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Abstract: Let w be a Muckenhoupt Az(R™) weight and L., := —w ™! div(AV) the
degenerate elliptic operator on the Euclidean space R™, n > 2. In this article, the
authors establish some weighted LP estimates of Kato square roots associated to the

degenerate elliptic operators L.,. More precisely, the authors prove that, for w &€
1/2

Ap(R"), p € (2,2 and any f € CP®"), L/ * (Do (wrm) ~ IV |Lruwzn),

where C2°(R"™) denotes the set of all infinitely differential functions with compact

supports and the implicit equivalent positive constants are independent of f.
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1. Introduction

The Kato square root problem, which has a long history, was originally
posed by Kato [39] in 1961. It amounts to identifying the domain of the
square root of an abstract maximal accretive operator as the domain
of the corresponding sesquilinear form. Although it is known that this
problem has an affirmative answer in a few particular cases, in general,
the Kato square root problem does not hold true; see, for example, [42,
43| for some counterexamples. However, by noticing that Kato posed his
problem with the motivation from a special case of elliptic differential
operators, McIntosh [45, 44] refined the statement of the Kato square
root problem in the setting of elliptic operators. More precisely, let L :=
—div(AV) be the second order elliptic operator on R”, with A being an
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n X n matrix of complex bounded measurable functions on R” satisfying
the elliptic condition. The refined formulation of the Kato square root
problem by McIntosh consists in showing that the domain of the square
root L'/2 coincides with the Sobolev space W12(R") and

(L.1) ILY2(F) p2@ny ~ 1V fll o2 )

with the implicit equivalent positive constants independent of f. This
problem was completely solved by Auscher et al. [7, 8, 33] in the past
decade, which consists one of the most celebrated results in harmonic
analysis of recent years. For a more complete history of this problem,
we refer the reader to the above papers or to the review by Kenig [41]
and their references.

Observe that (1.1) consists in comparing the L? norms of L/?(f)
and Vf. For a general p € (1,00), the L? theory of square roots has
also attracted considerable attention (see [4, 34] and the references cited
therein). In particular, Auscher [4] showed that, for any f € C°(R"),

(1.2) ILY2()llo@ny ~ IV Fllo@ny, € (p-(L),2+ (L)),

here and hereafter, the implicit equivalent positive constants in (1.2) are
independent of f, C°(R™) denotes the set of all infinitely differential
functions with compact supports,

2
p_(L) == inf{p € [1,00] : VL~Y/2: LP(R™) — LP(R")} € {1, 4’_12>
n
and (L) is a positive constant depending on L. Moreover, Hofmann
et al. [36] generalized the aforementioned result to the range

p e (2 J;Iffzz),Q + e(L)), by establishing the Riesz transform charac-

terizations of the Hardy spaces HY (R™) associated to the second order
elliptic operator L = — div(AV), namely, for all f € H} (R"),

n+p_(L

where HP(R™) denotes the classical Hardy space and the implicit equiv-
alent positive constants in (1.3) are independent of f. Noticing that,
for all p € (p—(L),2 + (L)), both HP(R™) and HY(R™) coincide with
the Lebesgue spaces LP(R™) (see [36, Proposition 9.1(v)]), hence (1.3)
covers (1.2).

In the present article, we consider the L? theory of square roots in
the case of degenerate elliptic operators. To be precise, let w € Ay(R™)
be a Muckenhoupt weight. A matrix A(x) := (Ai;(z));;—; of complex-
valued, measurable functions on R™ is said to satisfy the degenerate

(13) [ Fllazgany ~ IVE 2Dy p € (“L)"),Ha(m),
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elliptic condition if there exist positive constants A < A such that, for
almost every € R™ and all £, € C",

(1.4) (A(@)E,m)| < Aw()[E]|n]
and
(1.5) R(A(2)¢,8) > Aw(z)|Ef?,

where Rz denotes the real part of z for any z € C. For such a ma-
trix A(x), the associated degenerate elliptic operator L, is defined by
setting, for all f € D(L,) C Hj(w,R"),

(1.6) Lyf = —% div(AVf),

which is interpreted in the usual weak sense via the sesquilinear form,
where D(L,,) denotes the domain of L,,. Here and hereafter, Hg(w, R™)
denotes the weighted Sobolev space which is defined to be the closure
of C°(R™) with respect to the norm

1/2
lgensn = { [ 1@ + V1@ Pl ds}

The sesquilinear form a, associated with L,,, is defined by setting, for
all f, g€ Hi(w,R"),

a(f, ) = / [A@)V £ () - Vo) da

Operators of the form (1.6) and the associated elliptic equations were
first studied by Fabes et al. [31] and have also been considered by a
number of other authors (see, for example, [18, 19, 17] and, especially,
some recent articles by Cruz-Uribe et al. [22, 23, 25, 24]).

Observe that the accretive condition (1.5) enables one to define the

square root L}U/ 2 (see [39, 40]). It is a natural question to consider the
associated Kato square root problem in the case of the degenerate elliptic
operator L,,. In particular, Cruz-Uribe et al. [25] proved that, for any
f € H(w,R"),

L2 (D)l 22 w,rmy ~ IV Fll 22 (w07

where the implicit equivalent positive constants are independent of f
and L?(w,R™) denotes the weighted Lebesgue space equipped with the
norm

1
2

11l 22w mmy = [/}Rn |f (z)2w(x) dm]
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This result solves the Kato square root problem associated to the oper-
ator L,,. Notice that, when w=1, L,, is just the second order elliptic
operator L, thus, the results in [25] may be seen as generalizations of
those in [7].

Motivated by the aforementioned results in [25, 7, 4, 36], our aim of
this article is to study the weighted L? estimates of Kato square roots as-
sociated to L,,. To be precise, let w € A (R™) be a Muckenhoupt weight
(see (2.1), (2.2), and (2.3) below for the precise definitions of A,(R™) of
Muckenhoupt weights with p € [1,00]). For any measurable subset E
of R® and p € (0,00), LP(w, E) denotes the weighted Lebesgue space
equipped with the (quasi-)norm

Ifllor(w,By == {/E |f (z)|Pw(x) dx}é )

Let L,, be a degenerate elliptic operator as in (1.6) with w € A(R™).
The following theorem is the main result of the present article, which is
proved in Section 7.

Theorem 1.1. Let p € (nz—fl,?] and w € A,(R™). Then there exists a

positive constant C' such that, for any f € C°(R™),
CUNV fllorrny < N> (Dllzowrny < CIV Fll o (w gy

This result establishes the weighted L? estimates of Kato square roots
associated to the degenerate elliptic operators L,, for p € (nz—fl, 2]. In
particular, when p = 2, Theorem 1.1, together with a density argument,
leads to the corresponding result in [25].

To prove Theorem 1.1, we use the strategy of establishing the Riesz
transform characterizations of the Hardy spaces associated to L,,, which
is accomplished by Propositions 1.5, 1.6, and 1.7 below. We point out
that this idea is inspired by Hofmann et al. [36]. Now we introduce some
related definitions and notation on the Hardy spaces associated to the
degenerate elliptic operator L,,. In what follows, let R’j_ﬂ =R"x(0,00).
Letting w € A3(R") and L, be as in (1.6), for any f € L*(w,R") and
x € R", the square function Sp,(f), associated with L,,, is defined by
setting

1/2
S1.(F)(@) = [ I . Lo (NP0 s 7|

where B(z,t):={yeR" : |z —y| < t}, w(B(z,t)) = fB(w " w(y) dy, and
(1.7) To(z):={(y,t) e RT™" : |z — y| < at}

denotes the cone of aperture o with verter x. In particular, if o = 1, we
write I'(z) instead of T, (z).
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For any p € (0,00), the Hardy space Hy (R") associated to L., is
defined as follows.

Definition 1.2. Let w € Ay(R™) and L, be the degenerate elliptic
operator as in (1.6) with the matrix A satisfying the degenerate elliptic
conditions (1.4) and (1.5). For any p € (0,2], the Hardy space H} (R"),
associated to Ly, is defined as the completion of the space

{f € L2(w,R") « [[S1,, ()l (w,rn) < 00}

with respect to the (quasi-)norm
11z @y s= IS0 (H)llLe (wrn)-
For any p € (2,00), define
HY, (R") := (HI, (R"))",

here and hereafter, 1/p + 1/p’ = 1 and LZ, denotes the adjoint operator
of Ly, in L?(w,R™).

We point out that the study of the Hardy spaces associated to differ-
ent operators (for example, the non-negative self-adjoint operator, the
second order elliptic operator — div(AV), and the Schrédinger opera-
tor —A + V') has attracted considerable attention and the real-variable
theory of these spaces has been established in recent years (see, for ex-
ample, [6, 29, 30, 11, 49, 37, 35, 36, 28, 27, 16|).

Moreover, we need to introduce the Hardy space H fw (R™) asso-

ciated to the Riesz transform VL;l/Q, which, when w = 1, is a special
case of that defined in [36, p. 728].

,Riesz

Definition 1.3. Let p € (1,00), w € A3(R™), and L,, be the degenerate
elliptic operator as in (1.6) with the matrix A satisfying the degenerate
elliptic conditions (1.4) and (1.5). The Hardy space H] g, (R") is
defined as the completion of the space

{f € L*(w,R") : VLZY2(f) € LP(w, R")}
with respect to the norm

[nabes

Ly ,Riesz

@) = VL2 (D)l o uorny.-

Remark 1.4. Comparing with Definition 1.3, recall that, when p € (0, 1]
and w € Ap(R"), the Hardy space H] g, (R") was introduced in [50,
Definition 1.2], which is defined as the completion of the space

{f € L*(w,R") : VL,'2(f) € HE(R")}
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with respect to the quasi-norm
1/ 11z @ = IVL () g, @

where HP (R™) denotes the classical weighted Hardy space. Moreover,
in [50], the Hardy spaces H] g;.,(R") and H] (R") were proved to
coincide when p € (4, 1], where ¢ € (0, 1) is some fixed constant.

w,Riesz

To prove Theorem 1.1, we first prove the following three propositions.

