Chapter 11
The Constructible Universe

In Zermelo-Fraenkel set theory, the notion of what consitutes a set is not really
defined, but rather is taken as a basic concept. The Zermelo-Fraenkel axioms
describe the properties of sets and the set-theoretic universe. For instance, if X is
an infinite set, the Power Set Axiom tells us that there is a set, 2 (X), which consists
of all subsets of X. But the other axioms do not tell us very much about the
members of 2 (X), or give any indication as to how big a set this is. The Axiom
of Comprehension says that 2 (X) will contain all sets which are describable in a
certain, well-defined sense, and AC will provide various choice sets and well-
orderings. But the word “all” in the phrase “all subsets of X” is not really ex-
plained. Of course, as mathematicians we are (are we not?) quite happy with the
notion of #(X), and so long as there are no problems, Zermelo-Fraenkel set
theory can be taken as a perfectly reasonable theory. But as we know, ZFC set
theory does have a major drawback: there are several easily formulated questions
which cannot be answered on the basis of the ZFC axioms alone. A classic
example is the status of the continuum hypothesis, 2° = . It can be argued that
this cannot be decided in ZFC because the ZFC axioms do not say just what
constitutes a subset of w; hence we cannot relate the size of 2 () to the infinite
cardinal numbers w,, & € On. (The formal proof of the undecidability of CH is
rather different from the above “plausibility argument”.)

One way of overcoming the difficulty of undecidable questions is to extend the
theory ZFC, to obtain a richer theory which provides more information about
sets. (An alternative solution is simply to accept as a fact of life that some questions
have no answer.) One highly successful extension of ZFC is the constructible set
theory of Godel. In this theory the notion of a “set” is made precise (at least
relative to the ordinals). The idea is as follows.

The fundamental picture of the set-theoretic universe which the Zermelo-
Fraenkel axioms supply is embodied in the cumulative hierarchy of sets. We
commence with the null set, §, and obtain all other sets by iteratively applying the
(undescribed) power set operation, 2. Thus:

Vo=0; Vo1 =2); Vi= UV, if lim@4).

a<i

Then
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In constructible set theory we do not take as basic the (so called “unrestricted”)
power set operator, Z. Rather we say that a set can only be said to exist if it is
definable over existing sets in much the same way that classes are obtained. Recall
from 1.10 that a subset y of a set x is said to be x-definable iff there is a formula
¢ (vy) of &£, such that

y={aex|F0@d}.

To obtain the constructible universe of sets, we start with the empty set and iterate
the operation of taking all the definable subsets at each stage. This provides us
with a universe of sets in which the notion of what constitutes a set is very precisely
defined (relative to the ordinals).

Now, although we can regard constructible set theory as an alternative to
Zermelo-Fraenkel set theory, as axiomatic theories the former is an extension of
the latter: in fact constructible set theory is just ZFC together with one additional
axiom — the Axiom of Constructibility. In this volume we are taking ZFC as our
basic set theory, and we shall study the notion of constructibility in its own right.
Indeed, many mathematicians feel that constructible set theory is not a reasonable
fundamental set theory in the sense that ZFC is, and that constructibility should
only be studied as an interesting notion within the ZFC framework. In any event,
the notion is an interesting and fruitful one, as we hope to demonstrate in the
ensuing pages.

In this chapter we define the constructible universe and develop its elementary
theory.

1. Definition of the Constructible Universe

Let X be any set. By
Def (X)

we mean the set of all subsets of X which are X-definable (in the sense of 1.10).
That is, Def(X) consists of all sets, a, such that for some formula ¢ (v) of Zy,

a={xeX|FxoX)}.

The function Def is a well-defined set-theoretic function, and indeed has the
definition:

v = Def(u) « (¥ x € v) (3 @) [Fml (¢, u) A Fr(¢, {v,})
A (x={zeu|IY(Sub(y, ¢, vo,2) A Sat(u, ¥))})]
A (V@) [(Fml(g, u) A Fr (e, {vo}))
—»>(Axev)(x={zeu|IY(Sub(y, @, vg, 2) A Sat(u, ¥)})].

(We shall presently examine the logical complexity of this definition.)
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By recursion on o € On we define

Ly=0; L,.,=Def(L); L,=1\JL, iflim(4).
a<i

(L, |« € On)is the constructible hierarchy, and is clearly a well-defined function (in
the class sense) of ZF set theory (see later for more details). Hence L is a well-
defined class (again, more details later), where we set:

L= \{JL,.
aeOn
L is the constructible universe. A set x is said to be constructible iff x € L .

Our first lemma below establishes various simple and basic results about the
constructible hierarchy.

