 0 f7H(b(x), 0)))
h

> % for h € (0, 7(x)],

> % for h € (0, r(z)].

But the set of all triplets of rationals is countable; so there are rationals a, b,
r such that the set £ = {x € A: a(x) = a,b(z) =b,r(x) = r} is uncountable.
Let u,v € E be bilateral condensation points of F such that u < v < u +r.
Then 0 < h = v — u < r and consequently

[, u+h] 0 fH(=00,a))) 7 *
N > 3 and *)
p([v = hyo] 0 f7H(h,00))) 7 o

But [u, u+h] = [u,v] = [v—h, ], so, by (*) and (**), there is a point w € [u, v]
with f(w) < a and f(w) > b. This contradiction finishes the proof. O

Conclusion 1. If f : R — R is an approzimate jump and unilaterally approx-
imately continuous function, then there is a Baire 1 function g : R — R such
that the set {x : g(x) # f(x)} is countable.

PROOF. The restricted function f[(R\ Dgp(f)) is in Baire 1 class ([2]) and
R\ Dgp(f) is an Gs-set, so there is ([5], p. 341) a Baire 1 function g : R — R
such that g[(R\ Dgp(f)) = fI(R\ Dgp(f)). This completes the proof. O
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In [4] it is proved that every jump function f : R — R (i.e., both unilateral
limits lim;_, .+ f(¢) and lim;_,,— f(t) exist and are finite at each point z € R)
is the sum of two unilaterally continuous jump functions.

From the above considerations follows that this result is not true for the
density topology. Of course, from Theorem 1 follows that if f is the sum of two
unilaterally approximately continuous and approximate jump functions, then
the set D, (f) is countable. So, if f is an approximate jump function such
that the set Dy, (f) is uncountable, then it is not the sum of two unilaterally
approximately continuous functions which are approximately jump functions.

Moreover, if f is the sum of two unilaterally approximately continuous
and approximate jump functions, then, by Conclusion 1, there are a Baire 1
function g : R — R and a countable set A such that f(z) = g(z) for z € R\ A.

However observe that if f is the function of Dirichlet, then the set {z :
f(z) # 0} = Q is countable (Q denotes the set of all rationals), but f is not
the sum of two unilaterally aproximately continuous and approximate jump
functions.

Remark 3. If f(z) =1 for € Q and f(x) =0 for x € R\ Q, then f is not
the sum of two unilaterally approrimately continuous and approximate jump
functions.

PRrROOF. Assume by a contradiction that there are unilaterally approximately
continuous and approximate jump functions g, h such that f = g + h. Let
B = Dg,(g)UDgy(h). By Theorem 1 the set B is countable. Moreover @ C B.
Fix a € (0, %) Since the functions g, h are approximately continuous at each
point z € R\ B, for every point = € R\ B there is a positive rational r(x) such
that for each nondegenerate interval I containing z of the length d(I) < r(z)

pdNg ' ((g(x) —a,g(z) +a))) 1
(1) 2

and

pI N~ (W) —a, h(z) +a) 1

> —.

(1) 2
Since the set of all rationals is countable, there is a positive rational r such that
the set £ = {x € R\ B : r(z) = r} is of the second category. Consequently,
there is an open interval J; such that the set J; N F is dense in J;. Let
t € J1\ B be a point and let J C J; be an open interval of the length d(J) < r

containing ¢ and such that

w(J Ng~ ((g(t) — a,g(t) + a)))
p(J)

>1
2
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and

p(J N B ((h(E) — a, h(t) + a)))

If y is a point of the intersection J N E, then

uw(J N g ((g(y) — a,9(y) + a))) S
w(J)

—_

)

and

—_

p(INh=(h(y) —a,hly) +a))
u(J) 2

Consequently, there is a point
Yo € J Mg~ ((9(y) —a,9(y) +a) Ng~ ((9(t) — a, g(t) + a)).

So, g(y) —9(®)| < lg(y) — 9(yo)| + |9(y0) — 9(t)| < a+a = 2a. Similarly we can
prove that |h(y) — h(t)| < 2a. So for arbitrary points y1,y2 € J N E we obtain
9(y1) = 9(y2)| < 19(y1) —g(t)| +19(t) — 9(y2)| < 2a+2a = 4a and analogously
[h(y1) — h(y2)| < 4a.

Let u € @NJ be a point. Since the function ¢ is unilaterally approximately
continuous at u, there is a nondegenerate interval Jo C J with an endpoint
u € Jy such that

w2 N9~ ((9(w) —a,9(u) +a))) 1
1(J2) 2
There is a point v € Jo, N E. Then
w209~ ((g(v) —a,g(v) +a))) 1
1(J2) 2

and consequently, there is a point

w e J g~ ((g(u) = a, g(u) +a)) N g~ ((9(v) — a, 9(v) + a)).

So, |g(u)—g(v)| < |g(u) —g(w)|+]g(w)—g(v)| < a+a = 2a. Since the function
h is unilaterally approximately continuous at u, as above we can prove that
there is a point z € JN E such that |h(u) — h(z)| < 2a. Since v,z € E C R\ Q,
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XSVQ have h(v) = —g(v), g(z) = —h(z), |g(v) —g(2)| < 4a and |h(v) —h(2)| < 4a.

1=f(u) =g(u) + h(u) < g(v) + 2a + h(z) + 2a = g(v) — g(2) + 4a
<4a + 4a = 8a < 1,

and this contradiction finishes the proof. O

We show some sufficient condition which implies that a function f: R — R
is the sum of two unilaterally approximately continuous and simultanuously
approximate jump functions. For this, the notions of the density topology and
of the approximate oscillation are necessary.

The family T} of all Lebesgue measurable subsets A C R such that for each
point = € A both unilateral densities Dy (A,x) = D_(A,x) = 1 is a topology
called the density topology ([2]).

