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MAXIMAL CLASSES FOR THE FAMILY OF
STRONG SWIATKOWSKI FUNCTIONS

Abstract

In this paper we introduce the class of extra strong Swiatkowski
functions, and we characterize the following maximal classes for the
families of strong Swia,tkowski and extra strong Swi@tkowski functions:
the maximal additive class, the maximal multiplicative class, and the
maximal class with respect to maximums.

1 Preliminaries

The letters R, Q, and N denote the real line, the set of rationals, and the set
of positive integers, respectively. The symbol I(a,b) denotes the open interval
with endpoints @ and b. For each A C R we use the symbols cl A, card A,
and X 4 to denote the closure, the cardinality, and the characteristic function
of A, respectively.

Let I be a nondegenerate interval and f: I — R. The symbols C(f)
and A(f) will stand for the set of all points of continuity of f and the set
of all local maximums (not necessarily strict) of f, respectively. We say that
f is a Darbouz function (f € D), if it maps connected sets onto connected
sets. We say that f is a strong Swigtkowski function [1] (f € S), if whenever
a,fel, a<f,and y € I(f(a)j(ﬁ)), there is an zp € («a, 8) N C(f) such
that f(xzo) = y. We will say that f is an extra strong Swigtkowski function
(f € S, if flla,b]] = flla,b] N C(f)] for all a,b € I, a < b. (Clearly
S.s € S, € D and both inclusions are proper.) Finally f € Const iff f[I] is
a singleton. Moreover, for each z € I we write im(f,z) = lim;_, f(z), and
similarly we define the symbols lim(f,z~) and lim(f, z%).
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If L and L, are families of real functions, then we define:

Ma(L1, L) ={f:(Vgely) f+gel},
Mp(L1,L) = {f : (Vg e ly) fge L},
Munax (L1, L) = {f (Vg € L1) max{f,g} € L}'

Moreover we let
Ma(L) = MQ(L,L), M’m(ﬁ’) = Mm('&aﬁ’)) Mmax(ﬁ’) = Mmax(LaL)-

The above classes are called the maximal additive class for £, the maximal
multiplicative class for £, and the maximal class with respect to maximums
for L, respectively.

Remark 1.1. Clearly if L' € £ and L] D L1, then M, (L], L") C M, (L4, L).
Similar inclusions hold for M,,, and M ax.

2 Auxiliary Lemmas

First we will show some properties of extra strong Swi@tkowski functions.

7

Lemma 2.1. Let f: R — R and z9 € R. Assume that fl(=00,29) € Ses,
xo € C(f), and f[(xg,00) € Ses. Then f € Ses.

z

PROOF. Let oo < 3. We can assume that o < zy < . Since f[(—00,zg) € Ses,
we have

f[[a,mo)] = f[UneN [a,xo - l/n]] = UneN f[[()é,l‘o - 1/”]]
= Unen f[las o — 1/n] N C(f)] = flov, o) N C(S)].

Similarly, since f](xqg,00) € Ses, we have f[(xo,ﬁ]] = f[(xo,ﬁ]ﬂe(f)]. Hence

fllo, Bl = flles@o)] U{f(xo)} U f(zo, A
= flla,zo) NC(F)] U {f(z0)} U f[(z0, B] N C(S)] = flla, Bl N C(Sf)].

Consequently, f € Ses. O

Lemma 2.2. Let f:R =R and o € R. Assume that f[(—o0,x] Eleonst,
fl(zg,00) € Ses, and f(xg) € ﬂ5>0f[[x0,xo +4]N G(f)] Then, f € Ses.
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PrROOF. Let a < B. We may assume that o = z¢ and zo ¢ C(f). (Cf.
Lemma 2.1.) Since f[(zo,00) € Ses, We have f (o, B8]] = f(z0, 8] N C(S)].
Using the assumptions, we obtain f(zq) € f[(zo, 8] N C(f)]. Hence

fllzo, Bl] = {f(z0)} U f[(z0, B]] = {f(x0)} U f[(z0, 8] N C(f)]
= f(zo, BN EC(f)] = f[lz0, B N EC(S)].

Consequently, f € Ses. O
Lemma 2.3. If f,p € Ses, then fo g € Ses.

PROOF. Let o < 3. We consider two cases.

Case 1. pl[a, 8] € Const. )
Then (f o p)[[a, 8] € Const C Ses and

(foo) [l Bl] = (f o) [, BINC(f 0 )]

Case 2. plla, B] ¢ Const. )
Since ¢ € S.s, w[[a, ﬁ]] is a nondegenerate interval. Since f € S,

flella, BY]] = flella 8] Nne(f)].

= flello. BN E(@)] nC(f)]
C flellenBInC(fop)]] = (fop)[la, BINE(fop)].