1.1 Lemma.

(1) « < B implies L, = Ly.
(ii) Each L, is transitive. (Hence L is transitive.)
@i) L, =V, for all a.

(iv) o« < B implies o, L, € Ly. (Hence On < L.)
(v) Foralla, Lnoa=L,nOn = a.

(vi) Fora<w,L,=7V,.

(vii) For o = w, |L,| = |a].

Proof. (i) and (ii). We prove by simultaneous induction on o that;

(a) y<a—L,s L,

(b) L, is transitive.

For a = 0 this is trivial. For limit o, we have L, = (] L,, so (a) and (b) are

Y
immediate consequences of the induction hypothesis. (In particular, note that any
union of transitive sets is transitive.) In order to prove that (a) and (b) for o + 1
follow from (a) and (b) for «, let us start with (a) for « + 1. It clearly suffices to
prove that L, L,,,. Let xe L,. Then by (b) for o, x = L,, so by X,-ab-
soluteness,

x ={yeL,|F,“Jex"} e Def(Ly) = Lo+,

To prove (b) for « + 1 now, let xeye L,,,.Since ye L,,, = Def(L,) = Z(L,),
we have y = L,. But then x € L,, so by (a) for & + 1 just proved, wehavexe L, ,,
and we are done.

(iii) By induction on a. For o = 0 we have
Lo = Vo = @
At limit stages A, we have
L}.=UL11 and I/).-:Ul/a,

a<i a<i
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soif L, = V, for all « < A, then L, = V,. Finally, if L, = V,, then
La+1 = Def(La) S '@(La) S W(Va) = Va+1 .
(iv) By (i) it suffices to prove that «, L, € L, for all «. Well, for any a,
L,={xeL,|kF, “X=x"}eDef(L,) = L,+,.
To prove that « € L, ; we proceed by induction on «. Assume that ye L, ,, for
ally < a. Thenby (i),y € L forally < a,ie.a = L,. Thus by (ii), « = L, » On. But
On(v,) is a £, formula and is thus absolute for L,. Hence
a={xeL,|F,On(X)} eDef(L,) =L,,.
(Actually we are being a bit sloppy here. As we defined it, On (x) is a formula of
LST, and thus not available for use as above. However, if we take instead the
corresponding #-formula, as described in 1.9.11, then by 1.9.15 we see that for any
x and any transitive set M which contains x:
x is an ordinal « F,, On(x).
In future we shall not bother too much about fine points of this nature.)
(v) That L, » On = a was proved during the proof of (iv). In view of (ii), this
proves all of the equalities in (V).
(vi) For « = 0 we have L, = § = V. Let « < w and assume that L, = V,. We

provethat L ., = V,,,.By(ii) it suffices to prove that V,, , = L, ,.Letxe V, .
Then x = V, = L,, and there are a, ..., a, € L, such that

x={ay,...,a,}.
(Because V, is finite for each o < w.) Hence
x={zeL,|k,C=d,v...vi=ad,)}eDef(L)=Ly,.
Thus by induction, L, = V, for all « < w. It follows at once that

Lo= U L= V,=V,.

a<w a<w

(vii) By (v) we have |a| < |L,| for all a. By induction on o > @ we prove that
|L,| < |a| for all « > w. For o = w this holds by (vi), since

Lol = Vol = 0.
Suppose next that lim (4) and we know that |L,| < |a| for all & < A. Then

|Lal =|U1La| < XLl s 2 |l = 4]
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Finally, suppose that |L,| < |a|. We prove that |L,,,| < |o| (= |a + 1]). Well,
since & is countable, the set of formulas of & _ is easily seen to have cardinality
|L,|. But this at once implies that

|Lo+ 1| = [Def(Ly)| < |L,| <laf,

and we are done. O

Let M be a transitive proper class, and let T be a theory in LST. We say that
M is an inner model of T iff @ for every axiom @ of T. (The name “inner model”
arises from the case where T is the theory ZF, in which case M is a sort of “inner
universe” of set theory. But it is convenient to formulate the definition to cover all
LST theories T)) The following result is fundamental to all work on constructibil-
ity theory.

1.2 Theorem. The class L is an inner model of ZF. More precisely, for every axiom
® of ZF,

ZF - @,

Proof. For each axiom & of ZF in turn, we argue in ZF to prove &~
I. Extensionality. We must prove

L

[(Vx, N(V2)(zexzey) - (x=y]I"

Thus, given x, y € L, we must prove
[(V2)zexezey) —(x =],

This is the same as
VzeL)zexeozey)—(x=Y).

