
XVI. Large Ideals on
from Smaller Cardinals

§0. Introduction

We give here better consistency strength than in XIII for having some large

ideal on ω\\ possibly without adding a real using e.g. a Woodin cardinal. By

this we keep old promises from 84 - 85, mentioned in [Sh:253], Shelah and

Woodin [ShWd:241], (part of the delay was because it was originally intended

to be part of [ShWd:241] which later was splitted to three). This will be

continued elsewhere - getting suitable axioms in 2.4, 2.5, 2.6+2.10. Woodin

told the author that the results (in 2.4 - 2.6(+2.7)) threw some light on the

structure of universes of set theory satisfying AD. In §2 we use from §1 only

1.2(1),(2), 1.3(1), 1.8 for 2.1; weakening somewhat the results in §2, we can use

2.8, 2.9 instead of 2.1 (so replace (*)26[λ] by "λ is a Woodin cardinal" in 2.4,

2.4A, 2.5, 2.6 thus using only 1.14, 1.15, 2.2 - 2.10).

The large cardinals from [ShWd:241] are defined in 1.14, 1.15.

§1. Bigness of Stationary T C <S<κ0(λ)

1.1 Notation. 1) λ a fixed regular cardinal > NO-

2) For sets α, 6 let a <κ b mean: α Π K = b Π K and a C 6 and let a <κ b means:
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α C b and α Π K = b Π sup(α Π K) (i.e. α € a Π « => α Π (a + 1) = b Π (α 4- 1)), so

a <κbfi a <κb\ And a <κ a holds!

3) /f (α) is the family of sets x whose transitive closure has cardinality < α, and

if α is not cardinal we add: x of rank < a. Let <* be some well ordering of H(a)

increasing with a. We let TV denote a model (usually N -< (#(χ), G, <£),7V

countable), |7V| its universe, and ||7V|| its cardinality. We write NI <κ 7V2

instead |Λ/Ί| <κ |Λ^|, similarly for <Λ.

4) <S<μ(A) - {6 : b C 5, |b| < μ}

V<μ(B) is the filter on S<μ(B) generated by the closed unbounded subsets

of S<μ(B) (similarly T><μ(A) for μ regular uncountable).

5) 5, T denote subsets of some S<μ(A). We concentrate on μ = NO-

1.2 Definition. 1) Γ C <S<κ0(λ) is (β,C*)-big (where ^<θ = cf(fl) < λ and

C* C λ closed unbounded) z/

for every a < λ there is /?, a < β < Min(C* \ (α + 1)) such that for every

C e £><N0(β) the set {α G S<κ0(a) : (36 e CnT)[α <θ 6]} belongs to £><κ0(α)

We say T is (< σ, C*)-big if for each θ < σ we have Γ is (0+, C*)-big.

We define T is (0, /)-big where / : λ — > λ similarly only "/? < /(α)" replace

"/3 < Min(C* \ (α + 1))" . If -ι(N0 < <9 - cf(9) we mean the first such θ1 > θ.

2) T C £<N0(β), is <9-*big (where θ C B) if. for every x regular large

enough and countable N -< (ίf(χ),€,<*) to which T, β, θ belong there is

AT', AT <θ N
1 -X (#(χ), G, <* ) such that AT' Π B <E T.

3) Let λ C β and θCB.We say T C 5<No(β) is <9-big (for β; if the identity

of λ not clear we add "in λ") if. for every C G D<κ0(5) and α < λ such that

[θ < λ => α > 0] we have: {α: α G <S<κ0(α), and for some b G Γ Π C we have

If 0 = λ we may omit θ (remember that λ is fixed (see 1.1(1))). If B — λ

we may omit it.

4) We say Γ is (0,*)-big if Γ C <S<N0(λ) is (0,/)-big for some / : λ -* λ;

equivalently (0, C*)-big for some club C* of λ.

If not said otherwise, and λ is strongly inaccessible, then we assume: (here as
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well as in 1.11, 1.13) for β G C*, we have f ( β ) (or Min(C f*\(/3 + l))) is a strong

limit of cofinality > β.

1.3 Definition.

(1) For cardinals μ > λ > θ we say T C <S<κ0(λ) is (μ,0)-big or big for (μ, θ)

if. for every Cl G £><N0(/Ό for some C G £><

(Vα G

(2) We say T is (< μ, 0)-big if it is (μi, 0)-big for every μi, λ < μ\ < μ.

1.4 Definition. Suppose λ C B. We say T C <S<^0(jB) is ^-essentially end

extension closed set (for B) ifϊoi some E G P<

In short we write 0-EEEC and we call E a witness for T. If £ = <S<Hi (£) then

we say T is #-end extension closed set (for β), in short 0-EEC.

1.5 Definition. 1) Pr^(λ) means: every 0-EEEC 0-big (see Definition 1.2(3))

set T C «S<H0(A) is also (2λ,0)-big (see Definition 1.3(1)).

2) Pi0(λ) means:

for every semiproper forcing notion P of cardinality < λ,

Ihp 'Trg(λ) "

3) Pr^(λ) means Pr^(λ).

1.6 Fact. 1) In Definition 1.3(1) we can replace μ by any set A satisfying

λ C A, \A\ = μ.

2) If θι < Θ2 < X < μι < μi and T C «S<κ0(λ) is (μ2,02)-big (see Definition

1.3(1)) then T is (μι,0ι)-big.
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3) If λ C B, 0ι < 02 and Γ C S<χ0(B) is 02-big (see Definition 1.2(3) so for B,

in λ) then it is #ι-big.

1.7 Fact. 1) If λ is weakly compact, T C <S<κ0(λ) is 0-big (see Definition

1.2(3)) and θ < λ then T is (λ,0)-big (see Definition 1.3(1)).

2) If λ is weakly compact, T C <S<Ho(λ) is big (i.e. λ-big) then T is (λ, *)-big.

Proof. 1) Let C1 G £>κ0(λ) be given. Let

E = {a G C1 : -.(3α' G Cx)[α <θ o! G Clba' Π λ G Γ]}

If E = 0 mod £><κ0(λ) we finish.

Otherwise by weak compactness, for some λ* < λ (inaccessible, θ < λ =>

Λ* => θ) we have E Π <S<N0(λ*) 7^ 0 mod P<κ0(λ*). As T is 0-big we get a

contradiction.

