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HEAT KERNEL LOWER GAUSSIAN ESTIMATES IN

THE DOUBLING SETTING WITHOUT
POINCARE INEQUALITY

SALAHADDINE BOUTAYEB

Abstract
In the setting of a manifold with doubling property satisfying a
Gaussian upper estimate of the heat kernel, one gives a character-
ization of the lower Gaussian estimate in terms of certain Holder
inequalities.
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Introduction

Let M be a connected non-compact Riemannian manifold without
boundary, and let A denote the Laplace-Beltrami operator on M. Con-

sider the heat equation
ou
— —Au=0
ot “=n

where u = u(z,t), x € M, t > 0.
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The heat kernel p;(z,y) is by definition the smallest positive funda-
mental solution to the heat equation on |0, +oo[x M. In particular, the
Cauchy problem

ou
E = A’LL
u(0,.) = f(),

where f is a bounded continuous function, is solved by

u(t,z) = /M pe(z,y) f(y) dy.

In the Euclidean space R"™, the heat kernel is given by the following well
known formula:

_ 1 |z —yl?
pe(z,y) = WGXP (— 1t .

Denote by B(z,r) the ball of center x € M and radius » > 0 with
respect to the Riemannian distance d, and by V(z,r) its Riemannian
volume. If M is geodesically complete and has non-negative Ricci cur-
vature, Li and Yau (see [14]) found that the heat kernel satisfies the
two-sided Gaussian estimate:

¢ dQ(I,y)> C < dQ(I,y)>
JR— — < [ — —
A exp < " <pi(z,y) < Ve exp ol ;
Vt>0,xz,y € M.

One says that M satisfies the doubling property if

(D) V(z,2r) <CV(x,r), YaxeM r>0.
A consequence of (D) is that there exists v > 0 such that
V(z,s) <
Viz,r)

Note that, if RiccM > 0, then M Satisfies the doubling property.
We say that M admits the relative Faber-Krahn inequality if for any
ball B(z,r) C M and any precompact open set Q C B(z,r)

(FK) )z 5 (LR

where A1 (Q) is the first Dirichlet eigenvalue for —A, b and v some positive
constants.

(D,) C(f)y, VeeM, s>r>0.

r
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On a geodesically complete manifold (see [9]), Grigor’yan proved that
(FK) is equivalent to the Gaussian upper estimate

C d*(z,y)
UE z,y) < ————exp | — .
WE)  nle) < s e (-5
in conjunction with the doubling property (D,).
Saloff-Coste (see [18], [19]) found that the two-sided Gaussian esti-
mate of the heat kernel

m exp <—@> < pela,y) <

>, t>0,z,ye M,

t>0,z,ye M,
is equivalent to (D) and the 2-Poincaré inequalities

B[ - h@P @ <0 [ V)R )

B(z,Cr)

forall feC°(M), x € M,r > 0, where f,.(z) = ﬁ fB(z_’T) fy) du(y),
see also [8].

Assuming that the Gaussian upper estimate holds, Coulhon and
Ouhabaz gave some simple inequalities (other than Poincaré) that are
necessary /sufficient to complete the two-sided Gaussian estimate.

In the case where the volume growth is polynomial, that is

V(,r)~r", D>,
Coulhon (see [5]) proved that, if (UFE) holds, then

c d*(z,y)
Vv L (_ ct

is equivalent to the Sobolev type inequality

(LE)

> Spt(xay)v t>05 xayeMv

D |f((E) - f(y)| a/2 0o
(S*?) d(w, )=/ < CIAY2fllp, YV feC(M), z,y e M,
for p > 1 and some a > %.

In this polynomial setting and assuming (UFE), Ouhabaz (see [16])
had given previously a characterization of (LE) in terms of a weaker
Gagliardo-Nirenberg type inequality:

@) % < OIFIL 1A fIS, wy e M,

for p > 1 and some o > %, 6 €]0,1].
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In the more general case when the doubling condition (D,) is satisfied,
Coulhon proved that, if (UFE) holds, then for any p > 1 and o > %:

d*(z,y)
@) = FO = O am )

1A £,
implies (LE).