Consequently, foyp € Ses. O

The next three lemmas are purely technical. The first one is probably
known, but I could not find an appropriate reference.

Lemma 2.4. If f: R — R, then the set f[A(f)] is at most countable.

ProOOF. Let y € f[A(f)]. Theny = f(x) for some x € A(f). Choose arbitrary
Day ¢z € Q such that p, < & < g, and f(t) < y for each ¢ € (ps,q,). Define
the function ¢: flA(f)] — Q® by @(y) = (P, ). If p(y1) = @(y2), then
(p:mﬂqzrl) = (pz27 QIz) for some 1,22 € ‘A(f) such that f(xl) = y1 and f(w2) =
y2. Then 9 € (Day, Gz, )y 80 Y2 < y1, and similarly y; < ya. Whence y; = ys.
We proved that ¢ is an injection. Consequently, card f[A(f)] < card Q?, which
completes the proof. O



432 PAULINA SZCZUKA

Lemma 2.5. If f € S, \ Const, then there are a < b such that f|[a,b] is
bounded and nonconstant.

PROOF. Define S = {z € R : lim(|f|,#) = oco}. Then S is closed. Let
{I, : n € N} be a family of compact intervals such that R\ S = (J, <y In-
Since f € S, \ Const, f [(?( f)] is a nondegenerate interval. One can easily see
that f[C(f)] C fIR\ S] = U,en flIn]- So, there is an n € N such that f[I,] is
not a singleton. Then f[1,, ¢ Const and lim(|f|,z) < oo for each = € I,. But
I,, is compact; so f[I, is bounded. O

Lemma 2.6. Let I be an open interval (maybe unbounded) and f: I — R.
If f € S is a nonconstant upper semicontinuous function, then there is an
xo ¢ A(f) and a 6 > 0 such that (xo — 0,20 +0) C I and either

f(x) < f(xo) for each x € (xg — &, x0) (1)

or

f(x) < f(xo) for each x € (xg,xo + 9). (2)

PROOF. Let a,b € I,a < b, and f(a) # f(b). We may assume that a,b € C(f)
and f(a) < f(b). (The case f(a) > f(b) is analogous.) By Lemma 2.4, we
can choose a y € (f(a), f(b)) \ FIA(f)]. Since f(b) >y and b € C(f), we can
define
zo = inf{z € [a,b) : f(z) > y}.

Recall that a € €(f) and f(a) < y. So, 9 > a. Let § = zp—a > 0. Notice that
ifx € (xg—9,20) = (a,zp), then f(x) < y. To complete the proof we will show
that f(zo) = y. Since f € D, we have f(zg) < lim(f,z5) < y. On the other

hand, since f is upper semicontinuous and z¢ < b, f(xo) > lm(f,z7) > v.
Hence f(xg) =y. O

3 Main Results

First we consider the maximal additive classes for the families of strong Swi@t—
kowski and extra strong Swiagtkowski functions.

Theorem 3.1. M,(S.s,S,) C Const.

PROOF. Let f ¢ Const. We will show that f ¢ M,(Ses,Ss). If f ¢ S, then
since Xy € Ses and f=r+Xy ¢ S,, we obtain feM (SES,SS). So, we may
assume that f € S,. By Lemma 2.5, there are a < b such that f[[a,b] ¢ Const
and f is bounded on [a,b]. Then clearly f[(a,b) ¢ Const.
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First suppose (a,b) C C(f). By Lemma 2.6, there is an x¢ € (a,b) \ A(f)
and a § € (0,29 — a) such that; e.g., condition (1) holds. (Similarly we can
proceed if there is an zg € (a,b) \ A(f) and a & € (0,b — ) such that
condition (2) holds.) Since z ¢ A(f), we may choose a sequence (x;) C (xo,b)
such that x; \, o and f(x;) > f(xo) for each i. Define

g(z) =

0 if z € (—o0,x0] U [21,00),
gi(r) if x € [zi41,7i], 7 €N,

where
g9i(w) = max{2(f(x0) - f(x))a 1- (2|:c = (Tip1 + 951)/2|)/($z - xi+1)}~

Then g is the only point of discontinuity of g, and by Lemma 2.2, g € Ses.
We will show that f + g ¢ S,.

Put @« = 29 — /2 and § = x;. Notice that by (1), for each = € [a, xp)
we have (f + g)(x) = f(z) < f(zo). Hence f(zo) € ((f +g)(a), (f + 9)(B))-
S

Fix an = € (z9,0). Then z € [x;41,x;) for some i € N. We w1ll show that
(f+9)(x) > f(zg). We consider three cases:

o If f(z) < f(xo), then
(f +9)(x) = (f + 9:)(x) = f(x) +2f (z0) — 2 (2) > [(0).

o T2 =i, then (f + 9)(x) = f(z) > (o).
o If f(x) > f(xo) and x # x;41, then

(f+9)(x) = f(@)+1—= (2 — (wip1+2:)/2]) [(xi—zit1) > flz) = f(zo).