2) Easy too. Dι.7

1.8 Fact. 1) If T C 5<Ho(λ) is big for (2λ,6>) (see definition 1.3(1)) then T is

<9-*big (see Definition 1.2(2)).

2) If T C 5<κ0(λ) is 0-*big, and μ > λ then Γ is (μ, 0)-big.

1.8 A Remark. So the two conditions in 1.8(1) are equivalent.

Proof. 1) We check definition 1.2(2), so say χ > 2λ. Clearly #(λ+) <E

AT, |#(λ+)| - 2λ, and 56 d= {M -< (F(λ+), G, <* + ) : ||M|| - ̂ 0 and Γ,λ,6>

belong to M} G W and 56 G £><κ0(#(λ+)). By the assumption of 1.8(1) for

(Vα G C)(3α')[α <^ α' G Sb]

As all the parameters in the requirements on C belong to TV, without loss of

generality C G TV. As C G TV is a club of <S<N0(#(λ+)), clearly 7V(Ί#(λ+) G C.

So there is N' G 56, N Π ff (λ+) <0 AT7.
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Now λ Π Skolem Hull [WJ(TV'nλ)] - JVΠλ (Skolem Hull - in ( H ( χ ) , G, <* ))

and this implies the conclusion. Why the equality holds? Enough to look at

τ(z, y) for r a term, x G TV, y G N' Π λ such that Vxy[τ(x, y) G λ)]. In N there

are x' G N Π if (λ+) and a term T' such that (Vy G λ)[τ(z, y) = τ'(z', y)]. Now

x' G TV' and we finish.

2) Easy. Πι.8

1.9 Fact. Suppose T is big for (λ,0),2λ = λ+ and

(*) for every u C <S<κ0(λ+) such that u ̂  0 mod 2?<N0(λ+) for some B C λ+,

uΠ<S<N0(£) /0modP<K o(.B) and |B| < λ.

Then T is (9-*big.

Proof. Like the proof of 1.7 (remembering 1.8).

Similarly we can prove

1.9A Fact. Suppose for every μ, such that λ < μ < 2λ we have:

(*)ι (VstatE C S<χQ(μ))(3A C

Then every (9-big T is (2λ,6>)-big (equivalently, <9-*big.)

1.10 Fact. If Pr0(λ) (see Definition 1.5(3) and 1.5(1)) and λ = κ+ = 2* ίften

(κ) is precipitous; moreover, semiproper (see below).

Proof. Let x be regular large enough, N -< (-EΓ(χ), G, <* ) countable.

It suffices to prove X><NO(K) is semiproper; i.e.:

1.10A Definition. P<N0(ft) is semiproper provided that the following holds.

If (Bi : i < λ) is a maximal antichain of stationary subsets of <S<κ0(ft) which

belongs to N where AT -X (ff(χ),e,<*) and χ large enough tfien there is a

countable M, M X (fί(χ), G<* ), TV x M, AT <Λ+ M and MΠ « G \JieM Bi [i.e.

sealing forcing is semiproper].
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(Hence by repeating one such M works for every such (Bi : i < λ) which

belongs to it; this definition is what we need; from this precipitousness follows).

Continuation of the proof of 1.10: So let TV -< (H(χ), G, <*) and (Bi : i < λ) G

N be as in Definition 1.10A. Let T = {a G <S<N0(λ) : a Π K G \Ji€aBi}. We

shall first prove that for a in the interval [K, λ) the set Ea — {N Π a : N -<

(H(χ), G, <* ), TV Π K G fl^N Si} belongs to P<κ0(α).

If EΌ, $ D<NO(O:) let / : α — > K be one to one onto, let

C' = {α C α : /"(α) - α Π α and α = /"1/7(α Π α)}.

Clearly C" G £><κ0(α) and

[(5<No(α) \ Ea) Π C')] f« is stationary (i.e. φ 0 mod ^<KO(^))

(where E1* f/ς = {α Π K : a G S*}), hence this set is not disjoint to

some .#i(*) and then we get an easy contradiction. So Ea G P<NO(O:) for

α G [/ί,κ+). Let (9 =f λ(= /ί+), clearly Γ is θ - EEEC (see Definition 1.4,

use as witness C — «S<N0(λ), noting that B = X here). Also as Ea G ̂ <N0(
a)

for a G [K, «+), clearly T is 0-big (see Definition 1.2(3)). But by an assumption

Pr0(λ) = Pr£(λ) (as θ = λ) hence we can deduce Γ is (2λ,0)-big (Definition

1.3(1)), hence by Fact 1.8(1), T is <9-*big. So by Definition 1.2(2) there is N',

N <θ N' -X (H(χ), G, <* ) such that N' Π λ G Γ. By the choice of Γ there is

i G N' Π λ, such that TV' Π K G Bi, as required in Definition 1.10A.

So we have proved semiproperness. Πi.io

1.11 Definition. 1) Pr|(λ, £>,<?*) means: C* a club of λ,D is a normal filter

on λ concentrating on regular cardinals and for every 0-EEEC (0, C*)-big

TC«S<N 0(λ) we have:

(so here we use Def. 1.3(1) with λ replaced by K.)

We may replace C* by a function / : λ — > λ as in Definition 1.2(1).

1.11 A Remark, for "0-EEEC" see Definition 1.4.
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1.12 Definition. 1) Pr#(A, D, C*) means that: for every semiproper forcing P

of power < λ, we have Ih "Pr^(λ, £>,<?*)"•

(D generates a normal filter in Vp and we do not strictly distinguish

between the two).

1.13 Definition. 1) Pr^(λ) means (3D) (VC*)Pr^(λ, £>,<?*).

2) Prs(λ, C) means: for some fixed D, for every semiproper P of power

From Shelah and Woodin [ShWd:241]:

1.14 Definition. (Shelah) 1) Prα(ft) means: Prα(ft, /) for every / : ft — > ft,

where

2) Prα(ft, /) means: / : ft — » ft and there is j : V — > M (elementary

embedding into a transitive class) with critical point ft (i.e. j is the identity on

K hence on ff («)) such that flYj(/)(κ)) C M and M<κ C M. Let Prα(ft, /, D)

means Prα(ft,/) is witnessed by j and D — {A C K : K e j(A)}. Note K is

necessarily measurable in all those cases.

1.15 Definition. (Woodin) Pr&(ft), now called "ft is a Woodin cardinal"

means:

for every / : ft — > K there is λ < K such that Prα(λ, /fλ); equivalently

for every / : K — » ft, there is an elementary embedding j : V — •> M with critical

point λ < ft, such that #(j(/)(λ)) C M and M</ς = M.