But since L is transitive, x, y < L, so this is the same as
V2)(zexeozey) - (x =y).

And this is true by virtue of the (real) Axiom of Extensionality itself.

II. Union. We must prove
Wx3yVz(zey—@uex)(zeu)l*.

Thus, given an x € L we must find a y € L such that
Vz(zey—Q@uex)(zeu]*,

i.e. such that

VzeLY(zey—@PQuex)(zeu).
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By the Axiom of Union itself, let
y=Ux.

Since x € L there is an ordinal « such that x € L,. Since L, is transitive, y < L,.
Moreover,

y={zeL,|F,,(Av,eX)(Zevy))},
S0
yG Def(La) = La+1 < L.
But since y = (J x,
Vz)(zeye(Juex)(zeu)),
so in particular

VzeL)(zeye—(Quex)(zeu)),

as required.

III. Infinity. We must show that
Bx[@Ay(yex) A(Vyex)@zex)(yez)l

But by 1.1(iv), w € L+, < L, so this is immediate.

IV. Power Set. We must show that
WVx3yVz(zeyezcx)]-.
So, given x € L we must find a y € L such that
VzelL)(zey+rz < x).
By the Axioms of Power Set and Comprehension, let
y={zeP(x)|zeL}.
We prove that y € L, in which case y is clearly as required.
For each z ey, let f(z) be the least o such that ze L,. By the Axiom of
Collection, let o exceed all f(z) for z € y. Thus y = L,. But then
y=A{zeL,|F, (2= %)} eDef(L,) = Lys,-

Thus y e L.
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V. Foundation. We must prove that
Vx[@y(yex)—3y(yex A (Yzey)(z¢x)]I"
Let x € L be given, x + (. We must find a y € L such that y € x and
(Vzey (z¢x)].
By the Axiom of Foundation itself there is a y € x such that
(Vzey)(z¢x).

But L is transitive, so y € L. Clearly, y is as required.

VI. Comprehension. Let @ (v, ..., v,) be a formula of LST. We must prove that
VxVo,...Vu,3yVz[(zey)=(zeXx) A D(z,0y,...,0,)]]".

Let x,a,,...,a,€ L be given. We seek a y € L such that
(VzeL)[(zey) e (zex) A DX (z,ay,...,a,)].

Pick « so that x, ay, ..., a, € L,. Applying the Generalised Reflection Principle
(1.8.1) to the constructible hierarchy, we can find a f > « such that

(VZe Ly [®"(2)— D"(3)].

Let ¢ (vo, ..., v,) be the #-formula corresponding to @, and set
y={zeLglky, @ ds,....,4,) A (ZeX)]}.

Then ye Ly, = L. But by 1.9.11,
y={zex|®(z,a,,...,a,)}.

So by choice of g,
y={zex|®*(z,ay,...,a,)}.

Since y € L we are done.

VII. Collection. We must show that if @ (v, ..., v,) is any LST formula, then

[VUZ"'vn[Vxay(p(y:xal]29'-~svn)
>Yudv(Vxeuw@yev)d(y, x,v,,...,v,)]]F.

Let a,, ..., a, € L be given, and suppose that

VxeL)3yeL)®*(y,x,a,,...,a,).
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We must show that, if we are given a u € L then there is a v € L such that
(Vxeu@yev)®*(y,x,a,,...,a,).

(Since u, v = L here, by the transitivity of L, we do not need to bind x, y by L.)
Well, for each x € u, let f(x) be the least ordinal y such that

@yeL)®"(y,x,as,...,a,).

By the Axiom of Collection (in V), let « exceed all f(x) for x € u. Let v = L,. By
1.1(iv), v € L. Clearly,

Vxew@yev) P (y, x,a,,...,a,),
so we are done.

The theorem is proved. [
We shall in fact prove that

ZF - (AQ)E,

so L is an inner model of ZFC. This in turn will enable us to prove that AC cannot
be disproved in ZF set theory. But first we must establish some further technical
results about the constructible hierarchy. This is the business of the next section.

2. The Constructible Hierarchy. The Axiom
of Constructibility

Recall from 1.10 that a transitive set M is amenable iff:
(i) (Vx,ye M)({x, y} € M);
(i) (Vxe M)(|xe M);
(i) w e M;
@iv) (Vx,ye M)(x xy e M);
(v) if Res M is Zy(M), then (Vxe M)(RnxeM).

(Intuitively, M is a “model” of the theory BS of 1.9.) Our first lemma enables us
to apply the results of 1.9 and 1.10 to the limit levels of the constructible hierarchy.