Proposition 1.5. Let w € A3(R™). Then, for any givenp € (f—}:l, 2y,
H} (R") and LP(w,R™) coincide with equivalent norms.

Proposition 1.5 is proved in Section 4. In particular, when w = 1,
L., is just the usual second order elliptic operator L = —div(AV) stud-
ied in [36], where Hofmann et al. proved that, for any p € (p_(L),p+ (L)),
HFP(R™) coincides with the Lebesgue space LP(R™) with equivalent norms.
Notice that 1 < p_(L) < nz—]:l < 22 < pi(L) < oo (see [36, p. 4]).
Recall that, via the local weighted Sobolev embedding inequality proved
in [31] (see also Lemma 6.1 below), it was proved in [51, Proposition 1.5]
that, for any nz—fl < p < ¢ < 2% the semigroup {e "Fv},5, satisfies
the weighted LP — L? off-diagonal estimates on balls (see also Propo-
sition 2.4 below). This is a main tool used in the proof of Proposi-
tion 1.5, which restricts the range of p in Proposition 1.5 to the nar-

2n 2n

rower interval (;Z, =) instead of (p—(L),p+(L)). It is still unclear

whether Proposition 1.5 still holds true or not for a wider range of p

than (f—fl, %)

Proposition 1.6. (i) Let w € A3(R") and p € (73_‘1,2}. Then there

exists a positive constant C such that, for any f € H }jw (R™),

IVL 2 ()l Lo ) < Clifllmy @ny-

(i) Let w € Ag(R") with g € [1,1+ ) and p € [1, nQ—_fl] Then there

exists a positive constant C such that, for any f € wa (R™),

IVL 2 (F)l Lo o,y < Cllifllmz @n)-

Proposition 1.6 is proved in Section 5. We point out that, when
w = 1, Proposition 1.6 is covered by [36, Propositions 5.32 and 5.6],
where Hofmann et al. proved that, for any p € [1,2 + (L)), VL™/? is
bounded from HY (R™) to L (R™). We prove Proposition 1.6 by using the
local weighted Poincaré inequality in [31] (see also Lemma 5.4 below),

which implies that, for w € As(R™) and any p € (%:2,2}, VL,"? is
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bounded on LP(w,R™). This restricts the results of Proposition 1.6 to
the narrower interval p € [1,2] instead of p € [1,2 4+ ¢(L)).
Proposition 1.7. Let n > 2, p € (f—fl,%), and w € A,(R™) N
As(R™).  Then there exists a positive constant C such that, for any
feL*(w,R")NH] g, (R"),

Hf”ng ®Rn) < C||VL;1/2(f)HLP(w,Rn)-

Proposition 1.7 is proved in Section 6. Its proof relies on the weighted
off-diagonal estimates on balls for L, (see Proposition 2.4 below) and
the local weighted Poincaré and Sobolev embedding inequalities (see
Lemmas 5.4 and 6.1 below), which restrict the results of Proposition 1.7
ton>2,p¢€ (ffrzl, %), and w € Ap(R™) when p < 2. Proposition 1.7 is
an analogue of [36, Proposition 5.34|, where Hofmann et al. proved that,
if, for some r € (1,2], the semigroup {e~'},>o satisfies L" — L? off-
diagonal estimates, then, for any p € (max{1, ;=*-}, p+ (L)), there exists
a positive constant C such that, for any h € L?(R") N H 7 Riosz(R™),

Bl 2 Ry < CIVLT2(R)|| Lo (m)-

Notice that, for any r € (1,2], (HQJ_LI,%) C (max{1, 7%}, p4(L)).

Thus, when w = 1, Proposition 1.7 is covered by [36, Proposition 5.34].

The remainder of this article is organized as follows. In Subsection 2.1,
we first recall some notions and results on Muckenhoupt weights; in Sub-
section 2.2, we recall the holomorphic functional calculus of L,,; then, in
Subsection 2.3, we introduce the weighted off-diagonal estimates for L,,,
which have been established in [51]; in Subsection 2.4, we recall the no-
tion of the weighted tent space and recall some results on their dual and
interpolation results. In Section 3, by following the strategy used in [36,
Section 4], for p € (0,00), we establish the square function characteriza-
tions of Hy (R™) (see Propositions 3.6 and 3.7 below).

We end this section by making some conventions on notation.
Throughout this article, L,, always denotes a degenerate elliptic opera-
tor as in (1.6). We denote by C' a positive constant which is independent
of the main parameters, but it may vary from line to line. We also use
Cla,8,...) to denote a positive constant depending on the parameters «,
B, ... . The symbol f < g means that f < Cg. If f <gand g < f, then
we write f ~ g. For any measurable subset E of R™, we denote by EC
the set R"\E. Let N:= {1,2,...} and Z; := NU {0}. For any closed
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subset F' C R™, we let
(1.8) R(F):= | T(x)
zeF
where I'(z), for all z € F, is as in (1.7) with « = 1. For any p € (0, ),
let
(1.9) 22 ={z € C\ {0} : |arg z| < p}.
For any ball B := (zp,rg) C R" with g € R™ and rp € (0,00),
a € (0,00) and j € N, we let aB := B(zp,arpg),
(1.10) Uo(B):==B and U;(B):=(2B)\ (2"'B).
For any p€[1, oo], p’ denotes its conjugate number, namely, 1/p+1/p’ =1
2. Preliminaries

In this section, we first recall the definition of the Muckenhoupt
weights and some of their properties. Then we recall the holomorphic
functional calculus of L, as was introduced by McIntosh [46], and the
weighted off-diagonal estimates on balls for L,,. Finally, we introduce
the weighted tent spaces and some of their properties.

2.1. Muckenhoupt weights. Let ¢ € [1,00). A nonnegative and lo-
cally integrable function w on R"™ is said to belong to the Muckenhoupt
class Aq(R™) if there exists a positive constant C such that, for any
ball B C R™, when ¢ € (1, c0),

ey g @ [ [‘”‘x”qlld””}q_l =¢

or, when g =1,

. <
(2.2) |B|/ x)dz Ceszselélfw( x).
We also let
(2.3) = J 4R
g€[l,00)
and w( = [pw 5 w(r)dr for any measurable subset £ C R™.

Let r 6 (1 o<). A nonnegative locally integrable function w is said
to belong to the reverse Holder class RH,.(R™) if there exists a positive
constant C such that, for any ball B C R™,

{;/B[w(x)]’”dx}l/r SC%/BU) x) dz

where we replace {ﬁ Jplw(z)]" dz}/" by |lw||p~(p) when r = occ.
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We recall some properties of Muckenhoupt weights and reverse Holder
classes in the following two lemmas (see, for example, [26] for their
proofs).

Lemma 2.1. (i) If 1<p<g<oo, then A;(R") C A,(R™) C A,(R"™).
(11) Aoo(Rn) = Upe[l,oo)Ap(Rn) = Ure(l,oo}RH'r‘(Rn)'

Lemma 2.2. Let g € [1,00) and r € (1,00]. If a nonnegative measurable
function w € A4(R™)NRH,(R™), then there exists a constant C' € (1,00)
such that, for any ball B C R™ and any measurable subset E of B,

r—1
(12 <m0 o (1)
o (i51) =i = (m)
2.2. Holomorphic functional calculi for L,,. Let L, be the de-
generate elliptic operator as in (1.6) with the matrix A satisfying the
degenerate elliptic conditions (1.4) and (1.5). By [22, pp. 291-294], we
know that L,, is an operator of type w with w := arctan(A/\) € (0,7/2)
(see [46] for the definition), where 0 < A < A < oo are as in (1.4)
and (1.5), and —L,, generates a holomorphic semigroup in the sec-
tor Z?r/sz, where E?r/sz is as in (1.9) with p replaced by 7/2 — w.
Furthermore, L,, has a bounded holomorphic functional calculus on
L?(w,R™) as was defined by McIntosh [46] (see also |1, Lecture 4]). We
now recall some preliminary definitions.
For any p € (0,7/2), define

Hm(Zg) = {f: Zg — C is holomorphic and || f[|pe(s0) < oo} .

For any «, 8 € (0,00), let

20) Wop(s) o= {0 € o) ) < oL

— Vv co ,
=TT efete T F }

where C' is a positive constant independent of z € 22.
Let W(X) := Uq,ge(0,00)Pa,8(25). For any p € (w,m/2) and ¢ €
(%), define

1
oM

(25) OlLu) = 5o O L) e,
v
where v := {re?” : r € (0,00)} U {re™ : r € (0,00)}, v € (w,p), is a
curve consisting of two rays parameterized anti-clockwise.
In general, for any ¢ € Hoo (X)), ¥(Ly,) can be defined by a limiting
procedure (see [1, Theorem GJ).
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2.3. Weighted off-diagonal estimates on balls for L,,. The no-
tion of weighted off-diagonal estimates on balls was first introduced by
Auscher and Martell in [10].