So ft is a Mahlo cardinal, but not necessarily a weakly compact cardinal.

We can add

1.16 Definition. For W C ft, we can add:

1) Prα(ft, W) means Prα(ft, W, f) for every / : ft — > ft, which means Prα(ft, /, D)

for some D to which W belongs.

2) Let Prb(ft, W) mean for every / : ft — > ft there is λ < ft such that Prα(λ, WΓ\

λ,/ fλ) (so in particular Rang(/fλ) C λ)
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§2. Getting Large Ideals on

Note Ξ is a maximal antichain of Vωι if Ξ C P(ω\) and for no stationary S C ω\

do we have (\Λ4 G Ξ)(AΓ\S = 0 mod PWl); we do not strictly distinguish A G Ξ

and A/2>ωι or Ξ and {AfDωι : A G Ξ}.

Remember 93 — P(ωι)/T>ωι; on seal(Ξ) and variations see XIII 2.4(2).

2.1 Lemma. A Sealing is a Semiproper Criterion: Let λ be strongly inacces-

sible, OCX closed unbounded, [δ G C =ϊ (#(5),G,<£) X (#(λ), G, <};)] (so

each δ G C is a strong limit cardinal). The following conditions satisfy (B)+ =>

(C) => (A) =» (B)-.

(A) Let C be an end segment of C*. For every Levy(Nι,< λ)- name Ξ =

{Ai : i < X} of a maximal antichain of Όω\ e 1><c , the forcing notion

Levy(Nι, < λ)* seal(Ξ) is semiproper, provided that:

for δ G C, (if (ί), G, <S, Ξ Π ff (ί)) X (ff (λ), G, <J, Ξ) .

(B)- Let C be an end segment of C*. If T C «S<κ0(λ) is (< λ,C)-big (see

Definition 1.2(1)) and λ - EEEC (see Definition 1.4) then Γ is (2λ,α;2)-big

(see Definition 1.3(1)) provided that:

, G,

(B)+ Let C be an end segment of C*. If Γ C <S<κ0(λ) is (N2,C)-big (a weaker

assumption see Definition 1.2(1)) λ-EEEC and then Γ is (2λ,α>2)-big pro-

vided that Θβ holds.

(C) Let C be an end segment of C*. Suppose P = (Pi : i < λ) is <£-incr easing,

for i < λ, ^ G ίf(λ),P< <$ Pλ where Pλ

 d= Uα<λpo!, and the forcing

notions Pi,P\/Pi are semiproper, P\ satisfies the λ - c.c., lhpλ "λ = H2",

and Ξ = {Ai/T>ωι : i < X} a P\ - name of a maximal antichain of Ί)ωι .
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Then P\* seal(Ξ) is semiproper provided that:

2.1 A Definition. Assume λ is strongly inacessible, P = (Pi : i < λ), P are

as in clause (C) of 2.1 or P^ = Levy(Nι,< i), P = |J P» (for some closed
i<λ

unbounded C C λ). If A is a P-name of a subset of ω\ let

i(A/Ί)ωι) = min{i : for some P -name A! ' , lhp "A = AJ" mod Pωι}

(note i(A) < λ as P satisfies the λ-c.c.). Let us redefine

A/X>ωι = {B : B is a P^)-name of a subset of ω\ such that lhpλ "JB = A"}.

Proof. Clearly (£)+ => (B)~, just read Definition 1.2(1).

-.U) =» -.(C)

Immediate: use P = Levy(Nι, < λ), and Pi = Levy(Kι, < i).

Let T, C be a counterexample to (B)~, in particular 0^ holds and we can

choose a club E C ̂ ^^λ) witnessing Γ is EEEC i.e. a£E&beE&a<\

Let

W d= {ί < λ : (Vα < <S)(Vα G <S<^0(α))

[(36) [6 6 T & α <λ 6] =» (36)[6 € T & sup(6) < 5 & α <λ 6]] }.

So W is a club of λ, definable in (-ff(λ), G, <ΛJ^) hence by Θ# for 5 G C we

have sup(W (Ί <$) = £, and W D C.

For £ < λ after forcing with Levy(Nι,< \δ\~*~) we have (αί : ζ < ωi)

increasing continuous, each α^ countable, \Jς<ωι aδζ = δ. Let (α* : ζ < ωι) be a

Levy(Kι, < |ί|+)-name for such a sequence, and B$ = {ζ : α£ G Γ}, this is a
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Levy(Nι, < |<J|+)-name; and then let (again a Levy(Nι, < |£|+)-name):

AS = BS — V Ba (V-diagonal union, actually well defined only mod *DωΛ).
a<δ ~

As Γ is λ-EEEC, clearly in VLevy^><χ\ Bδ/Vωι (δ G W) is increas-

ing and is the least upper bound of {Aa/T>ωι : a G (δ -f 1) Π W] (in

(P(ωl)/Vωι)^v^^<x^}. Let W* = {a : a G W, and Aa ± 0 mod 2^}

(it is a Levy(Nι, < λ)-name)

Clearly Ξ — {Aa/
/Dωι : a G W*} is an antichain (we should not mind

the 0/PWl's, i.e. some A^'s are not stationary).

Clearly Ξ is a Levy(Nι, < λ)-name satisfying 0,4.

2. IB Fact. Ξ is a maximal antichain.

Suppose toward contradiction that A is a Levy(Nι, < λ)-name of a sta-

tionary subset of ωι, but p G Levy(Kι, < λ) force it is a counterexample. So for

some θ < λ, A is a Levy(Nι, < 0)-name, and p G Levy(Nι, < θ). Let ^i = (2^)+,

μ = 2θl, and

y^ dJ:f {α G S<χQ(H(μ)) : there is q G Levy(«ι, < β) such that: p < q,

q is an (α,Levy(Nι, < ^))-generic condition,

and ςf Ih "α Π ω\ G A".}

Clearly Yf φ 0 mod

Now, as λ is strongly inaccessible, 2μ < λ, and as Γ is (0ι,C)-big (as T

exemplifies -«(J5)), there is β satisfying 2μ < /? < λ (and moreover 2μ < β <

min(C \(β + 1))), such that: for every E G £><NO(/?) we have:

{α G <S<N0(2μ) : there is b such that α <βl δ and b G E Π Γ} G £><N0(2μ).