2.1 Lemma. For each limit ordinal &« > w, L, is amenable.

Proof. (i) Let x, y € L,. Since

La= U Lﬁ’

pa
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there is a f < a such that x, y € L;. Then
{x,y} ={zelylF,E=XVvi=))}eLls: <L,

gi) Let x € L,. For some f < &, x € L. Since Ly is transitive, | ) x = L, and
we have

Ux = {ZELI;“:LIJ(HME)%)(ZOE'J)}EL/}+1 gLa.

(iii) By 1.1(iv), w € L,.

(iv) Let x, y e L,. For some < a, x, y € L;. Since L, is transitive, x, y < L.
Letaex, bey. Then a, b € Ly, so clearly (see the proof of (i) {a}, {a, b} € Lg,,
and hence (a, b) = {{a}, {a,b}} € Ly, ,. Thus xxy < L, and we have

xxy={z€Lgy,|Fr,,,GaeX)3bey)[Z=(ab)]} €Lss; < L,

(In fact xxy e Ly, ,. Why?)

(v) Let R L, be Zy(L,), ue L,. We show that RnueL,. Let ¢(vg,...,0,)
be a X, formula of ¥ and let a4, ..., a, € L, be such that

(VxeL)[xeReoF (X dy,...,d,)].
Pick B < a such that u, ay, ..., a, € Ly. Since L; is transitive, u = Lg, 50
Rnu={x|xeunxeR}={xeLglxeunxeR}.

Now, being X, ¢ is absolute for Ly, L, (by 1.9.14), so for x € L,

FL5¢(>%’dl’""dn)HFL,,(p()%’dl’-u’dn)'

Hence

Rnu={xeLglxeunkr ¢ dy...,d,)}
={xelglxeunFroXd,...,d4)}
={xeLglF,[Xed A p(Xdy...,d)]} €Lgsy < L,

The proof is complete. [

Towards the end of Chapter I, we mentioned on more than one occasion that
it would be necessary to carry through two parallel developments concerning
logical complexity, one of a metamathematical nature, involving the language
LST, the other within set theory, utilising the language .. We are now at the point
where we must begin this process.

In 1.9, we investigated the logical complexity of the basic syntactical and
semantical notions of the language %, showing that each concept could be
defined by means of a formula of LST which is A}S. We shall make direct use of
these results. However, we shall require analogous results obtained within set
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theory. More precisely, working within the theory ZF (in fact KP will suffice, as
we shall see), we shall need to examine the construction of the constructible
hierarchy with regards to its definability properties along the lines of 1.10. As a
starting point, let us observe that now that we have the language % available, we
can use it to analyse the syntax and semantics of %, instead of working in LST.
For this, it is convenient to agree to identify each formula of LST with the class
it determines. With which convention it should be clear that each of the BS-
complexity results of 1.9 provides (by means of the replacement of LST by %) a
uniform definability result for amenable sets. For example, by repeating the proof
of 1.9.10 for £ in place of LST, we obtain a proof of the fact that the class Sat
(= {(u, )| Sat(u, ¢)}) is uniformly AY for amenable sets M. That is, there is a X,
formula ¥ (x, y) of & and a I1; formula 0 (x, y) of £ such that for any amenable
set M, if u, ¢ € M, then

Sat(u, @) & Fa ¥y (i, ¢) = Fp 0, ¢).

(The formulas y and 0 are just the ¥ analogues of the LST formulas described in
1.9.10.)

Let Seq(y, x) be the LST formula which says that y is the set of all finite
sequence from x. More precisely (cf. 1.9.5), let Seq (y, x) be the LST formula:

(3/)[(fis a function) A (dom (f) = w) A (f(0) = 0) A (y = (Jran(f))
ANVnew)(Vsef(n+ 1)[Atef(n)Faex)(s =tu{a n)})
A(Vnew)(Vsefm)(Vaex)(Ftef(n + 1)(t = su{(a, n)})].

2.2 Lemma.

(i) The LST formula Seq(y, x) is AF.
(ii) The class Seq is uniformly A% for limit « > w.

Proof. (i) As it stands, Seq (y, x) is Z;. Or rather, it is X, provided we eliminate
explicit mention of w by means of the prefix (to the entire formula)

Iw[On(w) A (Vu e w)(uis a natural number) A (Yuew)(Jvew)(uecv)
thereafter replacing each mention of w by w.
Now, in KP, using the Recursion Theorem (I.11.8), for any set x we can
construct a function f as in Seq (y, x), so
KPHVx3ySeq(y,x).
Clearly, any such y must be unique. Thus,
KPF Seq(y, x) ~Vz[Seq(z, x) >z =y].

