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Abstract: In this paper we prove that for every complete n-dimensional Riemannian

manifold without Green’s function and with its sectional curvatures satisfying K≤−1,

the exponent of convergence is greater than or equal to n− 1. Furthermore, we show
that this inequality is sharp. This result is well known for manifolds with constant

sectional curvatures K = −1.
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1. Introduction

In this paper we prove a relation between two useful concepts of Poten-
tial Theory: the existence of Green’s function and the exponent of con-
vergence, for complete Riemannian n-manifolds (n ≥ 2) with sectional
curvatures K ≤ −1. These concepts are related with other interesting
topics as, for instance, the first eigenvalue of the Laplace–Beltrami oper-
ator, heat kernel, isoperimetric inequalities, conic limit set, and geodesics
in the manifold (see Section 2).

We prove that for every complete n-dimensional Riemannian mani-
fold without Green’s function and with sectional curvatures satisfying
K ≤ −1, the exponent of convergence is greater than or equal to n− 1.
This inequality is sharp, as we show after the proof of this theorem.
These results are well-known for manifolds with constant sectional cur-
vaturesK = −1. Note that the case of complete Riemannian n-manifolds
with sectional curvatures K ≤ −k2 < 0 can be reduced to this one.
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Let us recall that a Green’s function in a complete Riemannian man-
ifold M is a positive fundamental solution of the Laplace–Beltrami op-
erator ∆ := −div grad on M . It is well-known that a complete manifold
has Green’s function if and only if there exists a non-constant positive
superharmonic function (see, e.g., [18]). In terms of Brownian motion,
a complete manifold has Green’s function if and only if the Brownian
motion on the manifold is transient.

Green’s function is related with isoperimetric inequalities: Fernández
proved in [8] that the existence of some kind of isoperimetric inequalities
guarantees the existence of Green’s function for Riemannian manifolds;
the results in [11] imply that the linear isoperimetric inequality guaran-
tees the existence of Green’s function for negatively curved Riemannian
surfaces.

Let M be a complete n-dimensional Riemannian manifold and let us
write M = M̃/Γ, where M̃ is a universal covering of M and Γ is a

discrete group of isometries of M̃ . The exponent of convergence δ(M)
(see, e.g., [15, p. 21] for basic background) is defined as

δ(Γ) := δ(M) := inf

t :
∑
γ∈Γ

exp
(
−t d(x, γx)

)
<∞, for some x ∈ M̃

 .

It is easy to check that if the series converges for some x ∈ M̃ , then it
converges for all x ∈ M̃ .

The exponent of convergence plays an important role in the study
of geodesics in negatively curved manifolds. In particular, the set of
bounded geodesics has Hausdorff dimension equal to the exponent of
convergence (see [4], [9], and [17]). The exponent of convergence also
plays an important role in the study of escaping geodesics in negatively
curved surfaces (see [10] and [14]).

Besides, in [17] it was proved that the exponent of convergence of a
complete negatively curved manifold is equal to the Hausdorff dimension
of its conic limit set (see the definition in [20]); it was previously proved
in the case of constant curvature in [16] for surfaces of finite area, and
in full generality in [9] and [4].

Furthermore, the exponent of convergence is also related to the funda-
mental tone λ1 of a manifold. When the manifold is compact, it is well-
known that λ1 is the lowest (first) eigenvalue of the Laplace–Beltrami
operator with zero boundary value. The fundamental tone of a manifold
is related with its exponent of convergence for complete n-dimensional
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Riemannian manifold M with sectional curvatures K = −1:

(1.1) 0 ≤ δ ≤ n− 1, λ1 =

{
(n− 1)2/4, if δ ∈ [0, (n− 1)/2],

δ(n− 1− δ), if δ ∈ [(n− 1)/2, n− 1],

see [15, p. 21] and [19, p. 333]. An extension of this result is proved
by Besson, Courtois, and Gallot for manifolds with non-constant neg-
ative curvature in [3, Lemma 5.3]: we have λ1 ≥ δ(n − 1 − δ) for ev-
ery complete n-dimensional Riemannian manifold with sectional curva-
tures K ≤ −1 (see also [14, Theorem 3.15]). The fundamental tone is
also related with isoperimetric inequalities: a general result of Cheeger
says that λ1 ≥ h2/4 for every complete Riemannian manifold with in-
finite volume, where h is the sharp linear isoperimetric constant of the
manifold h = infA area(∂A)/vol(A); it turns out that a lower bound
on curvature forces an inequality in the opposite direction (see [5]);
hence, to have the linear isoperimetric inequality (h > 0) in a man-
ifold with a lower bound on curvature is equivalent to λ1 > 0. The
linear isoperimetric inequality is closely related to the project of An-
cona on the space of positive harmonic functions of Gromov-hyperbolic
manifolds (see [1], [2]); in particular, Cao proves that for a large class
of Gromov-hyperbolic manifolds (and graphs) the linear isoperimetric
inequality implies that the Dirichlet problem at infinity for the Laplace–
Beltrami operator is solvable (see [6]). Some of the results of Cao are
improved in [13]. Isoperimetric constants are also related with the ge-
ometry of ends and large time heat diffusion in Riemannian manifolds
(see [7]).