Hence, as |ff(μ)| < 2^, for every E G £><κ0(/3)

{α G S(H(μ)) : there is 6 such that a <Θ1 b and 6 G E,
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Let

EI = {N : N is a countable elementary submodel of (Jf p7(λ)+), G, <*)

to which p, λ, θ, μ, β, A, ((Ba,Aa) : α < λ)

and {{α" : C < ̂ i) '• α < λ) belong}.

Clearly it is a club of 5<H1(^rp7(λ)+)), and let

clearly it belongs to T><^l(H(β)). So we can use E2 as E above hence

3̂ = {N : N is a countable, elementary submodel of (£Γ(μ), E),

such that p, 0, A, /3 belong to it and for some M/v 6 EI we have

Π β G T and AT <θl MN G T}

belongs to T><t<l (H(μ)). Hence we can find N G JE^ΠY^, hence by the definition

of Yp

μ there is a condition q G Levy(Nι, < β) such that p < q G Levy (Hi, < 0)

and q is (W, Levy(Nι, < 0))-generic and q Ih "TV Π ωι G A" . As N G £3 clearly

MJV is well defined (see the definition of E3), so MJV e EI, N ^ MN G JS?ι

and N <θl MN, hence N Π 261 = M^ Π 2Θ, hence AT Π Levy (Hi, < θ) = MJV Π

Levy(Nι, < θ) and moreover N Π P(Levy(Hι, < θ)) = MN Π P(Levy(Hι, < 0));

hence as q is (TV, Levy(Kι, < 0))-generic we know that q is (M]v,Levy(Nι, <

0))-generic. As Levy(Hι,< λ)/Levy(Kι,< 0) is Hi-complete there is q\ G

Levy(Hι, < λ) such that q\ \θ = q and qι is (M#,Levy(Nι, < μ))-generic, hence

clearly qι Ih "MN nβ = aβ

MN^ωι = α^nα;ι" but MAT Π β G T (see the definition

of E3) hence ςi Ih "N Π c^i G JBμ".

There is C" such that lhLevy(H1,<λ) "if Bβ n A is not stationary then

Bβ Π A Π C7 = 0, and C" is a club of ωi". So as Bβ, A G AT C M^, clearly

w.l.o.g. C' G MN hence ςi Ih "AT Π ωi G C7" hence qλ Ih "β^ Π A Π C7 ^ 0

hence qι lhLevy(^1)<:Λ) "β/3 Π A is stationary" which is enough for the fact 2. IB

as Bβ = V Aa mod Ί)ωι. ^2.15
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Continuation of the proof of 2.1.

Lastly to show that -*(A) holds, we still have to show that:

the forcing notion Q = Levy (Hi, < λ) * seal(Ξ) is not semi proper.

Suppose it is semiproper, χ large enough. Let TV -< (H(χ), G, <*) be

countable, Q, T, Ξ, C G N. Let δ = N Π ω±.

So there is p G Q which is (TV, (3)-semi generic. So for some q satisfying

P < Q £ Q, and α, we have g lhQ "α € ΐf *, J G Aα, α € N[GQ]", (W* was

defined just before Ξ); so Aa, Ba G N[GQ] and clearly q \\-Q "α£ = 7V[GQ]na",

hence necessarily also g \\-Q "δ G #«"•

Hence q lhg

 CW[GQ] Π α G Γ" (read the definition of JBα).

Hence w.l.o.g. for some 6 G T we have g Ih "AΓfGg] Π α = 6" .

Let Wi be the Skolem Hull of |ΛΓ| U b in (ff(χ), G, <*). Clearly ΛΓi Π α =

& G Γ and 7Vι Γ\ω\ = ύΠcc i = δ so N <^2 JVi This shows T is a N2 - *big (see

Definition 1.2(2)), which by 1.8 is equivalent to "T is (2λ,K2)-big"; but this is

a contradiction to our assumption "T exemplifies -ι(β)~".

We also prove

Let P,Ξ = {^4^ : i < λ} and C contradict (G) or (A) (in the later case

Pi = Levy(Nι, < i)). Let, for each p £ Pχ:

Tp = {N Π λ : p G AT, for some strong limit cardinal σ < λ,

TV ^ (H(σ) , G , <^ , P Γσ, Ξ f σ, 1 fσ) so we consider

P, Ξ, A as predicates, and TV is countable,

{P, Ξ, (Ai:i<\)} belongs to N,

and there are j,i £ N Γ\σ and g G P», such that

p < g, g is (W, Pi)-semi-generic, ̂  is a P^-name,

and g lhP. 'W Π α i G Aό and j G AΓ[GPJ"}.

Γ+ d= {6 G 5<Nl (λ) : for some α G Γp, α <λ 6}.
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Assume first that every T+ is (2λ, ̂ 2)-big. So for every χ > 2λ and countable

N -< (H(χ), G,<*), to which P, Ξ, (A» : i < λ) belong, and p G AT Π Pλ,

we know λ G TV hence Jff(λ) G TV and <^G TV hence Γp G N. By 1.8(1)

we know Tp hence Γ^1" is ^2-*big, hence (Definition 1.2(2)) we can find M,

N <κ2 M -X (ff(χ), G, <* ), M countable, Mnλ G ϊ£~, hence for some MI G Γp

we have MI Π λ <λ M Π λ. Clearly for α, |6eία G MI Π λ we have

MI N "α is cardinal" <^ M N "α is a cardinal,"

and so (Vσ e MI Π λ)(2σ G MI Π λ); as [σ G MI Π λ => ff(σ) is an initial

segment by <^ of if (λ)], easily σ G MI Π λ =» M! Π H(σ) = M Π #(σ), hence

M — 1 <Λ M. Let g, σ, i, j witness MI G Tp (see the definition of Tp), and easily

we can deduce what semiproperness would have required. But P\ * seal(Ξ) is

not semiproper (as P,Ξ contradict (C)). So the assumption above was wrong,

i.e., for some p G Pλ, T+ is not (2Λ, H2)-big. Let j(*) = min{j G C : p G H (j)},

and let C; = C \ j(*), we shall prove that Γ^1", C' exemplify -"(£)+, renaming

C' = C i.e. p G ff(min(C)). Also ΘB holds for T+ easily. Let j(*) = min{j G

C : p e H ( j ) } , and let C* = C \ j(*), we shall prove that T^, C* exemplify

-π(J3)+, renaming C* = C i.e. p G ff(min(C)). Also T+ is λ-EEEC by its

definition. To complete the proof of "TJ+ exemplifies -ι(5)+" we need only to

prove "T+ is (< λ,C)-big" (see Definition 1.2(1)). So let θ < λ, θ > N2, and

we shall prove that Tp is (0, C)-big; this suffices. We can find i(*) such that

lhP.(φ) "|6>| = HI". So let α < λ be given such that α > i(*), 6>. We define in

(ίf(λ), G, <J, P, Ξ) a function ̂  from P(S<κ0(a)) to λ, ̂ (^) is: the first strong

limit cardinal of uncountable cofinality β < X such that β > i(*), β > α, β > θ

and:

)£)/3 for every U G 2><κ0(/3), the set {α G X : (36 G W Π Γp)[o <θ 6]} is

^ 0 mod £><N0(α) z/ there is such β, and α 4- 1 otherwise.