Definition 2.3 ([10]). Let p,q € [1, 0] with p < g, w € A (R"™), and
{T:}+>0 be a family of sublinear operators. The family {T}};~0 is said
to satisfy the weighted LP-L4 off-diagonal estimates on balls, denoted by
T; € Oy (LP — L), if there exist constants 61,602 € [0,00) and C,c €
(0, 00) such that, for any ¢ € (0,00), any ball B := B(zp,rg) C R™ with
zp € R" and rp € (0,00), and any f € LY. (w,R"™),

loc
{w<13> /| |Tt<xBf><x>|qw<x>dx}1/q

<cr(22)]" {w(lB) [ 1f@Prut) dx}l/p

and, for any j € NN [3,00),

. 2 e 1 1/p
SCQJQI |:T<t17/.§>:| e ( “) {U](B)/B|f($)|pw(x)dx}

and

1 1/(]
‘2 B jt B} T qw xX)axr

{w(lB) /B T (xu, () f)(x)| w(x) dfﬂ}l/q

. 1
comn oz et apatasy
B t1/2 UJ(QJB) U,;(B) ’

J

where U;(B) is as in (1.10) and, for all s € (0,00), Y(s) := max{s, 1}.
The following proposition is just [51, Proposition 1.5].

Proposition 2.4 ([51]). Let w € A2(R™) and k € Z,. Then, for any
2 <p<q <P, (thy)re v € O, (LP — L),

The following lemma is an analogue of [36, Lemma 2.40], whose proof
is omitted. In what follows, for any E, F' C R™, let

d(E,F):=if{|lz —y|:x € E,y € F}.
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Lemma 2.5. Let w := arctan(A/N), p € (w,7/2), and 01,02,T1,T2 €
(0,00). Assume that ¢ € Uy, - (30, VeV, . (29), and f € Hoo(%),).
Then, for any a € (0,min{o1,72}) and b € (0, min{o2,71}), there exists
a family of sub-linear operators, {Ts+}s >0, such that

Y(Lu) o F(Lu) o F(Ly) = min { (5)". <t)} I,

t S

where {Ts 1 }s.1>0 have the following properties:

(i) There exists a positive constant C, independent of s, such that,
for any t € [s,00), any closed subsets E and F of R", and [ €
L?(w,R™) with supp f C E,

) t 0’2+CL
Iy < Ol =y min {1, gz | Il

(ii) There exists a positive constant C, independent of t, such that,
for any s € [t,00), any closed subsets E and F of R, and f €
L?(w,R™) with supp f C E,

O'1+b
S
T2y < Ol lemesy [min {1, ez | Wl

2.4. Weighted tent spaces. Let w € A (R"™) and f be a measurable
function on Ri“. For any x € R", define

[ o]

where I'(x) is as in (1.7) with « = 1. For any p € (0, 00), the weighted tent
space TP(w,R™) is defined to be the space of all measurable functions f
on R:L_'H such that ||f||Tp(w,]Rn) = ||A(f)||£p(w,]Rn) < 00.
For any open subset O C R”, the tent O over O is defined by setting
O = {(z,t) € R™ ' : d(x,0%) > 1},

where d(x,0%) := inf{|z — y| : y € OC} for any z € R".
Let p € (0,1] and w € As(R™). A measurable function a on R’ is
called a (w, p,2)-atom if there exists a ball B of R™ such that

(i) suppa C B;

eo [ [ eworewn®] <t
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Noticing that, for any w € A (R™), (R™,|- |,w(z)dx) is a space
of homogeneous type in the sense of Coifman and Weiss [20, 21], the
following lemma was proved in [47, Theorem 1.1], except for the last
part concerning the T2(w,R™) convergence. By an argument similar to
that used in the proof of [36, Proposition 3.25], we can show Lemma 2.6,
the details being omitted.

Lemma 2.6 ([47]). Let p € (0,1], w € Axx(R™), and f € TP(w,R™).
Then there exist a sequence of (w, p,2)-atoms, {a;}jen, and {\;}jen C C
such that

(27) f = Z)‘jajv
JEN

where the series converges in TP(w,R™). Moreover, there exist positive
constants C and C, independent of f, such that

1/p

Clfllrrwrn < D INP e < Clfllrrwrn)-
JEN

Furthermore, if f € TP(w,R™) N T?(w,R"), then the series in (2.7)
converges in both TP (w,R™) and T?(w,R™).

The following lemma establishes the complex interpolation property of
the weighted tent spaces. Noticing that, for any w € A (R"), w(z) dx is
a doubling measure on R™, Lemma 2.7 is just a special case of |2, Propo-
sition 3.18]. In what follows, for any 6 € [0, 1], [, ]o denotes the complex
interpolation space (see, for example, [12, Chapter 4] for the definition).

Lemma 2.7 ([2]). Let w € A(R™). Then, for any po,p1 € [1,00) and
6 € [0,1], it holds true that

[TP° (w,R™), TP (w,R™)]g = T?(w,R"),
where 1/p=0/py + (L —0)/p;.
From [2, Proposition 3.10], we deduce the following conclusion.

Lemma 2.8 ([2]). Let p € (1,00) and w € A (R™). Then, for any
feTP(w,R") and g € v (w,R™), the pairing
dt

tah= [[ | fat o) dry

realizes TP (w,R™) as the dual space of TP(w,R™), up to equivalent
norms, where 1/p+1/p’ = 1.
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3. Square function characterizations of Hy (R™)

In this section, we prove the square function characterizations of
H} (R") and we mainly follow the strategy used in [36]. To this end,
we first establish some technical lemmas.

Let w € A3(R™), w := arctan(A/)), p € (w,7/2), and ¢ € ¥(XY).
For any f € L?(w,R") and (z,t) € R, define

Qu.r., (f)(@,1) = (L) (f)(2).
By [1, Theorem F| and a simple calculation, we find that Q 1, is

bounded from L?(w,R") to T?(w,R™). For any ¢ € ¥(X)), F €
T?(w,R™), and z € R", let

T (P)e) = [ OELEC D)@

Since L}, is the adjoint operator of L., in L?(w,R™), it follows that, for

any f € L?(w,R") and G € T?(w,R"),

(Qu.Ly, (f / - Qu.r: (f)(z, t)G(x Hw(z )daz%

:/ Rnw(tzL;;)(f)(x)m w(z )dm*

- [ L D) ie

f@)my 1, (G)(@)w() de =: (f,mp,0,,(G))w-

R”L
This, combined with the fact that Q- is bounded from L?(w,R™)
to T?%(w,R™), implies that my 1, is the adjoint operator of Qy,rx, and
bounded from T2 (w,R™) to L?(w, R™).
For any v, € W(Eg), fe HOO(E?L), F € T?*(w,R"), and (z,t) € R7,
define
Q' (F)(w,) i= Quui, o f oy, (F)(a,1)

> ~ ds
= | oL@ L )@
From the above argument and the fact that L,, has a bounded holomor-
phic functional calculus, it follows that @/ is bounded from 7%(w,R")
to itself. Moreover, by Lemmas 2.7 and 2.8, we have the following con-
clusion, which is an analogue of [36, Proposition 4.4].
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Lemma 3.1. Let w € A3(R"), w := arctan(A/A), and p € (w,7/2).
Then, for any ¥, € Q/(Zﬂ) and f € HOO(Zg), the operator Q7 :=
Qu,L, 0 fomy  is bounded from T?(w,R™) to itself if

(i) p€(0,2], ¥ € Tap(XY), and P € V54(X9), or

(ii) p € (2,00), ¥ € Tpo(29), and 9 € Vo 5(30),
where a € (0,00) and B € (n(max{%, 1} — 1), 00).
Proof: We first prove Lemma 3.1 in case p € (0,1]. By Lemma 2.5, we
see that, for any a € (0, ), b € (0,0), F € T?(w,R"), and (z, s) € Rfﬁl,

(32) Qf(F)(%S):/OOOmin{(j)%, (t)Qb}Tsz’tz»(F(-’t))(.’B)a?,

S
where the family {Ts.}s:>0 of sublinear operators has the following
properties:

(i) For any ¢t € [s,00), any closed subsets F and F' of R", and g €
L?(w,R™) with suppg C F,

B+a
. t
33 1Tt @l S s [in] 1l b ol

(ii) For any s € [t,00), any closed subsets F and F' of R", and g €
L?(w,R™) with suppg C FE,

a+b
, s
B) 140ty S oy [mind 1, s b s
Fix b € (n(max{%7 1} — 1),00) and choose a constant
M € (nmax{1/p,1} — 1/2], min{a + b, B + a}).

Then, from (3.3) and (3.4), it follows that, for any s,¢ > 0, any closed
subsets £ and F of R", and g € L?(w,R") with suppg C FE,

) max{s?,t?} M
(3-5) ||T52,t2 (g)||L2(w,F) 5 ||f||L°°(Zg) minq 1, W ||9||L2(w,E)~
It is easy to see that T2(w,R™) N TP(w,R") is dense in TP(w,R")
(see the proof of [36, Proposition 3.25]). By this, we claim that, to
prove Lemma 3.1 in case p € (0,1], it suffices to prove that, for any
(w,p,2)-atom A,

(3.6) QT (A)llzs ey < 1.
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Indeed, from Lemma 2.6, we deduce that, for any F € T2(w7]R”)m
T?(w,R™), there exist a sequence of (w,p,2)-atoms, {A;}cn, and
{Aj}jen C C such that

(3.7) F=Y"XNA; in T?(w,R")NT"(w,R")
jeN
and
1/p
(3.8) DNPL ~ 1P Lewrn)-
JjeN

For any N € N, let Sy := Y0, \;j4;. By (3.7) and the fact that
Q' is bounded on T?(w,R"), we know that there exists a subsequence
of {Sn}nen (without loss of generality, we may use the same nota-
tion as the original sequence) such that, for almost every (y,t) € Ri“,
limy 00 Q7 (Sn)(y,t) = Q7 (F)(y,t). From this, (3.6), and (3.8), it fol-
lows that

<=

1QF (F)lzw ey < | D INIPIQT (A (1 oy

A

STINEL ~ I Fllzo (e

which is the desired conclusion.