The aim of the present paper is to give similar necessary and suf-
ficient conditions for the lower Gaussian estimate (LF) in the general
setting when the volume is only doubling. More precisely, the neces-

sary /sufficient conditions will be given by the following main results:
Theorem. Assume that (D,) and (UE) holds. Then

c &*(z,y)
Ve, v F <_ ot

implies that for all p large enough there are o, o’ > % such that

(LE) >§pt(x,y), t>0,z,y€M,

C
|f(@)=f(y)] < V/r(z,d)

VfeD, x,ye M.

" max {d*|A/2 ]|, a2/ ), }

v

Conversely, (S) for any p > 1 and o,/ > z implies (LE), where
d denote to d(z,y).

Theorem. Assume that (D,) and (UE) holds. Then

c d*(z,y)
Ve, v F <_ ot

implies for all p large enough, there are o, o > = and 0,6 €]0,1[ such

(LE)

>Spt($7y)a t>07x7y€Ma

that o« — o = %, &= ‘;‘—/ and
C
_ < - -
1) = 1) = frmes
@) xmax {d2| f5-0 A2 71, @[ 10 a2 g}

VfeD,xz,ye M.

Conversely, (G) for anyp > 1, a,a’ > % and 6,0 €]0,1[, implies (LE),
where d denote to d(zx,y).

There are several classes of fractal spaces which satisfy the more gen-
eral form of the heat kernel estimate:

C
Ew(c7x7y7t) S pt(‘rvy) S

—_ C t
V(.’L’,tl/w) y Ly Y, )7

— — _FE,
Va, o7m) ol
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for t >0, x,y € M, where

g 1/(w-1)
Ew()\axayvt):exp <_ <%) ’ Vtv)‘>07 xayeMv

and w is a so-called escape time or random walk dimension (see [1], [2],
[3], see also [10], [11], [12]). We are also able to write our characteriza-
tions of lower heat kernel estimate in this general form.

We choose to write this paper in a more general setting, when M is a
metric measure space endowed with a symetric Markov semigroup.

1. Assumptions

In the sequel, we shall place ourselves in a setting similar to the one
in [5], [10], [13]: Let (M, d, ;1) be a metric measure space endowed with
a symmetric Markov semigroup e *4 on L?(M,u) with a measurable
kernel p;, that is

AS@) = [ mlaa)f) dut). >0, € POLp), e a € M.

The powers A%, o > 0, of the operator A are densely defined on LP(M, i),
1 < p < 400, we denote by Dp(A®) their domain. Background and more
information about this functional setting can be found in [17] and ref-
erences therein. For simplicity, we always write D for the space Dy, (A%)
required by the context. We assume that |le *4f||, — 0 as t — +oo, for
all feDand 1 <p < +o0.

We shall assume that for all z € M and r > 0, 0 < V(z,r) < 400
and that the metric space (M,d) satisfies the chain condition: there
exists C' > 0 such that, for all z,y € M, for any n € N*, there exists a
sequence {z;},_, of points in M such that 2y = z, 2, =y and

d(z,y)

d(zi, vi41) < C m— Vi=0,...,n—1.

We say that such a sequence is a chain connecting x and y.

Note that these assumptions are well satisfied in the setting of the
introduction when M is a connected non-compact complete Riemannian
manifold. They will be standing assumptions in this paper and we will
refer to them by writing: let (M, d, u, A) be as above. We recall that
a symmetric Markov semigroup on L2(M, p) is analytic on LP(M, p)
(see [21]).
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2. Preliminaries

Notation:

Consider a parameter w > 2,

C
(UEw) pt(xay) S WEw(C7xay7t)7 Vit> 07 T,y € M.
(&
(LEw) WEM(Cvxvyat) <p(z,y), Vt>0,z,y€ M.
&
&
LY, —FE, X, Y, 1) < ’ SiEwcv Y, 1),
( ) V(l’,tl/w) (C T,y ) pt(I y) V($,tl/w) ( T,y )

forallt > 0 and z,y € M.

Note that (UE3) = (UE) and similarly for the others w-estimations.
For all p > 1, we denote by p’ the conjugate exponent of p, % + % =1.
Letters ¢, C, C' are normally used to denote unimportant positive con-
stants, whose values may change at each occurence. In the sequel, for
the sake of simplicity, we sometimes denote d(z,y) by d.

We recall the following proposition. for the proof, in the case w = 2,
see [4, Lemma 1, p. 224], [7, §6] or [20, Theorem 4.2.8], [13, §3.3]; for

the general case w > 2, see [16, §4] or [5, §3].