So # is definable in (ff(λ),G, <J,P,Ξ) with the parameters 0, α, i(*)

hence β* = supRang(^) < Min(C \ (α + 1)) (remember 0^ is assumed). If

β* is not as required in Definition 1.2(1), then there is U* G £><N0(β*)> sucn
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that X d= {a G <S<N0(α) : -(36 G W Π Γp)[α <Θ b}} is ^ 0 mod P<*0(α). Now

we know Ihp "|α| < HI", and as P satisfies the λ-c.c., there is a name for a

function exemplifying this mentioning only members of some Pi(i < λ), but

Pi <£ P, so lhp i "|α| < HI", say h is P^-name of a function from ω\ onto α.

As Pi is semiproper, by the assumption on X we have lhp i "Y = {ε < ω\ :

there is a G X, ε C α C /ι"(ε),ε = α Π ωi} is a stationary subset of ω\n .

Hence Ihp "Y C ω\ is stationary" hence Ihp " for some ξ < λ, Y Π Aξ C ω\

is stationary". Hence for some j G (i,λ) and P^-name ξ of an ordinal < j we

have: Y, ξ and Λξ are P^-names and Ihp. "Y Π Aξ C cji is stationary".

Hence there is a strong limit j\ G (j, λ) such that

cf(jι) > HO, and Y, ξ, i, j, α, /?*, ZY* G ίf(jι). Now there are δ < ω\ and

countable TV -< (ff(χ),€,<*,P,Ξ) and ςr such that: {Y,ξ,i, j,α, ji} G AT,

p < ς G PJ, g is (N,Pj)-semi generic, TV Π ω\ = δ, q Ihp. "5 G Y Π Aξ" ,

and (remember the definition of Y) there is α* G X, (5 C α* C A/". Clearly

ji G TV, JVίfΓϋi) X (ff(χ), 6, <* , P, Ξ) and TVt^O'i) e Γp ( see the definition

of Γp). As ji G TV, X G N this implies that for every U G ̂ <N00'ι) we nave

{α G X : (36 G U Π ΓP)[α <^2 6]} ^ 0 mod P<κ0(α). So (*)^ holds; hence

by the definition of g and β* without loss of generality j\ < /?*, hence (check

definition) (*)^ hold, but this contradicts the choice of of X. So together we

have gotten a counterexample to (B)+. Π2.ι

2.2 Definition. 1) (*)α[λ, C] means condition (C) of 2.1 holds for P and C (so

C satisfies <8>c) such that

{δ < λ : if δ is strongly inaccessible then P^ = I) P^}
i<δ

contains a club of λ (so for many C's this is empty demand).

2) (*)2f>[λJC
f] means that for every semiproper forcing Q from H(MmC) we

havelhg "(*)α[λ,C]".
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3) We omit C if this holds for every club C of λ.

.3 Conclusion. Suppose (*)2&[λ, C], λ strongly inaccessible. If P, C and Ξ

re as in 2.1(C) and i < λ, then in VPί the forcing notion (Pχ/Pi)* seal (Ξ) is

am i τ»τrΛTΛ or

2

are as

semiproper

2.3A Remark. So if Q is a semiproper iteration, (P*+i : i < λ),C, Ξ as in

2.1(C) then Q~ (RlimQ,seal(Ξ)) is a semi proper iteration.

2.4 Theorem. Suppose K is strongly inaccessible, and:

(*)αbN f°Γ everY closed unbounded C C «, for some λ € C (strongly in-

accessible) we have λ = sup(C Π λ), and (*)^[A, C Π λ].

Let S C ω\ be stationary.

Then for some semiproper forcing P of cardinality λ satisfying the λ-c.c., we

have Ihp "£>ωι + 5 is H2-saturated".

Also P is (ω\ \ 5)-complete hence if ω\ \ 5 is stationary it does not add

α -sequences of ordinals.

Moreover

2.4A Lemma. 1) The following homogeneous forcing can serve in 2.4. We

define by induction on a a semiproper iteration Qa = (Pi,Qi : i < α) with

|Pi| < λ (and, for simplicity, Qi G if (λ)) for i < a (see XIII 1.8) as follows. If Pi

is defined, i strongly inaccessible and j < i => |Pj|, then let, in VPί, Qi be the

product with countable support of (seal(Ξ) : Ξ G Ξi}ULevy(Hι,2K 2)v τ where

Ξ^ is {Ξ : Ξ (in VPί) is a maximal antichain of Ί)ωι and for every j < i, \\~pj+l

"Pi/Pj+ι * seal(Ξ) is semiproper", such that ω\ \ 5 G Ξ if it is stationary }.

Otherwise Qi is Levy(Nι,2H2)yPί.
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2) Moreover we can replace Ξ$ by

Ξ^ = {Ξ : Ξ (in VPί) is a maximal antichain of X>ωι

which is semi proper (that is seal(Ξ) is semi proper)

such that ωι \ S G Ξ if it is stationary}

provided that λ is Woodin.

2.4B Remark. 1) We can e.g. use Levy(Kι,2N2)v * when i is not strongly

inaccessible and the CS product of {seal(Ξ) : Ξ G Ξ^} otherwise.

2) By 2.7(3) below if K is Woodin then it satisfies the assumption of Theorem

2.4. Similarly in 2.5 and 2.6 concerning the μ in the definition of W*.

3) If ω\ \ S is stationary, the iteration is essentially CS (as the condition with

a "real" support are dense).

4) Homogeneity is actually gotten also in the other proofs, in particular 2.5,

2.6 (and results in Chapter XIII).