Next, we prove (3.6). For any (w, p, 2)-atom A, there exists a ball B :=
B(zp,rp) of R", with zp € R™ and rp € (0, 00), such that supp A C B.
Let $(B) = 2B and ;(B) = 2B\ 218 for j € NN [2,00). It
is easy to see that R’ = Us2, S (B) Next, for j € N, we estimate
Hij(E)Qf(A)HTP (w,R")-

When j =1, it is easy to see that, for any (y,t) € 2%,

{r eR": |z —y| <t} C3B.
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From this, the fact that p € (0, 1], the Holder inequality, Lemma 2.2, the
fact that Q7 is bounded on T2(w, R™), and (2.6), it follows that

Ix55Q7 (A)ll7v (wrn)

(A o w(y)dydt wiz) da
/V/m) (@ (). O s | wiz)d

< x5 Q7 (A2 (u ey [w(3B)] 7 72
S A7 o oy [w(B)] 7~

When j € NN [2,00), it is easy to see that, for any (y,t) € S; (B),

=

A

[N

<1

{reR": |z —y| <t} Cc 2B

By this, the fact that p € (0, 1], the Holder inequality, the Fubini theo-
rem, and Lemma 2.2, we conclude that

(3.9)
HXSJ (E)Qf(A) |79 (w,R7)

_ oiyp s P

w(y)dyds :
{/MB//F() (s, 5,@ (4D 0 5)P (B(%S))Sw(x)dx}

1

X [w(@ T B)

l/OlerB /Rn |(XSJ(1§)Qf(f4))(y,s)|2 w(y )dydé‘]
[

IN

A

+

[
——

x 229G =8 [w(B))7

AT+ 113226~ [w(B)]r 2.
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For II, from (3.2), (3.5), the Minkowski inequality, and the Holder in-
equality, we deduce that

(3.10)

2j7’B
= / /ij(é)(x7s)
2i—1lpp n
rB ¢ 2b
< ()
0 2‘7TB
1
2

o 2 ds dt
X [/2 /n Xs,(B)(®: $)| Tz 2 (A, 1)) (@) Pw() dmg] g

i—1pp

B\ dt
<[ (55) 1G0T

([ ) AL ooty

[w(B)A 272,

ol

[ () reeacom® 2

w(x) dm?

A

For I, by (3.2), and the Minkowski inequality, we have

3 11
29 g
dt|?

(5” L) f (Lo ) (£ Lo ) (A(, t)(@) 4

: /OTB Uot / . (%)4 Xs;(B) (@ 8)| Tiz 2 (A, 1)) (@) *w () dxdﬂ : %

L]

=: 11 + 12.
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For Iy, by (3.5), the Holder inequality, and (2.6), we know that

e M P

1

7/7-3 IAG, )l m &
(3.12) (2rp)*M Jo BT

S —

< 272Mi[y(B)| 5.

Similarly, we see that

I </TB < t A\ ( ¢ >2M
< : + (=
(313> 2 0 2]7"3) 2'77'3

1

S @7 427 M) w(B)] 5.
From (3.9), (3.10), (3.11), (3.12), (3.13), and M > n(max{,1} - 3), we
deduce that, for any (w, p, 2)-atom A,
1Q7 (A)lzw(w my S 1,

which completes the proof of Lemma 3.1 in case p € (0,1]. Since we
already known that, for any F € T2%(w, R"),

1Q7 (F)ll2(w,eny S IF 72 (o,em)s

then, by Lemma 2.7 and the well-known property of interpolation spaces
(see, for example, [12, Theorem 4.1.2]), we find that, for any p € (1,2]
and F' € TP(w,R™),

Q7 (F)llr uo ) S 1 [l (o my -

This proves Lemma 3.1 in case p € (1,2].
By the above argument and duality, it is easy to prove Lemma 3.1 in
case p € (2,00). This finishes the proof of Lemma 3.1. O

dt
”A('at)”Lz(w,B)?

-l

We have the following Calderén reproducing formula.

Lemma 3.2. Let w € Ay(R"), w = arctan(A/)\) and p € (w,m/2).
For any 1, ¢ € \IJ(EO) satisfying fo 1#(1?2)‘11t 1, and any [ €
L?(w,R™), it holds true that

Trw»LwOQl/j,Lw(f):ﬂ-J,LwOQvaw(f):f mn LQ(w,R”)
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Proof: By a simple calculation, we find that, for any z € 207

/z/)t2 (t2z) /zpt? t2 Y

From (2.5) and the properties of holomorphic functional calculi (see |1,
Lecture 2]), we deduce that

(L) D2 L) = /w(th)QZ(th)(zl CLw)lds,

where v 1= {re®” : r € (0,00)} U{re ™ :r € (0,00)} and v € (w, u).
Hence,

/(z[ L) dz=1

¥

By changing the roles of ¢ and 1;, we obtain T L, © Qyp.r, = 1. This
finishes the proof of Lemma 3.2. U

Remark 3.3. For any ¢ € \P(Eg), ¥ Z£0,and z € 22, by taking

we find that

[ vy = PO
RO

Thus, 1 and 1; satisfy the assumptions of Lemma 3.2.
Definition 3.4. Let w € A2(R"), w := arctan(A/A), and p € (w,7/2).
Let

(i) p€(0,2] and ¥ € ¥, 5(X9), or
(ii) p € (2,00) and ¥ € Vg o(XY),
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where o € (0,00) and 8 € (n[max{%,l} — 1],00). The Hardy space
HY ; (R") is defined as the completion of the space
{f € L*(w,R") : Qy,r,(f) € TP(w,R")}

with respect to the (quasi-)norm
1fllez @y = [1Qu.Ly (N)llre(wre)-

Lemma 3.5. Let w € A2(R"™), w := arctan(A/)), and p € (w,7/2).

(i) Let p € (0,2] and ¥,1po € Vo g(X)), or p € (2,00) and 1,1 €
Us.a(X), where a € (0,00), B € (n[max{%,l} — 3],00), and
1,199 £ 0. Then there exists a positive constant C such that, for
any f € H}, | (R"),

(3.14) 1@y, Lo, (Pllre(w ey < Cllfllaz @)

(ii) Let p € (0,2], ¥ € \Ilﬁva(Eg), and Yy € \I!a”g(Eg), orp € (2,00),
P € \Ilag(ZO), and Yy € \Ilg’a(Zg), where a € (0,00), B €

(n [max{ 1} = 1],00), and ¥, # 0. Then there exists a pos-
itive constant C such that, for any f € TP(w,R™),
(3.15) ot (Dl sy < Clf e

Proof: We first prove (i). If p € (0,2] and 1,1 € ¥, 5(X5), choose a
function ¢y € Ug.(X)) such that I Yo (2)1ho (t*)4 = 1. Hence, by
Lemma 3.2, we know that, for any f € L?(w,R"),

f=mg 1. 0Qur,(f) inL*(w,R").
From this and Lemma 3.1(i), it follows that, for any f € L?(w,R™) N
Hf/); L (Rn)»
0,Lw
1Qu,L (N)ITe(wrny ~ |Qu,L., 075, 1. © Quo,Lo, (f)llTr(w,rn)
S Qo (Nlirwcuge ~ 1l sy
Since L?(w,R™) N H"ZZ}OyLw (R™) is dense in H"ZZJOyLw (R™), it then follows
that (3.14) holds true in this case. If p € (2,00) and %, € \I'B7Q(Eg),

by Lemma 3.1(ii) and an argument similar to that used as above, we
find that (3.14) also holds true in this case.

Next, we prove (ii). If p € (0,2], 1 € s (2)), and g € Vo 5(2}),
from Lemma 3.1(i), we deduce that, for any f € TP (w,R™) N T?(w, R™),

17y, (Dllaz @) = 1Quo, 2w © T, Lo (N7 w.rry S 1 fllzr(wpn)-
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Since TP (w, R")NT?(w,R™) is dense in TP (w, R™), we then obtain (3.15)
in this case. If p € (2,00), ¥ € ¥y g(X9), and ¢ € ¥g 4 (XY), similarly,
by Lemma 3.1(ii) and a density argument, we find that (3.15) also holds
true in this case. This finishes the proof of Lemma 3.5. O

Proposition 3.6. Let p € (0,2], w € A2(R"), w := arctan(A/N), and
€ (w,m/2). For any ¢ € Wy 5(30), 1 # 0, where o € (0,00) and 3 €
(n [max{ 1}—=3],00), HY (R™) and Hy, ; (R™) coincide with equivalent
quasi- norms.

Proof: Take t(z) := ze™* for any z € 9. Tt is easy to show that
Yo € Vo 5(X0) with a € (0,00) and 8 € (n[max{%, 1} — 1],00). Then,
from Definition 1.2 and (3.14), we deduce that, for any f € H] (R")N
L2(w,R”),

£l o) = 1@ (F)lrncoeor S 1tz ey ~ 1y oy
which implies that
(3.16)  [HE,(R")NL2(w,R™)] C (B, (R") N L%(w,RM)].