Proposition 1. Assume that (M,d, 1) satisfies the doubling property.
If (UE,,) holds, then (DLE,,) holds.

The following lemma follows from [10, Corollary 3.5], [13, Lemma 5.1],
see also [5, p. 801].

Lemma 2. Assume that (M,d, pn) satisfies the doubling property. If
(UEy,) holds and there exist a,c > 0 such that

‘/(%tl/w) S pt(xuy)7 fOT all t > 07 T,y € M with d(mjy) S atl/w7

then (LE,,) holds.

3. Holder continuity of the heat kernel

At first, let us recall the following proposition, which follows from [19,
Proposition 3.2] in the case w = 2 and [13, §5.3] for the general case.
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Proposition 3. Assume that (M,d, 1) satisfies the doubling property.
If (LY.,) holds, then there exists n €]0,1[ and C' > 0 such that

C d(z,y)\"
Ipe(, 2) — pi(y, 2)| < V(z,tl/w) ( tl/w ) ’

for allt >0 and p-a.e. z,y,z € M.
In the next result, we give an estimation with a Gaussian factor.

Proposition 4. Assume that (M,d, ) satisfies the doubling condi-
tion (D,). If (LY,) holds, then there exists n €]0,1[ and C > 0 such
that for all p > 1:

|pt($7 Z) - pt(y7 Z)'

d \»*r )
- . Jw
<C(Ew(cvxazat)+Ew(c,y,z,t))l/p (tl/w> Zdet
< VP (x, d)V/P (z,t1/w) d \ & |
/w if not,

for allt > 0 and p-a.e. xz,y,z € M, where d denote to d(zx,y).

Proof: Let z,y,2 € M, p > 1 and p’ its conjugate exponent, one may
write

Ipe(,2) = pi(y, 2)| < [pel,2) = pely, 2)[V7(pela, 2) + pely. 2) 7.
According to Proposition 3 and (UE,,), it follows

o
P’

C d(z,y)
(1) |pt($,Z) _pt(y7z)| < Vl/p/(z,tl/“’) ( tl/wy )

1 1 tr
7Ew Cu ) 7t 7Ew 07 ) 7t .
(e Bl g e Con20)
Denote to d(z, y) by d. Since V(z,d) <V (y,2d) and V (y, 2d) < CV (y,d),
then V(z,d) < CV(y,d).
Assume that d > t*/*. From (D, ), one has

1 < C d \"
V(x, tV/w) = V(z,d) \tV/»

1 < C d ”< c’ d \"
Viy,t'/v) = Viy,d) \t/v ) = Vi, d) \t/v )~

and




S. BOUTAYEB

464
Then, (1) yields
__cC d \»*7 1
|pt(x72) _pt(y72)| = Vl/P(:v,d) tl/w Vl/p/ (Z,tl/w)

X [Bu(C, 2, 2,8) + By (Cyy, 2, 6)] P .

If d < #*/*. One has also
1 1 < C
Viy, tt/v) = V(y,d) = V(z,d)

Analogously, by (1) it follows that
c d \" 1
V1i/p' (Z, tl/w)

|pt($72) _pt(yvz” < Vl/p(ilf,d) t1/w
X [Ew(c,.’L',Z,t) + Ew(cvyuzut)]l/p -0

Now, we derive an oscillation estimate for the semigroup (e *4)so.

Proposition 5. Assume that (M,d,u) satisfies the doubling condi-
If (LY,,) holds, then for all p > 1 there exists C' > 0 such

tion (D,).
that

e 4 f (@) — e f ()]

(d(:v,y)

e
t1/w ) lf d(.’II,y) 2 tl/w

.,
= 1/17 x P/
Vp(x,d(z,y)) <d§1;3)) if mot,

forallt >0, f € D and p-a.e. x,y € M.

Proof: From the definition of the heat kernel, one can write

e f (@) — e (y) S/ ((pe(, 2) = pi(y, 2)) f(2)] dp(2),
M

forallt >0, fe€D, x,y € M.
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Assume that d > t'/*. From Proposition 4, it follows

/M |(pt($,2) _pt(y72)) f(Z)| dM(Z) S Vl/p(i’b,d) (tliw)

X /M % (Eyw(Cyz,2,t) + EWw(C, y, z,t))l/p du(z),

and by using Holder inequality, we obtain

343
@ [ It -pre ) 1N aule) < e (7)1l

1/p'
. v'/p
X (/M W (Ew(Cyz,2,t) + EWw(CLy, 2, 1)) du(2)> '
Let us prove that for all v > 0, there is C' > 0, such that for all ¢ > 0.