Proof of 2.4. Follow by 2.4A.

Proof of 2.4A. By XIII 2.13(1) clearly Qί = ( P j , Q j : j < i) is a semiproper

iteration (P$ = RlimQ1) and if j < i then \\~pj+1 "(Pi/Pj+ι)*Qi is semiproper".

Also the (ωι \ S)-completeness and λ-c.c. are clear. Why lhpλ "Ί)ωι 4- S is N2-

saturated" ? Let Ξ be a PA -name of a maximal antichain of Ί)ωι (to which ωι\S

belongs if stationary), so let Ξ = {Ai : i < λ}. Let

C = {μ<\: (H(μl^<^{(Q\Aτ/Vωι] : i < μ})

X(tf(λ),e,<, {(Q\Ai/Vωι): i<\})

and μ is strong limit}

So by the assumption of 2.4 for some regular (hence strongly inaccessible)

μ e C we have μ = sup(μ Π C), and (*)*b\μ,C Π μ]. For part (1), by 2.3,

{Ai : i e 1} e Sμ, and the rest is easy. For part (2) similarly using 2.8. D2.4

2.5 Theorem. Suppose λ is strongly inaccessible, S = (5ι, 52, 53) a partition

of cJi, Si stationary and
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VF* = {μ < X : μ strongly inaccessible and (*)^,[μ]} ls a stationary subset

of λ.

1) Then for some forcing notion P:

(a) |P| = λ, P satisfies the λ-c.c.

(b) P is semiproper.

(c) Ihp "P(ωι)/(Vωι + Si) is W-layered" (see XIII 3.1A(4), (5)).

(d) P is Ss-complete hence if £3 is stationary, then P adds no new ω-

sequences of ordinals.

(e) Ihp "W* is a stationary subset of {δ < N2 = λ : cf(δ) = NI}".

2) Hence, if Q is the forcing notion of shooting a club through {δ < N2 :
P*Q

cf (5) = NO}UVF* in the universe Vp , then in V " w e have: P(ωι)/(Dωι +

Si) is layered (see XIII 3.1A(4),(5)) (and hence e.g. there is a uniform

ultrafilter E on ωι such that K^/E = #ιSθE not regular; by [FMSh:252]).

Proof. 1) Similar to XIII 3.1 (see on history there).

We define by induction on i < «, Pi, Qi, ti such that:

(A) Qa = (Pi,Qj,tj : tj : i < α,j < α) is an Si-suitable iteration (see

Definition XIII 2.1).

(B) tα is 1 iff: a is strongly inaccessible, [i < a => \Pi\ < a] and lhpa "23 v α fSi

satisfies the α-c.c. i.e. ^2-c.c.".

(C) Qa is defined , in VPa , as (where κα+ι is the first strongly inaccessible

> |Pα|) Q^* SSeal((23Pί : i < α,ti - l),Sι,κα+ι) (see Definition XIII

2.4(5)) where Q^ is the product with countable support of (seal(Ξ) : Ξ G

Ξα} (defined as in the proof of 2.4(1); or use Ξ" from 2.4A(2)).

We should prove by induction on a that Qa is an Si-suitable iteration.

first case for α = 0 - this is trivial.

second case for a limit - this holds by XIII 2.3(1).

third case for α = β 4- 1, t/j = 0.

We should repeat the proof of XIII 2.14(1); we do this case in details.

Let x be regular large enough, i < β,Gi+\ C Pi+ι generic over V, in

V^Gi+i], TV is a countable elementary submodel of (ίf(χ)[Gi+ι ] ,€ ,<*) such

that Qα € N, p e Pa/Gi+ι,p G N.
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We should find q,p < q G Pα/Gi+ι, and q is (-/V[Gi+ι],Pα/Gi+ι)-generic.

By repeating the use XIII 2.12 ω times, we can find qQ G Pβ/Gi+ι,p\β < qQ

such that if Gβ C P^ is generic over V, GΪ+I U {go} £ G^ then:

(*) in V[Gβ], there is TV', TV C Nf ^ (H(χ)[Gβ], G, <*), Nf countable, N' Π

ωι — AT Π ω\, and: for every Ξ G JV'lΊ H(κ) a dense subset of 23 7 for some

7 G Nf Π /?, such that t7 = 1 we have N' Π α i G LUewn- A.

In V^G/j] we can find pn G 9$[G/j],pn G N' ,pn < pn+ι,p0 the Q^[G]-

component of p(/3), such that

(a) ifleN'Ίsa dense subset of Qjg[G/j] ί/ien for some n,pn G T.

(b) if Ξ is a Q^[G/3]-name of a pre-dense subset of 23 p^ , 7 G βΓ\N, t7 = 1,

Λen for some n and ^4, pn Ihgo [G/3] "A G Ξ" and Nf Π ωi G A.

By standard bookkeeping there are no problem; taking care of an instance

of (b) is just like the proof of XIII 2.9, as

(**) z/7 G β Π N', t7 = 1, Ξ G N1 is a pre-dense subset of 23 p^ , ωi \ 5 G Ξ tfien

Why does this hold? As β is strongly inaccessible /\ |P7| < /3, we know
7<£

23 p^ - U7</3 23P^+1, hence [ty = 1 => 23P^ <> 23 p^] and |23P^| = NI in Vp? .

fourth case α = /3 + l,t^ = l.

Q^ is semiproper by XIII 2.8(3) and SSeal((23p^ : 7 < /3,t7 - l),5ι,/c/3+ι) is

the same as SSeal(23p/3,5ι,ft/3+ι) which is semiproper by XIII 2.14(1).

Now if λ G W*, Λ [l^γ I < λ], then exactly as in the proof of Theorem 2.4,
7<λ

lhPλ "23 Pλ satisfies the λ-c.c.", hence tλ = 1, hence 23 Pλ <Φ 23P>C.

As 23 Pλ = 23^ ̂ λ and (JBΦΓ" : α < «) is increasing continuous with limit

BPκ , clearly Pκ is as required.

2) No problem ( or see proof of XIII 3.1). D2.5
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2.5A Remark. Of course, we know |P$| < first strongly inaccessible > |P$| (by

a variant could have gotten |P;| < ̂ i+ι)

2.6 Theorem. Suppose λ strongly inaccessible and the set

W* = {μ < X : μ measurable and (*)£jμ] }

is not only stationary, but for stationarity many K < λ, W* Π K is stationary.