Next, we prove the reverse inclusion. To this end, we only need to
show that, for any f € Hj ; (R")N L*(w,R"),

11y @y S flle , ®n):

Choose a function ¢ € Us.(X)) such that [ ()2 = 1.
Then, by Lemma 3.2, we know that, for any f € L?(w, R")

T30, ©Qur,(f) =f in L*(w,R").
This, together with Lemma 3.1(i), implies that
1fllg @y = 1Quo. L llTr () ~ [|Quo.L, © 75 1, © Qui Ly (F) | e (w0 )
SQu, Lo (Dllrewrmy ~ I fllmz @)
Therefore,
[HY, . (R") N L*(w,R™)] C [H] (R™) N L*(w,R™)].

This, combined with (3.16) and a density argument, then finishes the
proof of Proposition 3.6. O

Proposition 3.7. Let p € (2,00), w € A3(R"), w := arctan(A/A),
and p € (w,m/2). For any ¢ € Vs (X)), ¥ # 0, where v € (0,00)
and B € (n[max{%, 1} — 3],00), HY (R™) and Hy, ;. (R™) coincide with
equivalent norms.
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Proof: We first prove the following inclusion:
(3.17) Y, (R™) C (HE, (R")" = HY (R").

Take a function ¢ € ¥ o,5(2)) such that I @[J(tQ)dt = 1. Then,
for any f € L*(w,R") N Hy ; (R") and g € LQ(w,R”) N Hz* (R™), by
Lemma 3.2 and (3.1), we conclude that

[ t@a@u@ e = [ 5, 0Qui (@@l da

R’n
= [7 [ Qun 005 ) 4
0 R

Hence, from this, Lemmas 2.8 and 3.5, and Proposition 3.6, it follows
that

f@)g(@)w(z) dx

R

S QLo (e (w,rm) 1@, 1o (Dl 2w )

~ ||fHH5)TLw(R”)||g”HIPI’* (Rm)*
w

This, together with a density argument, implies (3.17).

Next, we prove the reverse inclusion of (3.17). Take a function ¢ €
Usa()) with a € (0,00) and § € (n[max{%,l} — 3],00). Then,
for any F' € TP (w,R"™), by Lemma 3.5 and Proposition 3.6, we ob-
tain ||y, L:U(F)HHi/* ®") S [F(l 7 gy, Which implies my - (F) €

Hg* (R™). For any [ € (Hg* (R™)* and F € T (w,R™), define
(I, F) := Uy, Lz, (F)).

Then we find that, for any F € T% (w, ]R")

L8 ST T o

F”TP (w,R™)*

This implies [ € (7% (w,R™))*. Since (%' (w,R”))* = TP(w,R™) (see
Lemma 2.8), we know that there exists a function G; € T?(w,R™) such
that, for any F € T% (w, R™),

(3.18) (I, F)=(my. 1. (F / / (&, )G (s D ()dxdt (F,G)

and

(3.19) [Gillre oy ~ Wil gy, ey
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Choose a function ¢ € Uo5(20)

1 1
with o € (0,00) and 3 € (n {max{,l} - 2] ,oo)
p
such that [;* $(t2)(t?) % = 1. By Lemma 3.5, we have
(3.20) 1730, (Gllar @) S NGillzewpn)-

Next, we prove that, for any f € o, (R™),

(3.21) A (@)7; 1. (G)(@)w(x) de = I(f)
and
(322 I (Ot )~ Wl o

Since T?(w, R™) N T?(w,R™) is dense in T?(w, R™), from (3.1) and a
density argument, it follows that, for any f € L?(w,R™) N HY. (R"),

- o0 — dt
[ Haymg L @) ue) da= / [ Qo (DG, Do) o

= <Q1Z,L:«U (f)a Gl>

which, combined with (3.18) and Lemma 3.2, further implies that, for
any f € L?(w,R™) N HY. (R"),

w

/R @)y GO w(e) de = Uy, 0 Qg (£) = 1),

By the fact that L?(w,R™) N Hf; (R™) is dense in Hg* (R™), we obtain
(3.21). From (3.19) and (3.20), it follows that ||7TJ,Lw(Gl)HH$,Lw ®) S
HZH(HE}H (Rn))* By (3.21), we further see that
||l||(H£:*u(Rn))* 5 ||7TJ,L,W (Gl)”Hi'Lw(]R”)'
Therefore, (3.22) holds true. This implies that
HY (R") = (H}, (R™)" C HY,, (R"),

which, together with (3.17), then completes the proof of Propo-
sition 3.7. O



418 D. Yang, J. Zuanc

4. Proof of Proposition 1.5

In this section, we show Proposition 1.5.
Let w € A3(R™). For any k € N, f € L?(w,R"), and 2 € R", define

(2L )Fet o 20(y) %Y dt :

Noticing that, for any w € A3(R™), w(z) dx is a doubling measure on R™,

by Proposition 2.4 and [15, Theorem 2.13|, we know that, for any given

p e (%, %), there exists a positive constant C' such that, for any

f e Lp(w,R"),

(4.1) ISL bk (F)ll 2o wre) < CIFllLo(w,r)-

Proof of Proposition 1.5: For pe (nfl i 2n) by Propositions 3.6 and 3.7,

we see that L?(w,R")NH] (R")is dense in H} (R™). Since L*(w, R™)N
LP(w,R™) is also dense in LP(w,R™), to prove Proposition 1.5, we only
need to show that

(4.2) [L*(w,R™) N HY (R™)] = [L*(w,R™) N LP(w,R™)]
and, for any f € L?(w,R") N LP(w,R"),
(4.3) [y @ny ~ IflLewrn)-
For any k € N with k& > n(max{ 1} — 1), take ¢(2) := zFe™* for

all z € Eg. From (2.4), it is easy to see that, for any a € (0,00),
¥ € Uy, o(X9). Then, for any f € L*(w,R") N LP(w,R™), we have

) 9 dy dt :
7, @)™ {//F(.)Iw(t L) (f) ()] w(y)wt}

NHSLw,k(f)”LP(w,R") S ”f”LP(w,]R")'

11z
4.4)

Lr(w,R™)

On the other hand, taking an appropriate 7:/; € \I/(Eg) and using (3.1),
Lemmas 3.2, 2.8, and 3.5, Propositions 3.6 and 3.7, we conclude that,
for any f € L*(w,R") N H} (R") and g € L*(w,R™) N LP(w, R™) with
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HQHLP’(w,R") =1,

f@)g(z)w(z) dz

/Rn .1 © Qg 1, (H(@)g(@)w(w) dx

R
S 1@s.0, (Dllrsme 1051 Dllgo (g
S ||fHH§w (R”)||SLw,k(g)||LP'(w,R”)
Sz, @lgllee ey S 12, @
This implies || f[|zr(w,rr) S ||fHHp (rmy- By this and (4.4), we obtain

(4.2) and (4.3), which then completes the proof of Proposition 1.5. [

5. Proof of Proposition 1.6

In this section, we show Proposition 1.6. To this end, we first establish
some technical lemmas.

Lemma 5.1. Let w € A2(R™). For any 6 € (0,1) and po,p1 € [1,00),
it holds true that

[HE, (R"), HT! (R™)]s = H] (R™),

where 1/p=(1—0)/po+0/p1.

Proof: It is easy to see that H7° (R") and HJ' (R") are compatible,
namely, H7° (R") and H}' (R") are subspaces of HpO (R™) + HP! (R™)
equipped Wlth the norm

||f||H§?u (Rm)+HPL (Rm) “= inf{||f0||H€?u (R7l)+Hf1||HEU (R") fotfi=F,
fo € HP (R™), fy € HP (R”)}.

By Lemmas 3.5 and 3.2, we know that, for i € {0,1} and suit-
able ¢, ¢ € U(%Y), Qu,r, is bounded from H}' (R™) to TP (w,R"),
75 1, is bounded from T% (w,R") to H7' (R"), and 750, ©QuL, =1
on Hp' (R™). This implies that {H}° (R"), H}' (R")} is a retract of
{TPo(w,R™), TP (w,R™)} (see [38, p. 151] for the definition). Since
Hp' (R"), i € {0,1}, is a Banach space, we know that H}' (R"), i €
{O 1} is analytic convex (see [38, p. 145] for the definition).

Hence, from the above argument, [38, Lemma 7.11], and Lemma 2.7,
it follows that, for some suitable 1 € (%), any 6 € (0,1) and 1/p =
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(1—=0)/po+6/p1,
[HE (R™), HY: (RM)]g = 75, (IT% (w,R™), T (w,R™)]y)
=75, (TP(w,R")) = HY (R").

This finishes the proof of Lemma 5.1. O
The following lemma is an analogue of [25, Lemma 2.10].

Lemma 5.2. Let F and F be two closed subsets of R™. Then there
exist positive constants C' and ¢ such that, for any t € (0,00) and f €
L?(w,R™) with supp f C E,

_ _la(
(5.1) le™ ()| 2wy < Ce

- _lac
(5:2) IVEVe e (f)ll 2 (w,r) < Ce (w.E)

and, for any t € (0,00) and f = (fi,...,fn) with f; € L*(w,R"),
supp f; C E, i€ {1,...,n},

H\/Ee—th <:U div(w f))

[d(E F)
< Ce” £l 22w, 2)-
L2(w,F)

Proof: Noticing (5.1) and (5.2) have been proved, respectively, in [22,
Theorem 1.6] and [51, Proposition 2.7], to prove Lemma 5.2, we only
need to show (5.3).