(3) /M V‘(%tl/w) (Ew(c7x’ Z’t) + Ew(c7y7 2, t))’y d,u(z) <C.

Indeed, since (a + b)Y < C,(a” +b7), for all @ > 0 and b > 0, then
(Ew(C iz, 2,t) + Eu(C,y, 2, 1))
<C(E}(C,z,z,t)+ E}(C,y, z,1))
<C (Ew(Cvlfw,x, 2,t) + By (Cy vy, z,t)).
Let ¢ be the constant in (LE,). Set a = o= and s = L then
Eu(Cy'™% x,2,t) = Ey(c/a,x, 2, as)
= FEy(c,z,2,8).

Therefore

1 Y
/M Vi, 07%) (Ey(Cz,2,t) + Ey(C,y, 2, 1)) du(z)

C
< /M Ve @)™ (Ew(e,z,2,8) + Ey(c,y, z,8)) du(z).

By (D,), one has V(z,v/as) ~ V(z,4/s), s > 0. On the other hand,
according to (LE,) and since (e~%4);~ is Markovian, one has

1
/M WEU}(C, r,z,t) du(z) < /Mps(x, 2)du(z) <1,

sV S

for all s > 0 and z € M. Therefore, we deduce (3).
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By choosing v = p'/p, (2) yields

c d \»'7
@) =W < g () I

If d < t*/*. Using Proposition 4 and arguing as before, it follows

C d \*
5 -l < e () Wl D

4. Characterization of the lower gaussian estimate by
some Holder inequalities

4.1. First characterization.

Theorem 6. Let (M,d,u,A) as above satisfy the doubling condi-
tion (D,). Let w > 2. Assume that (UE,,) holds. Then

c

(LEy) Vi )

Ew(c,x,y,t)ﬁpt(x,y), vt>05vxvy€]\4a

implies that for all p large enough there are o, o/ > % such that

C / /
) 1) = F W)= gy e {14 s 147 1] |
VfeD, z,ye M.

(Sw

Conversely, (Sy) for any p > 1 and a, o > 2, implies (LE,), where
d denote to d(z,y).

Proof:
(=) For all f € D, t > 0, we know that g—kke_tAf = Ake7tAf for
all k € N. Then
k—1 tl ) 1 t
f:ZEAzeitAf—f—m/SkilAkeisAde, sz:[
=0 +J0

Since (e7*4);~¢ is analytic, then for all p > 1

[Ale™ A f||, = [|ATe” /DA WD |, < Ot lem DA,
On the other hand, e *Af — 0,V f € D when t — +o0o, then for
all k > 1:

—+o0
f= 1)'/ th=tAke=tAfat, vV feD.
+JO

k-1
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Hence

+oo
(@) - f)] < C / 151 Akt f () — Abe A f(y)] ds,

for all k > 1, and f € D.
By rewriting

|ARe Tt f(2) — ARe™ A f(y)|
/DA 4k /DA f(g) _ /DA ghe=0/DA ()

and applying Proposition 5 to AFe~(*/24f it follows

|7 f(x) — e f (y)]

SN

d(z,y)\ 7
|| Ak~ /DA F||, ( 1w ) if d(z,y) > ¢/

= VUe(z,d(z,y)) (d(:ay))P

tl/w

-l

if not,

for all ¢ > 0 and p-a.e. z,y € M. Then

w

C Mmooy v d k—Ll(n L ry_ _
If(w)—f(y)ISW/Pi(M)(dp/”/o (G At A |t

n +OO n
+dv / tF | AR DAy dt) .

w

Now, we choose k > %(ﬁ + £) and let 6 €]0, L.
One can write

1

| AR tDAF| — 4B R G0 (DA ARG gy

then by analyticity, one has

v+

5
7 £l

| Ake¢/DA L], < s Gr D TH | ARG
Similarly, one also has

LR /R
7 7

|Akem A fll, < ot =D E AV g,
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Then

C /) a 5 1(m 4 v+s
If(:v)—f(y)lém(dp/”/o ter AT T | dt

w

n JrOO n
+dv / t—fp—1|A%<pf%>f||pdt>.