Let (Si, 52,83) be a partition of ωi, Si is stationary.

Then for some forcing notion P

(a) |P| = λ, P satisfies the λ- cc.,

(b) P is semiproper.

(c) Ihp "P(ωι)/(Dωι 4- Si) is the Levy algebra" (i.e. as isomorphic to the

complete Boolean algebra which Levy (No, < ^2) generate).

(d) P is pseudo (*, S3)-complete hence if S3 is stationary then P adds no

reals.

Proof. Similar to XIII 3.7.

Of course we can translate our assumptions to a standard large cardinal

hierarchy, essentially by Shelah and Woodin [ShWd:241], i.e. we note:

2.7 Fact. 1) Suppose Prα(λ, /) (see Definition 1.14), C a club of λ, [δ G C =>

(ff(μ),€,<*) -< (ff(λ), G,<J)] and /(i) < Min(C \ (i + 1)). Γ/>en (*)α[λ,C]

(see Definition 2.2(1)).

2) As Prα(λ, /) is preserved by forcing of cardinality < λ, we can deduce in (1)

also (*)2b[λ,C7] (see Definition 2.2(2)).

3) If λ is a Woodin cardinal i.e. Pr&(λ) (see Definition 1.15) then (*)αJλ] (see

definition in Theorem 2.4).

Proof. 1) By 2.8 below, condition (C) of 2.1 holds in the cases refered to in

Definition 2.2, hence (see Definition 2.2(1)) we get (*)α[λ,C].

2) Easy.
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3) See Definition 1.15 and part (2) of 2.7. Π2.7

2.7A Remark. If you want to get versions of 2.4, 2.5, 2.6 without §1 + 2.1,

you can use 2.8 below (+2.9).

2.8 Claim. Sealing is Semiproper Criterion.

Suppose

(i) P — (Pi : ί < λ) is <£-increasing sequence of forcing notion, PI e H(\)

and Ihp. "K^ is a cardinal", and for any j < X for some i, j < i < X and

2*2 of Vp* is collapsed to NI in VPί.

(ii) Prα(λ,/,D) (defined in Definition 1.14).

(iii) {δ < X : Pδ = \Ji<δ Pi} G D [hence P, <e Pλ where Pλ

 d= U«λ

 Pi and

P\ satisfies the λ-c.c.]

Hence

BQ = {μ < X : (a) μ is a strong limit

(b) Pμ = U P,
i<μ

(c) Pμ satisfies the μ-c.c.

(d) lhPμ "μ - H2" and

(e) for A € P(ωι)yPμ the statement

"A C α i is stationary"

is preserved by P/Pμ} € D

hence

Bl
 d= {δ < X : P/Ps preserves the stationarity of A G P(ωι)yF>δ}

is unbounded in λ.

(iv) B = {a < X : Pχ/Pa is semiproper} is unbounded in λ.

(v) {δ < X : Pχ/Pδ does not destroy semi stationarity (see Definition XIII

1.1(3)) of subsets of <S<κ0(2K2)) (where 2*2 is computed in VPδ)} e D.

By Claim XIII 1.4, (Pχ/Pδ) being semiproper is enough.
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(vi) lhpλ "A = (Ai : i < λ) is a maximal antichain of *Dωι" and

(vii) The following set belongs to D:

{δ < X : f ( δ ) is a strong limit and for some β satisfying δ < β < f ( δ )

we have \\-Pβ "(2*2)yP5 is collapsed to NI", Pβ G H ( f ( δ ) ) and for every

Pβ-name A of a subset of ω\ stationary in VPx, for some α(*) G B (see

clause (iv)) and i we have: Ai Π A is forced to be stationary, i and Ai are

Pα(*rnames, μ < α(*) < /(ί), and {A,Pα(llI),α(*),i,^} G H(f(δ))}.

Then lhPλ "1 is semiproper" (see XIII 2.4(6)).

Proof. Assume the conclusion fails. Let j : V — > M be an elementary

embedding, M a transitive class, and

[# (θ(/))(λ))] C M and D - {A C λ : λ G j(Λ)} and M<λ C M

(exists as Prα(λ,/, D) holds by assumption (ii)).

By assumption (iii) we have M |= "Pλ = (j(P)) (λ)", let j(Pλ) = (Pi :

i < j(λ)) and Pj(λ) = j(Pλ) = U«j(λ) ̂  (Note: the two definitions of P<

for i < λ are compatible by the beginning of this sentence). Similarly let

By (vii) we have M |= "(j(/))(λ) is strong limit", so as [#((j(/))(λ))]v C

M, really j(/)(λ) is strong limit in V so for statements in ff(j(/)(λ)) we can

move freely between V and M . Let Gj(λ) £ -^j(λ) be generic over M, so we let

G^fGj(λ)ΓΊP;.

Clearly GΛ+I C Pλ+ι is generic over V because, generally P» G if (j(/)(λ))

implies Gi is generic over V and Pχ+ι G if ((j(/))(λ)) by (vii). Until almost the

end we shall use G\ only. Note: in V[G\] we have M[Gλ]<λ C M[Gλ] because

PX satisfies the λ-c.c. (see (iii)).

Remembering (vi), in V[Gλ], ^[Gλ] = (Ai[Gχ\ : i < X) is a maximal an-

tichain of T>ωι and seal(A) has cardinality (2Kl)vIGλ] = λ = N^[G?λI (remember

(i)). Let

5 d= {N : N ~< (if(λ+)y[Gλl, G , <*), N countable, and there is no NI,

N -X Ni -< (if(λ+)vlG λl,G, <*), JVi countable and
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In V[Gχ] the set 5 is semi-stationary (subset of 5<N0(fΓ(λ+)vlGλ]), as we

are assuming that the conclusion failed — by XIII 1.3; we note: H(\+)v^Gχ^ =

ff(λ+)MtGλ'. Clearly λ belongs to the set defined in assumption (vii), so in

M there is β as there, so λ < β < /(λ), \\-Pβ «(2^)vPλ is collapsed to NI",

Pβ G ff((j(/))(λ)) and the last condition there hold.

So there is a P^-name (α^ : ζ < ω\) such that:

\\-pβ "(α,ζ : C < u>ι) is increasing continuous, each α^ countable,

Let A = {ζ : (3JV G S)[ωι Π α^ C |7V| C α^]}, clearly it is a Pβ-name.