Indeed, for any g € L?(w, F') with suppg C F and ||g||p2(w,r) = 1, by
the Holder inequality and (5.2), we have

/F vie e (1 diV(wf)> (@)g(@)w(z) do

Vi—— div(wf) (@)™ (g) (x)w(x) do
R ( )

Viw() f(z) - Ve "o (g)(x) da

Rn

< / F @) VIV e (g) (@) fu(z) de
E

<[ [ Wi gepu) dmf [ 1r@Pu dw]%

[d(E F)

Se” I Fllz2(w,F)
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which, combined with a dual argument, further implies that (5.3) holds
true. This finishes the proof of Lemma 5.2. O

By Lemma 5.2, we obtain the following lemma.

Lemma 5.3. Let m € N and E, F be closed subsets of R™. Then
there exist positive constants C and ¢ such that, for any t € (0,00) and

.f = (fla"'vfn)7 with fl € LZ(’U},Rn), SUpri C E: 1€ {]-w"an}:

H\/%VL;1/2(I — e_tL“’)m (i} div(wf))

L2 (w,F)
d(E. F)I2 7(m+%)
<o (MBI T it huagey

and

|VEV (VL 21 = ety (£)|

L2(w,F)

2y ~(m+3)
<o (MBI T s

The proof of Lemma 5.3 is a complete analogue of that of [34, Lem-
ma 2.2], the details being omitted.

The following local weighted Poincaré inequality is just [31, Theo-
rem (1.2)].

Lemma 5.4 ([31]). Let n > 2. For any given p € (1,00) and w €
A,(R™), there exist positive constants C and ¢ such that, for any ball
B = B(xp,rp) of R" with xp € R" and rp € (0,00), any Lipschitz

continuous function u on B, and any number k € [1, -5 +9),

1

{JQLM@qmmmwﬂwgmﬁgméwwwmmma

w

where

1
(5.4) up = m/Bu(a:)w(x) dx.

Let w € A (R™). For any p € (0,00), the weighted weak-LP space

LP*>°(w,R™) is defined as the set of all measurable functions f on R"
such that

1
1f1l e oo (o jm) = sup )a[w({w ER":[f(2)] > a})]? < oo.
aec (0,00

For LP*°(w,R™), we have the following Fatou lemma (see [32, Exer-
cise 1.1.12] for the outline of its proof).
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Lemma 5.5. Let w € Ax(R™) and p € (0,00). Then there exists
a positive constant C, ), depending on w and p, such that, for all
measurable functions {gr};>, on R™,

i L ey <l it el s

By Lemmas 5.2, 5.3, and 5.4, we obtain the following theorem which
establishes the boundedness of the Riesz transform VLy"/? on Li(w,R™).
Theorem 5.6 is an analogue of [34, Theorem 1.2].

Theorem 5.6. Let p := n%‘l and w € Aa(R™). Then there exists a

positive constant C' such that, for any o € (0,00) and f € LP(w,R™),

C
(5.5) w ({x eR": [VLIV2(f)(x)| > a}) < &/ |f (@) [Pw(z) d.
]Rn
Moreover, for any given q € (p, 2], there exists a positive constant C' such
that, for any f € L4(w,R"™),

IVLY2 ()l powrny < ClFl|agwrn)-

Proof: To prove Theorem 5.6, by the Marcinkiewicz interpolation the-
orem and a density argument, we only need to show that, for any
f € L*(w,R™) N LP(w,R™), (5.5) holds true. Indeed, since L?(w,R™) N
LP(w,R™) is dense in LP(w,R™), we know that, for any f € L?(w,R"),
there exists a family of functions, {fi}ren C [L?(w,R™) N LP(w,R")],
such that limg oo [ f — fllLe(w,rry = 0. Thus, {fi}ren is a Cauchy

sequence in LP(w,R™). By (5.5), we know that {VL;l/Q(fk)}keN is a
Cauchy sequence in measure w(z) dx. From [32, Theorem 1.1.13], it fol-
lows that there exists a subsequence of {VL;U (fi)Yeen (without loss
of generality, we may use the same notation as the original sequence)
such that, for almost every z € R", limy_, o VL;I/Q(fk)(x) exists. For

almost every = € R™, let
VL2 (f)(@) = lim VLY (fi)(x).
k—o0
It is easy to see that VL;l/Q(f) is well defined. By Lemma 5.5, we
further find that, for any f € L”(w,R™), (5.5) holds true.

Next, we prove that, for any f € L?(w,R™) N LP(w,R™), (5.5) holds
true. To this end, for any f € L{ (w,R") and z € R", let

loc

1
(5.6) M (P)fa) = sup —oo /B F@)lw(y) dy,

B>x
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where the supremum is taken over all balls containing x. For any
f € L*(w,R™) N LP(w,R™), by the generalized Calderéon—Zygmund de-
composition [48, p. 17, Theorem 2] and its proof, we know that there ex-
ist positive constants C' and N such that, for any « € (0, 00), there exist a
collection of balls, { By }32, := {B(zk, k) }32, of R with {x;}72, C R"
and {ri}7>, C (0,00), a family {by}32, of functions and an almost ev-
erywhere bounded function g such that the following properties hold
true:

(5.7) flz)=g(x)+ Z bi(x) for almost every x € R™;
k=1

(5.8) lg(z)| < Ca  for almost every = € R™;

(5.9) for any k € N, suppby C By, b (x)w(z) dx = 0,
By

1 P v .
and [w(Bk) /Bk b () Pw(z) de| < Co;

(5.10) > w(By) < Cofp/n |f (@) Pw(z) d;
k=1 )
(5.11) > xp.(x) <N
k=1

Let b:= Y77, by. By (5.7), we have

w ({x e R": [VLIY2(f)(2)| > 3a})
<w ({x eR": [VLZY2(g)(z)] > a})

+w ({1: e R™ : [VLZV2(b)(2)] > 2a}) — I +1IL

We first estimate I. By the fact that VLu'"? is bounded on L? (w,R™)
(see [25, Theorem 1.1]), p = nz—_fl <2, (5.8), (5.9), (5.10), and (5.11), we
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see that

1< 5 [ VL@ @Pe@ s £ o5 [ lo@)et)ds
(6% Rn

< ___ P
Na Rnl g(z)|Pw(z) dx

(5.12) .
Sal’ {/ |f(2)[Pw(x dx—i—Z/ b () |Pw (2 d:c}
<1 P d
Sl |f(@)[Pw(z) de.

Next, we prove
(5.13) II:zw({xER" VLY (b)(z) |>2a} / |f () [Pw(z

We claim that, to prove (5.13), it suffices to show that there exists a
positive constant C(,, ;), depending on w and p, such that, for any N € N

and « € (0, 00),
> 2a}>

(5.14) w ({x eR™:
< S [ p@)Put) i

oP
Indeed, for any f € L?*(w,R™) N LP(w,R™), by the proof of [48, p. 17,
Theorem 2|, it is easy to see that b = limpy_, o ZkN:1 b in L?(w,R™).
Let Sy := ng be. By the fact that VLy'/? is bounded on L?(w,R"),
we know that there exists a subsequence of {VL;U (Sn) %, (without
loss of generality, we may use the same notation as the original sequence)
such that, for almost every x € R”,

Jim VL2 (Sw) (@) = VL, 2 (0) (2).

VL, (Z bk>

k=1

By this, Lemma 5.5, and (5.14), we see that
aPw ({x eR™: [VL;Y2(b)(2)] > 2a})

< |[IVL52(b) - H lim |[VLY2(Sx) |’

|HLPv°°(w,]R") LP.oo (w,R")
<l inf VLG Sy e S [ 1S @) 0@) do

which implies (5.13).
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Next, we prove (5.14). Let T := VL;UQ. Fix some m € N satisfying

"51. For any k € N, let Ty, := T(I — e *Lw)™ and B} := 2By,
where t, := r,% and i € (0, 00) denotes the radius of By. For any N € N

and almost every x € R”, we write
|
N
<w ({m eER™: ZTk(bk)(x)

Hence,
w({z € R" : |T(Sy)(z)| > 2a})

N
ZTbk Zkak )+ > (T = Th) (be) (2).
k=1
k=1

”})
ST

D (T = Ti) (b))
(5.15) <w (U Bzﬁ)

<))

N
> Tilbi)(x)
k=1

)

We first estimate II;. By the fact that w € A3(R™), Lemma 2.2,
and (5.10), we see that

k=1
k=1

N C
+w xe(UBZ) :

N
+w<{m€R” > (T = T0) (bi) ()
k=1

=: IIl + HQ + 113

>«

N N
G10) <Y u(B) S wB) S o [ @)l ds
k=1 k=1

For II3, by the Chebyshev inequality and the fact that 7" is bounded

on L?(w,R™), we have
> a})

113:w<{x€R":

S 5 |00 (= ey
1

N
T (Z[I - (= et’“L‘“)m](bk)> (z)

k=1

2

L2(w,R™)
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From this and the fact that
I—(I— e—teluwym _  _ Z ( ) —jteLw _ _ i <m> eItk
j=1 N
where (7]”) denotes the binomial coefficients, it follows that

N 2

E —Jtk L

k=1

1 m
(5.17) s S — Z

LQ(wan)

For any k,l € N, let S(I,k) := 2!*1B;, \ 2!By, and S(0,k) := 2By,. For
any h € L*(w,R") with 2l 22 (w,rry = 1, let h ) == hxsar)- Then,
for any j € {1,...,m}, from (5.9), the Holder inequality, Lemmas 5.4
and 5.2, we deduce that

N

/]R > eIt (o) (@) h(z)w(x) da

" k=1

/ be(2)e 7% (o ) () (x) da
By,

- T
o

6 —JteLl, (h(lk )( ) (6 atels, (h'(lk )) ] (x)d'r

>
Il

11

N oo
<Y N Mokl Lo, o e (b)) = (e Fe(h 1) By | 1o (.54
k=1 l=

1
Iy

N
o

N
Q
M= 11 T

[w(By) 7 [w(Bg)] 7 2 |Vt Ve % Lo (b )| 12 (w27

_ [A(5(1,k), By)1?