Therefore
@) — FO)] < o (d [ A £+ d A% £
= Vie(z,d) P P
< O max{d A, d AV fL)
= Vo (z, d) » pi
_ v+9 v o )
where a = 7 4+ £52 > £, o/ = & — 2> 0and § €]0, 5nl.

For p > #, there is g > 0 such that p > %’”5, v 4 €]0, ool
Therefore for § €]0,d0[, one has n > %ﬁ’”, then n(1 — %) > ”TT‘S,
) v
>

hence o/ = 2L — 2 .
P PP

(<) Let p > 1, assume that for some o and o’ > £:

C (0% a/w Ot/ Ot/ w
L@ =11 gy mas {147l @ 4 1, }
VfeD, x,y€e M.

(Sw

Let z € M, by analyticity of (e7*4)i~0, pi(.,2) belong to D,(A*/™).
Then by choosing f = p:(., z) in (Sy,), one has for all z,y € M:

pe(2, 2) — pu(y, 2)|

C (67 o /w Ot/ Ot/ w
< g M LI 2 s d 1A i 2

By analyticity, we obtain
1A/ pe(., 2)llp = 1A/ ™2 Ao (2l < CE pyja (s 2)llp-
Since (e "), is symmetric Markovian, then ||p; (., 2)|l1 < 1,V ¢ > 0.
Then from (UE,,) and Hélder inequality, it follows

C

Yt
[V (z,t/w)]' 77

Ipe(; 2)llp <
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and by (D, ), one has

C
Ipes2(s2)llp € ——————
[V (2, t/w)] "
then
t—oz/w
A py(, 2)|lp < C————.
ST T W e e
Therefore

|pt(‘r7 Z) _pt(y7 Z)l

__c X < d )“ 1 < d )“’ 1
1707 oy max 1 1
~ Vir(z,d) 0 ) 1y (2, /w5 Y ) [y ey

< v (S e { () ()

By Proposition 1, (UE,,) and (D, ) yield

(DLE,) ¢ FSmilzE), VEeM

V(z, tt/w
Thus

Ipe(z, 2)—pe(y, 2)| <C (%)ypmax{ (tl%y, (ﬂ%)a} pe(z, 2).

For z = z, one has

lpe(z, 2)—pe(y, )| <C (%)l/pmax{ (tl%)a, (ﬂ%f}pt(% x).

If d < tY% (D,) yields

d \% [ d\**
Ipe(w, ) — pi(y, x)| < Cmax{(m) ; (m) }Pt(%fﬂ)-

Since o and o' > ¥, then for a small enough and d < at'/v

1
Ipe(w, ) — pi(y, x)| < §Pt($,$),
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consequently

(x,y) > E (x,2) > ¢

b, y) = 2pt ’ el V(.I,tl/w),

Va,y € M,t >0, such that d(z,y) < att/v.
Therefore, by Lemma 2, one concludes that (LE,,) is satisfied. (]
4.2. Second characterization.

Theorem 7. Let (M,d,u,A) as above satisfy the doubling condi-
tion (D,). Let w > 2. Assume that (UE,,) holds. Then

c
(LEW) WEW(Cvxvyat)Spt(Iay)v Vt>07 faZJEMa
implies for all p large enough, there are a, o > & and 0,0 €]0,1[ such
that o — o’ = %, g = ‘;‘—/ and
C
_ < -

1) = 10 < e
G’u) o — o/w O/ _ a/ w / /
(G) x mac { | F[50 A/ F18, a | £ A g

VfeD, xz,ye M.

Conversely, (Gy,) for any p > 1, a,a > z and 0,6 €]0,1[, implies
(LE,), where d denote to d(z,y).

Proof:

(=) Let 8 > ﬁ + 7. Firstly assume that § < w. For all f € D, we know
that

t
f:e—fAf+/ Ae *Afds, Yit>0,
0
then

4) [f(@) = fW)| < e f(x) — e f(y)]
t e A f(x) — AeA s
+/0 A=A (z) — A=A f(y)| d

and
/0 Ae= f () — A= ()| ds

t
_ / o= (/DA o= (/DA f(3) _ o=(/DAg~(5/DA F(3)] ds.
0
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Assume that d > ¢t'/*. From Proposition 5, we obtain

t
/ e~ (/24 fo= (/DA f() — e~ (/A ge=(/DAf ()| ds
0

c Lty ' —w(r+%) —(s/2)A
Smdp ”A S pt P ||A€ f”pdS.