Acknowledgments. We would like to thank the referee for her/his
valuable comments which have shortened the proof of Theorem 2.1.

2. Exponent of convergence and Green’s function

An upper bound for the Green’s function in a Cartan–Hadamard man-
ifold allows to obtain a criteria for existence of the Green’s function in
a negatively curved manifold with arbitrary topology:

Theorem 2.1. Let M be a complete n-dimensional Riemannian mani-
fold with sectional curvatures K ≤ −1, and write M = M̃/Γ, where M̃ is

a universal cover of M and Γ is a discrete group of isometries of M̃ . If
the series ∑

γ∈Γ

exp
(
−(n− 1)d(x0, γy0)

)
converges for some x0, y0 ∈ M̃ , then there exists the Green’s function
in M .
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Proof: For every x, y ∈ M̃ , triangle inequality gives∑
γ∈Γ

exp
(
−(n− 1)d(x, γy)

)
≤
∑
γ∈Γ

exp
(
−(n− 1)(−d(x, x0) + d(x0, γy0)− d(γy0, γy))

)
.

Since every γ ∈ Γ is an isometry, we have d(γy0, γy) = d(y0, y) and∑
γ∈Γ

exp
(
−(n− 1)d(x, γy)

)
≤ exp

(
(n− 1)(d(x, x0)+d(y0, y))

)∑
γ∈Γ

exp
(
−(n− 1)d(x0, γy0)

)
<∞.

Let us denote by GM̃ the Green’s function in M̃ . If we denote by π the

universal cover map π : M̃ →M=M̃/Γ, it is well-known that if the series∑
γ∈Γ

GM̃ (x, γy)

converges for every x, y ∈ M̃ with π(x) 6= π(y), then there exists the
Green’s function GM in M and furthermore

GM
(
π(x), π(y)

)
=
∑
γ∈Γ

GM̃ (x, γy).

The Green function GHn(x, y) of the n-dimensional hyperbolic
space Hn is given by GHn(x, y) = g(dHn(x, y)), where g is the follow-
ing function of the distance r := dHn(x, y)

g(r) =
1

ωn

∫ ∞
r

1

(sinh s)n−1
ds,

where ωn is the surface area of the unit sphere in Rn (see, e.g., [12]).

Since M̃ is locally isometric to M , its sectional curvatures satisfy K ≤
−1, and a standard comparison argument gives that the Green function
of M̃ satisfies GM̃ (x, y) ≤ g(dM̃ (x, y)), see [12, Theorem 1].

Let us consider the function

β(s) :=

(
es

sinh s

)n−1

=

(
2

1− e−2s

)n−1

.

Since β is a decreasing function on (0,∞), we have β(s) ≤ β(r0) for
every s ≥ r0. Therefore,

g(r) =
1

ωn

∫ ∞
r

1

(sinh s)n−1
ds

≤ β(r0)

ωn

∫ ∞
r

e−(n−1)s ds =
β(r0)

ωn(n− 1)
e−(n−1)r

(2.1)

for every r ≥ r0.
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Since Γ is a discrete group of isometries of M̃ , for each fixed choice of
x, y ∈ M̃ with π(x) 6= π(y), we have that Γxy := {γ ∈ Γ : d(x, γy) < 1}
is a finite set. Hence, (2.1) gives

GM
(
π(x), π(y)

)
=
∑
γ∈Γxy

GM̃ (x, γy)+
∑
γ /∈Γxy

GM̃ (x, γy)

≤
∑
γ∈Γxy

GM̃ (x, γy)+
β(1)

ωn(n− 1)

∑
γ /∈Γxy

e−(n−1)d(x,γy)

≤
∑
γ∈Γxy

GM̃ (x, γy)+
β(1)

ωn(n− 1)

∑
γ∈Γ

e−(n−1)d(x,γy)<∞.

As a consequence of Theorem 2.1, we deduce our main result.

Theorem 2.2. Let M be a complete n-dimensional Riemannian man-
ifold with sectional curvatures satisfying K ≤ −1 and without Green’s
function. Then δ ≥ n− 1.

The inequality in Theorem 2.2 is sharp as the following examples
show. As a consequence of (1.1) and Theorem 2.2, if M is any complete
n-dimensional Riemannian manifold without Green’s function and with
sectional curvatures K = −1, then δ = n − 1. Furthermore, there
exist manifolds M without Green’s function, with sectional curvatures
satisfying K < −1, and δ as close as we want to n− 1: If (M, g) is any
complete n-dimensional Riemannian manifold without Green’s function
and with sectional curvatures satisfying K = −1, for each ε > 0 let
us define the Riemannian metric gε := (1 + ε)−2g. It is easy to check
that (M, gε) has sectional curvatures K = −(1 + ε)2 < −1 and δ =
(1 + ε)(n− 1).
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[4] C. J. Bishop and P. W. Jones, Hausdorff dimension and Kleinian
groups, Acta Math. 179(1) (1997), 1–39. DOI: 10.1007/BF02392718.

[5] P. Buser, A note on the isoperimetric constant, Ann. Sci. École
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Universidad Autónoma de Madrid
Campus de Cantoblanco

28049 Madrid

Spain
E-mail address: mavi.melian@uam.es

E-mail address: eva.touris@uam.es
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