Finally observe that zog ¢ C(f + g). So, (f + g)(x) # f(xo) for each z €
(, ) NC(f +g) and f+ g ¢ S,. Now let (a,b) \ €(f) # 0. Without loss of
generality we may assume that f(z¢) < lim(f, z) for some zg € (a,b). Choose
ay € (f(zo),lim(f,z7)). Since f € S., there is a sequence (x;) C (0, b)NC(f)
such that x; \, 2 and f(x;) = y for each i. For each i, by [2, Lemma 4.1], there
is a continuous function g¢;: [z;4+1,%;] — R such that g; = —y on {x; 1,2}
and g; > —f on (x;41,x;). Let
o) = {—y %f x € (—00, x0) U [1,00),
gi(x) ifz € [rip1,2],7€N.

Then o is the only point of discontinuity of g, and by Lemma 2.2, g € Ses.
We will show that f+¢g ¢ D D S,.
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If x € (zg, 1), then © € [x;41,2;) for some i € N, whence

(f+9)(@)=(f+g)(x) 20> f(xo) —y = (f + g)(x0).
Consequently, f ¢ Ma(SeS,SS). O

Clearly Const C My(Ss) N Ma(Ses). So, using Theorem 3.1 and Re-
mark 1.1, we obtain the follovvlng corollary.

Corollary 3.2. Ma(SS) = /\/la(Ses) = MG(SGS,SS) = Const. O

Now we turn to the maximal multiplicative classes for the families of strong
Swiatkowski and extra strong Swiatkowski functions.

Theorem 3.3. Mm(ses,s's) C Const.

PROOF. Let f € Mm(s'es,s's). Since Xg € S,s, we obtain f=f-Xg¢€ Ss.
We will show that f[C(f)] C fIA(f)]U{0}. Let z € f[C(f)] \ {0}. Then
z = f(x) for some x € C(f). Assume that z > 0. (The other case is similar.)
There is an open interval I such that x € I and f[I > 0. Let ¢: I — R be
an increasing homeomorphism. Define 1) = Inof o ¢!, We will show that

P € Mo(Ses,Ss). Let g € Ses, a < B and y € I((4 + g)(@), (¥ + g)(8)). Put

4(x) = {exp(g(so(@)) if 2 € [p7}(a), ¢ 1(&)},

constant on (—oo, ¢ ()] and [p~1(83),0).

Then by Lemmas 2.3 and 2.2, § € S.,.
For each = € [¢~! (), ' (3)] C I we have

(f9) (@)= ((foe )Ngow ™)) (e(x)) = ((expop)(expog)) (p(z))
= (expo(¥ + g)) (¢()).

Whence
(Ino(fg) e ") (p(x)) = (¢ + g) (#(2)). (3)

Recall that y € I(( 9)(a), (¥ + g)(3)). Hence

€ I((expo( ¢+9 ) (@), (expo(¥ + g))(3))
=1{(f9) (¢ (@), (f9) (¢71(8))).

By assumption, f € Mm(s'es,s's). Thus fg € 35, and (fg)(xo) = exp(y) for
some zo € (¢~ (a), 71 (B)) NE(fg). Since ¢ is a homeomorphism, (fg)o e~

exp(y
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is continuous at ¢(zo). So by (3), ¢(z0) € (a,3) N C(¢ + g). One can easily
see that (¢ + g) (¢(0)) =y, and consequently, 1 + g € S;.

We showed that 1) € Ma(ses, Sé) So by Theorem 3.1, 1) € Const. But for
each x € I we have

(Inof) (@) = (nof o o™") (w(@)) = ¥ (w(2))-

So f]I € Const and finally z € A(f). Since f € S, the set f[C(f)] € fIA(f)]U
{0} is connected. By Lemma 2.4, the set f[C(f)] is at most countable. Whence

fle(f)] = {y} for some y € R. But (inf f[R],sup f[R]) C f[C(f)] = {y}; so
f € Const. 0

Clearly Const C M,,L(S'S) n M7,L(Ses). So, using Theorem 3.3 and Re-
mark 1.1, we obtain the following corollary.

Corollary 3.4. M,,(S,) = My (Ses) = M (Ses, Ss) = Const. O

Finally we will characterize the maximal classes with respect to maximums
for the families of strong Swiatkowski and extra strong Swiatkowski functions.

Theorem 3.5. Mmax(ses,ss) C Const.