Since (e~*4);5¢ is analytic, then [[Ae=(/DAf|| < Csu1|AP/vf||,.
Hence

t t
[ s E B Dacemagas s opattegy, [t
0 0
— O GG | 48w
_ o B ot g,
Thus

(5) / A= f(z) — A=A f(y)] ds

C

Lts, (L)L w
S e A C e

If d < ¢1/w,

t ar
/ A= f(x) — Ae™*A [(y)| ds = / |[Ae™* f(w) — A=A f (y)| ds
0 0
t
- / o™ (/DA A= (/DA f(g) — =124 A IDA 1 ()] ds.

From (5) and Proposition 5, we obtain

/ A £ (@) — A=A f(y)] ds

C

c 0 [t
= dB|AB/w I wp” —(s/2)A
< GG It g [, M s

Since (e7*4);s¢ is analytic, then

w

t t
|5 lae g, as < cparrepl, [ mE
dw

_.mn 4B _n w
= Ot w T — v Af .
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Therefore

t
/O A~ f(z) — A=A f(y)] ds

m . m B
A7 e+ (dor ¢~ t —d%)|| A% g,

I

Vi/p(z,d)
o mr || AB

< Vl/p(x,d)dp towe [AZ7 fllp.

Hence by (4), Proposition 5, (5) and (6), one has for all t > 0

C
If(z) = f(y)] < W x (*),

where

d_\77 w| 4B/
<*):max{(m) (11 + 5/ 4% ],

d \»
(M) (||f||p+fﬁ/w|f46/wf||p)}-

By choosing t = (| U7l

TA%7 1T, )@/B  one obtains

C
|f(x) = fly)] < V/r(z,d)

Z4z — w = -6’ w !
 max {5 | £ AS 1, a1 A% )

_1/(n v /N
WhereH—E(p, —i—p)andﬁ = g5

Now, if 8 > w. Fix k > g, we know that

1
k- 1)

k=1 ; ) t
f= Z t_—|Ale_tAf + / sk=1Ake=sAfds, Vit >0.

=0 2. 0
By Proposition 5 and the analyticity, it yields, for all¢ =0,...,k — 1:
¢
Vie(z,d(z,y))

Ct

T Ve(z,d(x,y))

|[Ale A f (x) — Ale™ A f (y)] R I PR C)

[1£1lp > ()
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forallt >0, f € D and p-a.e. x,y € M. where

54y
(dﬁ/,g)) if d(z,y) >t/
(4) = .,

<d(x’y)> ’ if not.

tl/w

On the other hand, one can write
t
| st ate A (o) - ke gy ds
0

t
_ /0 SF1 (e (/DA gk = (/DA f () _ o= (/DA gk o=(5/DA £()) s,

and by analyticity, we have
| Abem /A ], < Osa M| A ]

Then, by using Proposition 5 and arguing similarly as the first case, we
also obtain

C
[f(z) = fly)] < Ve (z,d)

x max {7 | FIOAY £18, a7 7150 1AM A1 )

where 0 = %(ﬁ + %) and 0" = 5L
_n4v r_ —_ 0 _0 ,_ = v
o/ie‘g;vnjl R and « —p,,thenﬁ—a = a—-o =5 a> 5,
@)= )| < ey
xcmax {d® | FIl50 A0 £, @ |10 A ) )
For p > ”TJF", one has n > ”Tf", then n(1 — %) > £, hence o = ﬁ > L.

<) Let p > 1, assume that for some o, o’ > £ and 6,6 €]0,1[:
P

C

1@ = S0 < s

s max {a* | FI[50 A0 F10, 4 7150 A F0 )
for all f € D and z,y € M.
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Let z € M, by analyticity of (e7*4);>0, pi(., 2) belong to D, (A%/®).
Then by choosing f = p;(., 2z) in the previous inequality, one has for all
z,y € M:

C
P, 2) =2y 2)| < gy

x max {d*[lpu(., 2) [}~ 4 i, 2)|I,

@ pi( 23 A pi 2N
By analyticity,
1A%y, 2)lp = |4/ 0= DA, (2 < CE py (., 2) .