[w(Be)Ee™ % |hawllr2(wswr)

()¢ EM8 ie °

1
[w(Bk)]Ze™ Rl L2(w,s1.8))»

A
Q
x~
ﬂ‘
T
<)

where (e /'L (h( 1)) B, is as in (5.4) with u replaced by e~ Lw (h; 1)
and B replaced by By. By this, Lemma 2.2, the Kolmogorov lemma (see,
for example, [26, Lemma 5.16]), and the fact that ||A[|z2(prn) = 1, we
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have
N
/ > emitbe (by) () h(z)w(z) do
R™ p—1
N oo .
Sad > wBe)2e bl L2 (w,sr)
k=1 1=0
N oo .
<a S Y w(B)) P e w(@ By
k=1 1=0
< | [ In@Pu@) ds|
w(2l+1Bk) 21+1 B, Twir) e
S Y w(By)essint,ep, M, (B2) ()] 3 e oo™
k=1 =0
N
S [ essintyen Mu(AP)6) o) de
By

>
Il

1

o / (M (B[ ()] () de
Uiz Bk

b

where M, is as in (5.6). This, together with (5.10) and (5.11), implies
that, for any j € {1,...,m},

A

2

3 oo
1
HAPIZ () S @ [w (U Bk> ,

k=1

N

D et (by)

k=1

S o [ F@P () de.

L2 (w,R")
By this and (5.17), we know that

(5.18) < [ |f(@)Pw) de.

P Rn
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Next, we estimate IIy. For any N € N, let E}, := (UszlBZ)G. Then
it is easy to see that
2

N
> Ti(br)

1
(5.19) I, < —
a k=1

L2(w,E%)
For any k € {1,..., N}, let T} be the adjoint operator of T}, namely,
Ty = (VL' /2(I — e thwym).

For any hi=(hy, . .., hy,) satistying ||h|| £2(w ze) =25 172 ?]| 12 (w,rm)=
1 with supph; C Ex, i € {1,...,n}, any l € Z; and k € {1,...,N},
let h k) := hxs@k)- Since, for any k € {1,...,N} and i € {1,...,n},
supp h; C E} and E} C (BZ)C7 it follows that h(y ) = 0. By this, the
Holder inequality, Lemmas 5.4, 5.3, and 2.2, the fact that m > "T_l, the
Kolmogorov lemma (see, for example, [26, Lemma 5.16]), and the fact
that [|h|| L2 (w,rn) = 1, we conclude that

I
[]=
[“]e

5

g

S
E
2
3
=
=
O
|
=3
=
=
5
T
£
2
U
8

1
v

N oo
< a Y S B F (B IV T (b))l 2 w20
k=

N o> 2\ —(m+3)
N O‘ZZ[MB’C)]% ([d(Bk,S(l’k))]) Rl 22w, 50,k))

172

N oo
<o D (w(By) 2 ) (2 By))

2

<o Lo, M)
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A

N
a ) w(By)essinf,ep, [My(|h|?) 22 2U(m
k=1
M, (|h?) (@) 2 w(z) dz

1
00 2 1 o0
w (U Bk) \||h|2||21<w,Rn> Sa [w (U Bk)
k=1 k=1

where M, is as in (5.6) and (T} (h(,x)))B, is as in (5.4) with v and B
replaced by T} (h( x)) and By, respectively. This, combined with (5.10)
and (5.11), implies that

N
o

b

1
an S = | f@Pe@
L2 (w,E%)
Combining this and (5.19), we have
1
Iy < N o |f(@)[Pw(x) de.

This, together with (5.18), (5.16), and (5.15), implies (5.14). Hence,
(5.13) holds true. Combining (5.13) and (5.12), we then complete the
proof of Theorem 5.6. O

We are now in a position to prove Proposition 1.6.
Proof of Proposition 1.6: We first prove (i). Indeed, from Theorem 5.6,
it follows that, for any f € LP(w,R"™),
||VL_1/2( )HLP(w R™) < ||f||LP(w R™)-
This, combined with Proposition 1.5, implies that, for any p € (-2
and f € wa(R”),

(5.20) IVLLY 2 (Dl ey S IF iz, @n)-
Next, we prove (ii). From [51, Theorem 1.6], we deduce that, for any
w e Ag(R™) with g € [1,1+ 1) and f € H} (R"),
IVLL 2 (D pr wzny S IFllay, @ey-
Combining this, (5.20), Lemma 5.1, and the fact that
[L'(w,R™), LP°(w,R™)]p = LP(w,R™),

where 6 € (0,1), 1/p = (1 —6) 4 60/po, and py € (1,00) (see, for exam-
ple, [12, Theorem 5.5.1]), by the well-known properties of interpolation
spaces (see, for example, [12, Theorem 4.1.2]), we obtain (5.20) in case
pE|l, Tf—fl] This finishes the proof of Proposition 1.6. O

n+1’ 2]
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6. Proof of Proposition 1.7

To prove Proposition 1.7, we need the following local weighted Sobolev
embedding theorem (see [31, Theorem (1.2)]).

Lemma 6.1 ([31]). Let n > 2. For any given p € (1,00) and w €
A,(R™), there exist positive constants C' and 6 such that, for any number
ko € [ . 1 + 9], any ball B = B(xp,rg) of R" with xp € R™ and
rp € (0,00), and any u € CX(B),

[ / ()P () dx} oo LU(IB) /B |Vu(x)|pw(x)da:%

We are now in a position to prove Proposition 1.7.

Proof of Proposition 1.7: Let p € (2%, 22} and w € A,(R™)N Ay(R").

ntl’ n—1
We first show that, for any given p € [2,-22) and any h € L?(w,R") N
HP L,,,Riesz (Rn)
(6.1) 12l 2o g emy S IVLGY2 (W) 2o (-

Indeed, by [25, Theorem 1.1], the fact that (L 1/2) (Lx)Y?, and
an argument similar to that used in the proof of [4, Lemma 2.2], we find
that, for any u,v € H} (w, R™),

[ @ T e @) d = [ (4@ Va() - Fole) da,

where A is the complex-valued matrix associated to L,,, which satisfies
the degenerate elliptic conditions (1.4) and (1.5). By this, we see that,
for any f € H}(w,R") and g € L*(w,R"),

/ LY2(f) (@)g(@w(z) de = / L@ B (L) (o) () da

n

~ [ A@¥ i) VT @) da

From this, (1.4), and the Holder inequality, it follows that, for any given
pE[2,:2), any f € Hi(w,R"), and g € L2(w,R") N L¥ (w, R™),

[ @) d

(62 S [ V@IV @) @) da

SV Fll Loz IV (L5) ™2 (9] o oy -
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Observing that p’ € (22 by Theorem 5.6, we see that

n+1> }7

IV L) T2 @) o () S 1912 (-

2n
2’71 1

By this and (6.2), we conclude that, for any given p € |
f € Hi(w,R"),

) and any

‘|L3u/2(f)||LP(w,R") 5 ||vf||LP(w,R")a

which further implies (6.1).

Therefore, to complete the proof of Proposition 1.7, we only need to
prove (6.1) in case p € (n+1,2). To this end, we first recall some well-
known results. Let S(R™) denote the space of all Schwartz functions
and S’'(R™) the space of all Schwartz distributions. For any p € [1,00)
and w € A,(R™), the weighted Sobolev space W'P(w, R™) is defined by
setting

WhP(w,R") := {f e S'(R")/C: Z 10k f | e (w,rm) < oo} ,
k=1
where, for any k € {1,...,n}, Orf denotes the distributional derivative
of f. From [14, Theorem 2.8(ii) and Remark 4.5(i)], it follows that, for
any p € [1,00) and w € 4,(R"),

B ) = 10, ),
where F 5 (R™) denotes the homogeneous weighted Triebel spaces (see

[14, p. 583] for the definition). By this and [13, Theorem 6.2|, we con-
clude that, for any § € (0,1), 1 < pg < p1 < 00, and w € A, (R"),

[P0 (w, R™), WP (w, R™)]g = [Fpi 5 (R™), E 5 (R™)]g

Po,2 » 71,2

(6.3) F, !
E 5 (R™) = WHP(w, R™),

where 1/p = (1—-0)/po + 0/p1.
To prove (6.1) in case p € (n+1’ 2) and w € A,(R™), we claim that it

suffices to show that, for any a € (0,00) and any f € WP (w,R"),
1
(6.4) w ({mGR” :181(V L () (2)] > a}) <07/ IV f(z)[Pw(z) d,

where, for any h € L?(w,R") and x € R",

_ €7t2Lw 24 dy ﬂ
- [ J[L B et s t]

Indeed, since L, has a bounded H,, functional calculus in L?(w,R"),
we know that ) is bounded on L?(w,R™) (see, for example, [3, p. 487]

Nl



432 D. Yang, J. Zuanc

or [1]). Thus, by this and [25, Theorem 1.1], we know that, for any
feSR") C HY(w,R™),

(6:5) 51 (V Lw(lz2wrm) S IV Lw(Hll2rm) ~ VL2 0rm-
Since S(R™) N F;;(R”) is dense in F27’2 (R™) (see [13, p. 153]), we
know that S(R™) is dense in W12(w,R"). From this and a limiting

procedure, we deduce that, for all f € W2(w,R"), (6.5) holds true. By
[12, Theorem 5.3.1], we find that, for any pg € [1,00) and 6 € (0, 1),