PROOF. Let f ¢ Const. We will show that f & Muyay(Ses,Ss). If f & S,
then there are a < B and y € I(f(a), f(3)) such that f(z) # y for each
z € (o, B) NE(f). Put g = min{ f(a), f(8)} and h = max{f,g}. Then clearly
g€ S,y € I(h(c),h(B)) and h(z) # y for each = € (a,3) N C(h). Whence
h ¢ S.. So, f ¢ /\/lmax(&"es,&:'S)7 and we may assume that f € S..

Now assume that f is upper semicontinuous. By Lemma 2.6, there are an
xo ¢ A(f) and a 6 > 0 such that; e.g., condition (1) holds. (Similarly we can
proceed if there are an xg ¢ A(f) and a 6 > 0 such that condition (2) holds.)
Choose a sequence (z;) such that z; \, zo and f(z;) > f(x¢) for each i. Since
f €8s, we may assume that (z;) C C(f). For each i, since z; € €(f), there is
a §; > 0 such that f(z) > f(zg) for each x € (z; — &;, z; + 6;). Without loss
of generality we may assume that x; 11 + d;41 < x; — §; for each i € N. Let

flzo) =1 ifz e (—o0,zo]U{x; : i€ N}U][z,00),
9(x) = flxo) +1 if v € U [wits + divr, 2 — 04,
linear in each interval [x;41, 241 + ;41] and [x; — 0;, 24].

Then g is the only point of discontinuity of g, and by Lemma 2.2, g € Ses.
We will show that h = max{f, g} ¢ S;.
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Put a = 29 — 6/2 and 8 = z1 — 1. Notice that by (1), for each z € [a, o)

we have h(z) = max{f(z), f(z0) — 1} < f(o). Hence f(zo) € (h(a),h(B)).
Fix an « € (zg, ). Then x € [x;41,2;) for some i € N. We will show that
h(z) > f(xo). We consider two cases.

o Ifz € [wit1,Tit1 + 0iy1) U (i — 6;, i), then h(z) > f(z) > f(xo).
o If z € [wi11 + div1, i — ], then h(z) > g(x) > f(zo).

Finally, observe that

Tmn(h, a) > Tim(g,28) = f(z0) +1 > f(x0) = hzo),

so zg ¢ C(h). So, h(x) # f(xo) for each z € (a,8) N €C(h) and h ¢ S,.
Consequently, f & Mpax(Ses,Ss), and we may assume that f is not upper
semicontinuous.

We will assume that f(zg) < lim(f,z§) for some zo € R. (The case
f(zo) < Lim(f,zy) for some ¢ € R is similar.) Let y € (f(zo),im(f,z¢)).
There is a sequence (x;) C C(f) such that x; \, zo and f(z;) > y for each i.
For each 4, since z; € C(f), there is a §; > 0 such that f(z) >y > f(xo) for
each z € (x;—0;, x;+9;). Without loss we may assume that x;11+d,11 < z;—9;
for each ¢ € N. Let

flzo) iz e (—o0,z0]U{x;: i€ N}UJ[z,00),
g(x) =4y if € U2, [wiv1 + digr, i — 04,
linear in each interval [x;11, %41 + 0;+1] and [x; — &;, 4]

Then g is the only point of discontinuity of g, and by Lemma 2.2, g € Ses.
We will show that h = max{f,g} ¢ D D S,. If x € (g, 21), then x € [z;11, ;)
for some ¢ € N: so

e cither = € [z11, %41 + 0;41) U (x; — 0;, x;) and h(z) > f(z) >y,
e or x € [Tip1 + 0it1,2; — 6;) and h(x) > g(x) = y.
But y > f(z0) = h(xo). Consequently, f & Munax(Ses,Ss). O

Clearly Const C Mmax(s’s) N Mmax(ses). So, using Theorem 3.5 and
Remark 1.1, we obtain the following corollary.

Corollary 3.6. Mmax(ss) = Mmax(Ses) = Mmax(sesass) = Const.
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4 An Excerpt from [2]

Lemma 4.1. If g: [a,b] — (—oo, M) is upper semicontinuous both at a and
at b, then there is a continuous function ¥: [a,b] — [min{g(a), g(b)}, M] such
that ¢ = g on {a,b} and ¢ > g on (a,b).

PROOF. Let g = (b —a)/2. For each n € N find a d,, € (0,,-1/2) such that
g<g(a)+n~ton[a,a+d,] and g < g(b) +n~! on [b— §,,b]. Define

M ifl’G[a+(51,b*51},
gla)+n~t ifrx=a+d,41,nEN,

) =
V(@) gb)+n7t ifz=b—9,01,n€EN,
g(x) if x € {a, b},
and let ¢ be linear in each interval [a+0,11,a+8,] or [b—8,,b—0d,11] (n € N).
One can easily see that 1 has all required properties. O
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