Since (e74);5¢ is symmetric Markovian, then ||p;/s(.,2)[[1 < 1. Hence
(UE,) yields
C

— . Vit>0,
[V (2, t1/2)]) "5

(. 2)llp <

and by (D, ), one has

C
pes2(2)llp € ——————»
VETIE y (e)
then
toz/w
L 2)||20 Ac/wo Afl<0—mM8M — .
I 21 2 < Oy
Therefore

pe(x, 2) — pu(y, 2)|

Vl%(x,d) max{ (tlcjw )a[V(z, tll/w)]l—% ’ (fl‘fw )“/ V(z, tll/”)]l‘% }
< v %) (V&fc/;))l/p e { <f1%> | <“%)} |

Then, similarly as in the proof of the converse in Theorem 6, we obtain
the desired result. o

A consequence of Theorems 6 and 7 is the following.
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Corollary 8. Let (M,d,u,A) as above satisfy the doubling condi-
tion (D,). Assume that (UE,,) holds. Then

(Sw) for any p > 1 and o, 0’ > z,
p
implies, for all p large enough, that there are a, o’ > % and 6,60" €]0,1]
such that o — o’ = 2, & = 3—,, and (Gy,) holds.
Conversely, (Gy,) for any p > 1 and o, > %, 0,0’ €]0,1], implies,
for all p large enough, that there are a, o > o such that (Sw) holds.

Remark 9. We can also deduce (G,,) from (S,,) by using the momentum
inequality: for a nonnegative operator in a Banach space

1A%/ fllp < CIAll~0IA 2 £1I5,

(see [15]). The previous corollary, gives us more information about the
relation between a, o, 6 and 6.

4.3. Further results.
Let (M,d, i1, A) be as before and w > 2. From the doubling property,
one can also write, there are v > 0 and v’ > 0 such that

(Dy,v) c’ (;)V,g“;g:ii gC(;)U, VeeM,s>r>0.

Note that, when M has an infinite measure, we can take v/ > 0, (see [8]).
By using (D,,) instead of (D,) and arguing as before, almost all
the previous results can be written for all p > 1 with v and ¢/. In other
words, one has just take v/ = 0 (which is always possible) to find the
previous proofs.
More precisely, instead of Propositions 4 and 5, we obtain: If (LY,,)
holds, then there exists n €]0, 1[ such that for all p > 1:

|pt($7 Z) - pt(y7 Z)'

’t!\‘d
+
SN

<=
+
EIN

i if d > /v
< C(Ew(C,x, 2,t) + By (C,y, 2, 1)Y/P 1w z
d
w if not,

= VP (3, d) VP (2, 1) ( )

for all ¢ > 0 and p-a.e. z,y,z € M.
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And
n v
d \»*»
— if d > ¢'/v
_ - ClA (tl/w) 7 a
tA tA P

(7) le™™ f(z) —e f(y)|§m PN

<m) if not,

forallt > 0, f € D and p-a.e. x,y € M, where d denote to d(x,y).
Consequently, we obtain the following proposition.

Proposition 10. Let (M,d, u, A) as before satisfy the doubling condi-
tion (D,,,1), assume that the (UE,,) holds, then for all p > 1,

/

(i) (LEy) = (Sw) for some o> Yoando' > Z.
p p

/

()  (LEy) = (Gy) for somea> =2, o > =
p p

v—1 a o

and — = —.

o6 ¢

such that « — o' =

Proof: (i) By using (7) instead of Proposition 5 in the proof of The-
orem 6, we obtain for all p > 1, (S,) holds for @« = & + ”Tf‘s and

SINGS

of =+ ”TT‘; where 6 €]0, Ly[, whence o > £ and o/ >

(ii) Similarly as in the proof of Theorem 7 and by using (7) instead
of Proposition 5, we obtain that for all p > 1, there are o = ﬁ + %,

o/ =2 + 20,0 €]0,1] such that § = $ and (G,,) holds. It is clear

that o — o/ = ”;” ) O

In the case when the volume growth is polynomial (i.e. V (z,7) ~ P,

D > 0), we reobtain the following result from Ouhabaz (see [16]).

Corollary 11. Assume that V(z,7) ~ P, if (UE,) holds, then for
allp>1

LBy o TEZIO) oy pyogerwe pie,
d(x,y)*" "

D
for some o > —, 6 €]0,1][.
p
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Proof: If V(x,r) ~ rP, then one can write (D, /) with v = v/ = D.
Therefore

(<) it suffices to take oo = @/ and use Theorem 7.

(=) by applying (ii) of the previous proposition, (LE,,) implies (G,)
Withaza’>%and6‘:6". O
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