By assumption (v), Ihp^ "A is a stationary subset of ω\ " hence by the

last condition in (vii) for some j, α(*) we have: α(*) G j(β), j and AI are PQ(#)-

names, /? < α(*) < j(/)(λ) and {ί,α(*),4,4j, ^α(*)} 6 ff((j(/))(λ)). So

for some regular μ (in M and in V) we have μ < (j(/))(λ) and this set G H(μ) =

#(μ)M moreover P(Pα(*)) G ff(μ). So in M [Gα(#)], we have Ai[Gα(llt)] Π AfG/j]

is a stationary subset of ω\. Again this holds in V[Gα(#)] too, (and of course in

*)] NI is not collapsed). Let, in M, w = {i < α(*) : AΪ is a Pα(J)e)-name},

So in M [Gλ]

Sl

 d= {N ^ (H(μ)MlGχ\e, <*, M, Gλ) : N is countable

and for some p G Pa(*)/G\,

p is (Λ/r,Pα(5|e)/GΛ)-semi-generic

a n d p l h " T V Π α i G

r χ - | λ

is stationary subset of <S<κ0 (H(μ)) in M[Gλ], hence in V[Gλ] too. Note

that j induces a unique elementary embedding j"1" from V[Gλ] into M [Gj^)], j+

is really j+, a Pj(λ)-name, and if x G H(\+)M\G^ then }+(x) G M [Gλ], that is

the name belong, and it can be considered a Pj(λ)/Gλ-name (but j4" φ M[GΛ]).
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In F[GA],

: N countable, and

{0C : C «"ι), j(P), α(*),

A, A*, and j+ \H(X+), tf p2(j(λ+))], P, Gχ

belong to TV}.

is in [p<Ho(Fp3(j(λ+)))+)M[GA]^y[Gλ]

 and is a subset of M[GΛ] (though

not a member) as y[Gλ] N "M[Gλ]
<λ C M[Gλ]"

So there are NI G Si, N2 G S2, such that 7V2^(μ)MlGλl - Wi and

p G Pa(*)/Gχ witnessing 7VΊ E Si (see the definition of Si). Let 5 = A/i Π ω\.

Note: Nι,ΛΓ2

Now as p Il~pα ( l l c )/Gλ "^ ^ 4" j by the definition of A there are q and 6 satisfying

p < q G Pα(*)/Gλ, and AT G 5, such that letting 6 = |JV|, we have ^ Ih

"5 C 6 C α5" so 6 G M[Gλ] as b G 5.

Also as q is (7Vι, PQ:()(c)/Gλ)-semi-generic (being above p, as p witness NI G

Si) and (αc : C < ^1} E NI (as it belongs to N2 and to #(μ)MlGλl) clearly

q IK "α, = Nι[GPa(^Gχ} Π

[Why? As (αc : C < ^} E NI and #(λ+)M!Gλl G NI, clearly the function fti :

ίί(λ+)MlGλl ^ωι,hι(x) = min{( < ωι : x G αc} belongs to ̂ ι[Gpβ(#)/σλ]
 and

also some function /ι2 : ̂ i χω — > JH"(λ+)MίGλl such that α^ = {/i2(C? n) : n < α;}

belongs to Ni[GPa(^/Gx].]

Hence

n- c* c Λ Γ G ? n

As 7Vι Π P(Pα(*)/Gλ) - 7V2 Π P(Pa(+)/Gχ) (power set in M[Gλ]), we can also

replace in those statements NI by 7V2. As -Pj(λ)APα(*) is semiproper in M[G\]

(α(*) being in j(β)) there is ς;, q < q' G Pj(Λ) such that <?' is (N2,PJW/GX)

semi-generic in M[G\].

W.l.o.g. q' G Gj(λ) as only GΛ was used. Work in M[Gj(λ)], remember 7V2 G

M[Gλ] So really 6 C JV2[G j(λ)], now as j+ maps N2[GP.(χ)/Gχ} Π
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into Λf2[Gp j (λ)/<3λ] (see the definition of 52) clearly 61 — j+//(6) = {j+(x) : x G

6} C N2[Gj(λ)]. Now as M[G\] 1= "6 is countable", necessarily 61 = j+(6). By

the properties of j+, bι = j+(&) G M[Gj(λ)]; remember j+ is the elementary

embedding j induces from V[G\] into M[Gj(^)], so as b G 5 we have: M[Gj(λ)] \=

But as q < q' G Gj(λ)» N2[Gj(\)/G\], i[Gj(\)/Gχ] contradicts this. So we have

finished proving 2.8. U2.8

When you want to accomplish other things by forcing remember XIII 1.10

(2):

2.9 Conclusion. 1) Assume

(i) P = (Pi : i < λ) is <$-increasing sequence of forcing notion, Pi G H(\)

and \\-pi "#Y is a cardinal", and for any j < λ for some i, j < i < λ and

2*2 of Vpι is collapsed to NI in VPi, let Pχ = \J P^
i<X

(ii) Prί,(λ), i.e. λ is a Woodin cardinal,

(iii) for a club of cardinals μ < λ, if μ is strongly inaccessible then Pμ = \J P^,
i<μ

Pχ/Pμ is semiproper.

Then in VPx , every maximal antichain Ξ of T>ωι is semiproper i.e. seal(Ξ) is a

semiproper forcing.

2) We can above replace (ii), (iii) by

(iii)7 W = {δ < λ : Pδ = U Ή and Pχ/Pδ is semiproper}.
i<δ

2.10 Concluding Remarks. Can we improve 2.6?

Note: we do not know imitate XIII 3.9 (on the Ulam property) as the super-

compactness was used more deeply. But even trying to imitate XIII 3.7 (getting

the Levy algebra, that is weakening the assumption of 2.6 to "for stationary

many μo < λ, for stationary many μ\ < μQ we have (*)2&[μι]) we have a prob-

lem: Is Nm semi proper? In 2.6 the measurability demand in the definition of

W* solves the problem. But it is natural and better to use W* = {μ < X : μ

strongly inaccessible and WLfcJμ]} or W** = {μ < X : Pr&(μ)}
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To get such a theorem it is natural to use XV §3 to prove that the forcing

does not collapse NI and does not destroy stationary subsets of ω\. If 53 =0 we

finish. To prove (d) - relativize Chapter XI to 5ι (as done in XI §8, or see XV).

Still we have to check the parallel of 2.8. We intend to continue in [Sh:311].