For a set A denote by int;(A) and respectively by clg(A) the interior and
the closure of A with respect to the topology Ty. If f: R — R is a function,
then the approximate oscillation of f at a point z is defined as aposc f(x) =
inf{diam(f(U)) : z € U € Ty}.

Observe that for an arbitrary function f : R — R we have Dg,(f) = {x :
aposcf(z) > 0}.

For the approximate jump functions f : R — R the approximate oscillation
aposc f(x) of f at a point  may be defined as

max(|f(z) — P F)] | f(2) — a1 japlimp) —aplim ).

t—x

We will say that a countable set A = {a; : ¢ > 1} satisfies the condition
(a) if there are pairwise disjoint sets U; € Ty such that a; € U; for integer
i > 1 and such that for each point z € R\ |J,;~; cla(U;) the unilateral densities

D+(Ui21 Ui,z) = D_ (Uizl Ui, x) = 0.
Observe that isolated sets A C R and sets B whose derived sets are finite
satisfy the condition (a).

Theorem 2. Let f : R — R be an approzimate jump function such that the
set Dqp(f) is countable and for each positive real r

A, = {x € Doplf) : aposcf(x) > 1}

satisfies the condition (a). Then there are unilaterally approxzimately continu-
ous and approzimate jump functions g, h with f = g+ h.

PRrROOF. If f is approximately continuous, then we can write g = f and h =0
and Theorem 2 is true in this case. So we suppose that f is not approximately
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continuous. There is a positive number p < % such that By = A, # 0. For
n > 1let B, = Ay . Since By # 0 satisfies the condition (a), there are
pairwise disjoint sets Uy ; € Ty, ¢ > 1 such that Uy ; N (Dgp(f) \ B1) = 0, the
cardinality card(B; NUq, z) =1land B; C ;5 U1, and R\U >1la(U) € Ty,
Without loss of generality we may assume that Uy ;, i > 1 are Fj,-sets. For
integer ¢ > 1 denote by u; ; the only point belonging to By N Uy ;.

By Zahorski’s Lemma ([2, 7]) for ¢ > 1 there are approximately continuous
functions ¢1 ; : R — [0, 1] such that ¢1;(u1,:) =1, 0 < ¢1,(x) < 1forx € Uy,
and ¢1,i(R\U1) = {0}. Let g1 (2) = f(2) +(f(u1,s) —aplim, .+ f(2))¢1i(2)
and hi(x) = f(x)—g1(z) for z € Uy ;N (uy, 1, oo) and ¢ > 1 and hl( )= (f(x)—
aphmtﬁu— f(8))¢1,i(z) and g1 (x) = f(2) —hi(x) for 2 € Uy ;N (—00,u1,;) and
> 1. Moreover let g91(z) = f(z) and hy(x) = 0 otherwise on R. Then f =
g1+ h1, Dap(g1) U Dgp(h1) C Dyp(f) and the functions gq1, hq are unilaterally
approximately continuous at all points = € By and approximate jump on R.

In the second step we consider the set B\ By. If B\ By = ), then we put
g2 =01 and hg = hl. If BQ \ Bl # (Z), then we write BQ \ B1 = {UQ’Z' 1 Z 1}
Since the set By satisfies the condition (a), there are pairwise disjoint F,-sets
Us,; € Ty such that for integer ¢ > 1 we have Uz ; N (B U (Dgp(f) \ Be)) = 0,

. 1

Us,iN (B2 \ B1) = {uz;}, B2\ B1 C U Ui, diam(f(Uz;)) < >
i>1

and R\ ;> cla(Usa,;) € Ty. By Zahorski’s Lemma from [2, 7] for ¢ > 1 there

are approximately continuous functions ¢z, : R — [0,1] such that ¢q,(x) =

0 for x € R \ U27i, ¢2,i(u27i) =1and 0 < ¢27¢(l‘) <1 forxz € UQJ‘. Let

92(x) = g1(x) + (91(u2,;) — ap limtﬁu;i 91(t))¢2,i(z) and ho(z) = f(z) — g2(2)

for x € Us; N (ug,,00) and i > 1,
ha(x) = h1(m)+(h1(u271)—aplimtﬁu;i hi(t))¢2,i(z) and go(z) = f(z)—ha(x)

for x € Uz; N (—00,uz,;) and ¢ > 1. Moreover let ga(z) = g1(z) and ho(z) =
hi(x) otherwise on R. Then the functions gs, he are approximate jump func-
tions unilaterally approximately continuous at all points € By and max(|ga(z)—
g1(2)],|ha(z) — hi(z)]) < 3 and go(x) + he(z) = f(z) for all z € R. Moreover
Dap(g2) U Dap(h2) C Dap(f)-

Generally in step n > 2 we consider the set By, \ B,—1. If B, \ Bp—1 =0,
then we put g, = gn—1 and h, = h,_1. If B, \ B,_1 # 0 we proceed
analogously as above and we construct approximate jump functions g,, and h,,
unilaterally approximately continuous at all points € B,, and such that

1
max(|gn(z) = gn-1(2)], |hn(@) = hn-1(2)]) < 55 for z € R,
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gn + h”ﬂ = f and Dap(gn) U Dap(hn) C Dap(f)‘

Then the sequences (g,) and (hy) uniformly converge and the limits g =
lim,_ o g, and h = lim,,_ o, h, are approximate jump and unilaterally ap-
proximately continuous functions and

g+h= lim g, + lim h, = lim (g, + h,) = f O

The following assertion follows from Remark 3 and Theorem 2.
Conclusion 2. The set Q of all rationals does not satisfy the condition (a).
In the same way, we can prove that every set satisfying the condition (a)

is nowhere dense.
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