[LPo% (w,R™), L**° (w,R™)]y = LP(w,R"),

where 1/p = (1 — 0)/po + 6/2. Combining this, (6.5), (6.3), and (6.4),
by the well-known properties of interpolation spaces (see, for example,

[12, Theorem 4.1.2]), we see that, for any ¢ € (p,2) with p € (n+1,2)
and f € L9(w,R"),

[1S1(V L (FD | 2o my S IV Fll (k)
This, together with Proposition 3.6, implies that, for all ¢ € ( T 2) and

h € LZ(w R™N HE Rlesz(Rn)

w s

||hHsz(R") ~ ”Sl(h)”Lq(w,R”) g ||VL;1/2(h)||L‘1(w,R")~

Next, we prove that, for any f € S(R™), (6.4) holds true. Then,
by Lemma 5.5 and a density argument, we further know that, for any
f € WhP(R™), (6.4) holds true. For any f € S(R™), by the Calderon-
Zygmund decomposition of weighted Sobolev spaces (see, for example,
[5, Proposition 1.1] or [9, Lemma 6.6]), we conclude that there exist
positive constants C' and N such that, for any a € (0, 00), there exist a
collection {B;}52, of balls of R", a famlly of functions, {b;}2°, C C1(R"),
and an almost everywhere Lipschitz function g such that the following
properties hold true:

)+ Z bi( for almost every = € R";

(6.6) [IVgllzr(wrm) < C“VfHLP(w ), [Vg(2)] < Ca

for almost every x € R™;

(6.7) for any €N, suppb; C B; and / |Vb; (z)Pw(x) de < CaPw(B;);
B;

(6.8) Zw ) < Ca~? / V@) Pw(a) dr:

(6.9) > xp(x) <N
=1
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here and hereafter, for any k € N, C*(R™) denotes the space of all func-
tions possessing continuous derivatives up to order £ on R™. Moreover,
by the proof of [5, Proposition 1.1], we further see that, for any i € N,

(6.10) bi = (f — fB.)Gi>

where 0 < ¢ < 1, ¢; € CYR") with supp¢; C B, and fp, is as
n (5.4) with v and B replaced by f and B;, respectively. By this,
(6.9), and the fact that f € S(R") C L?*(w,R™), it is easy to see that
S, bi € L2(w, R™). From this and the fact that L,e~" Fv is bounded
on L?(w,R™) for any t € (0, 00), it follows that

N

(6.11)  lim tLoye Lv (by) = tLye <§ b) in L?(w,R").
—00
1=1

For any N € N, let Sy = Zf\il tLye Lw(b;). By (6.11), we further
know that there exists a subsequence of {Sn }nen (without loss of gener-
ality, we may use the same notation as the original sequence) such that,
for almost every z € R™,

(6.12) tL,e " b (i@) (¢) = Jlim_Sy(x ZtL “Lu (b;) ().

Moreover, from (6.10) and Lemma 5.4, we deduce that, for any i € N,

[, B emas [ UdS/BiIVf()I()d,

B, i s

which, combined with (6.9), implies that > ;°; - € L*(w,R™). By an

argument similar to that used in the proof of (6 12) we find that, for
any t € (0,00) and almost every z € R™,

tLye Lw (i ) ZtL et Lw <bz> (z).

i=1
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By this, (6.12) and the Minkowski inequality, for any € R"™, we find
that

S1(VLu() ()
< 51(VLu(9))(x)
i 2 |
2 w dy d
+ //m) ZtL R (0) ()X (0,5, (2) w(éy(l’?));]
i i | ;
[/ T

< 51(VLw(9))(x)

—t2L,, > w(y)dy @ :
[ L e P R t]

!/ ol ( £)o

+ZIM )+ Iz(x

From this, we deduce that

w({z e R 1$:(VIul))@)] > a})
<w ({x eR": Ii(z) > %})

+w ({33 eR": I3(x) > %})

= A1 +A2 +A3

+Z

w(y)dy dt '
w(B(z,t)) t
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We first estimate A;. Using the Chebyshev inequality, (6.5), and
(6.6), we have

A S5z [ ISVI@)@)Pu@ e s 5 [ Vo@)u) da
Rﬂ,

Next, we estimate A3. By the Chebyshev inequality, (4.1), and (6.9),
we conclude that

oo P
1
Aggafw (Z ) w(z) dz
1 = bi(a) |
X
6.15 <1 i
(6.15) NQP/RH;TB ) de

Observing that b; € C1(R") with suppb; C B;, by Lemma 6.1, (6.7),
and (6.8), we see that

1

G e ute) | srm [ V(o) Puto) dxrsrgia[wwi)]?

This, together with (6.15), implies that

(6.17) As < Z w / IV f () [Pw(z) de.
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Finally, we estimate As. From (6.13), Lemma 2.2, the Chebyshev
inequality, and (6.8), it follows that

(6.18)

e <{ R Y L) > 3})
=1

o0 o0 G o0

(6

<> wAB) +w [ {ze (U 4Bi> DY Tou(x) > 3
=1 =1 =1

2

1
< o | IVI@re izt [ ZI% Pao(@)| w(a)do
~— |V f(z)|Pw(x) dz

ol Jpn

2
1
+0‘2{| H sup 1/ lZIzz T)X(4p;)e (¥ )] u(a:)w(:c)dx} .
L2 (w ) = i

For any u € L*(w,R™) with |Juz2(4,rn) = 1, by the Holder inequality,
and the Fubini theorem, we find that

(6.19)

[Z I i( z X(4B )c )] u(z)w(x) dx

3 B CINEEL:
=320 oy @ ote)
i=1j=3

oo o0 B,
: T A B OO

1

2

o m dtw(z) dx] ||U||L2(w7Uj(Bi))
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N

2y o—t’Lu 2 @
g [//R P e B0} <y>dyt3]

X |Jull 2 (w,u; (B:))

2 —t2 Ly, 2 @ %
5; _ [/ /2]+IB \2J 2B, |t Lwe ( )( )‘ ( )dyt3]

X lull 2 w,v;(B:))»

where U;(B;) is as in (1.10) with B replaced by B; and R(U;(B;)) is as
in (1.8) with F replaced by U;(B;). From Proposition 2.4, Lemma 2.2,
and (6.16), it follows that there exist positive constants ¢, ¢, 61, 62, and 0
such that, for all t € (0,75,),

42
VQ~+1B\2._QB 2 Loe™" 2 (0:) () Pw(y) dy]

, i 0 _ (¥ra\'
soefr( 2 )" pm L

t

N|=

\b )Pw(y dy]

S 2J’0€_E<2M%> [w(B))? ™ rrp,afw(B)]r

0 _(2Irp)? 1
<2%rpae” T @ [w(B;)]=.
From this and (6.19), via choosing a positive constant Ne(max{26, 3}, c0),
we deduce that, for any v € L?(w, R™) with [Ju| r2(prn) =1,

(6.20)

Hu||L2(w7Uj(Bi))

7 N
[N}
.
| 3
»
N——
Z
<
LY
2
~
=z
w
u
~
1
[N
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0o oo N 1
SZZQ 12 =0 a[w(B)) 2 lull 12w, (B1))

S Zz,?ij(%ia)aw(Bi) [w(Qi'Bi) /21& [uly) P ly) dy 2

22 IEDaw(B;) inf [M,(|ul?)(2)]?

€B,;
z:l g

oo

s Y af Mol @bue i Saf ) b

i =11
where the Hardy—Littlewood maximal function M,, is as in (5.6). Using
the Kolmogorov lemma (see, for example, [26, Lemma 5.16]), we obtain

| et dz<[ (UB)

i=1

This, combined with (6.20), (6.18), (6.8), (6.9), and the fact that
|lu|| 2w,y = 1, implies that

1
1-3

2 1
TR

(6.21) As< 7/ IV f (@) Pu(e dm}(U ) IV f(2)Puo(z) da.

RVL
Combining (6.13), (6.14), (6.17), and (6.21), we find that, for any f €
S(R"),

" 1
w({e em ISWVIN@I> o)) £ 55 [ Vi@ e d,
which further implies (6.4). This finishes the proof of Proposition 1.7. [

7. Proof of Theorem 1.1

In this section, we show that Propositions 1.5, 1.6, and 1.7 imply
Theorem 1.1.

Proof of Theorem 1.1: Let p € (%,2] and w € A,(R™). For any

f € C(R™), by [25, Theorem 1.1], we know that L}Uﬂ(f) € L*(w,R™).
Moreover, it is easy to see that, for any p € (nz—]r’l,Q] and any f €
Ce(R™),

IV L2 (Lol (D)o o ey = 1V Fll o,y < 00,



RiEsz TRANSFORM CHARACTERIZATIONS 439

which implies that quu/z(f) € H  Ries,(R™). Thus, by Propositions 1.7
and 1.5, we conclude that, for any p € (f—fl, 2] and any f € C*(R™),
(7.0) L2 () Loy SIVLG P (L2 ()| o ey ~ 1V F | 2o (0,20

which further implies that Ly 2( f) € LP(w,R™). From this, Proposi-
tions 1.5 and 1.6, we deduce that, for any p € (anl,Q] and any f €
C&(R™),

IV Fll o gwrny = VLG 2 (L2 () o orny S NEY2) | 2o rn)-
This, together with (7.1), then finishes the proof of Theorem 1.1. O
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