This shows that Seq(y, x) is AP
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(i) The ideas employed in the proof of this part of the lemma will be used
several times in what follows, so we shall first of all consider in general how we
can get from a XXP definability result to a 4= definability result.

Suppose then that @(f, x) is a X, formula of LST, determining the class
A = {x|3fPD(f, x)}. We wish to prove that the class A4 is Z= for some limit ordinal
o > w. Consider the #-analogue of 3 f® (f, x), which will be of the form 31 ¢ (f, x),
where ¢ is a X, formula of #. We prove that for any x € L,,

xeA iff kp 3fe(fX).
Now by 1.9.15, if x, fe L,, we have

®(f,x) ok, 0 (f %).

Consequently, for x e L,,

Fr,3fe(f,X) implies 3fP(f, x).

This leaves us with the proof that

1fo(f,x) implies F;_3fo(f, X).

So, in practice what we must prove is that if there is an f such that @ (f; x), then
there is such an f in L,. (In all the cases we shall encounter, any such f will be
unique, so what we shall prove is that if @ (f; x), where x € L, then fe L,.) Now
let us see how this works in the case of the problem in hand.

Let ¢(y, x) be the #-analogue of the LST-formula Seq(y, x). Let o > w,
lim («). We prove that for any x, y € L,,

Seq (v, X) = Fr, @ (¥, %).

This will show that the class Seq is uniformly %= for limit & > w. We shall also
prove that for any x € L, there is a (necessarily unique) y € L, such that Seq (y, x),
from which fact it follows as in part (i) that Seq is also IT%* (uniformly for limit
o> ).

Let x € L,. Pick y < a so that y > w and x € L,. If a € x, then we have (a, n)
= {{a},{a,n}} eL,,, for any ne w, so if s is any finite sequence from x, then
seL,,,. Thus Seq(y, x), where

y={seL,.,|F. ,,“Sis a finite sequence from X"} .

But ye L,,3; = L,. Consider now the function f which figures in the formula
Seq (y, x). If it exists (i.e. if Seq(y, x)), then clearly,

f={sn|s="x Anew}.

It is easily seen that for any ne w, "xe L,,3, so ("x,n) e L, s, giving fe L, ,¢.
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Thus fe L,, which implies (see the above discussion):

SCQ(J’, x)H FLa(p(f/a -’2)

The proof is complete.* [

Let Pow (y, x) be the LST formula which says that y is the set of all finite
subsets of x. More precisely, let Pow (y, x) be as follows:

3z[Seq(z, x) A y = {ran(u)|u € z}].

2.3 Lemma.
() The LST formula Pow (y, x) is AEF.
(ii) The class Pow is uniformly A%« for limit « > w.

Proof. (i) As it stands, Pow (y, x) is Z,. Moreover,
KPFVx3!ly Pow(y, x),

so as in 2.2 it follows that Pow (y, x) is in fact AXP.
(i) This follows from part (i) by a straightforward application of the technique
discussed above. (The details are left as an exercise for the reader.) O

We shall now write down an LST formula A (v, u) such that

A (v, u) v = Def(u).
Namely:

Vxev)@e)[Fml(p,u) A Fr(o, {ve}) A (x = u)
A(Vzeu)(zex oY (Sub, @, vy, 2) A Sat(u, )]

A (V@) [(Fml(g, u) A Fr (o, {vo}))
s>@xev)[(xcsuAn(Vzeu(zex

<3y (Sub(¥, ¢, vo, 2) A Sat(u, ¥))]].

Our task now is to modify this formula in order to obtain a ¥, formula equivalent
to it. Broadly speaking, the idea is to find a single bound for all of the unbounded
quantifiers in A4 (v, u), much as we did when we formulated the formula Sat (u, ¢)
prior to 1.9.10. What happened there was that we commenced with a formula
S (u, @), which embodied the canonical definition of the notion

“¢p is a sentence of ¥, which is true in {(u,e)”,

and then found a bound for all unbounded quantifiers in S (4, ¢). Now, the binding
set used there is not large enough to handle the quantifiers involved in A4 (v, u)

4 This is not quite accurate, since we did not bother with the quantifier 3w mentioned in the
proof of 2.2. This was because we knew already that w € L,. In practice we shall always restrict
our attention only to the “significant” quantifier(s).
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(though it will clearly suffice for those quantifiers involved in those parts of A (v, u)
concerning Sat). So, as there is clearly no point in rebinding quantifiers which are
already bound, let us at once amend A (v, u) by replacing each occurrence of the
formula Sat (u, @) in A4 (v, u) by S (u, @), denoting the resulting formula by B (v, u).
Since S (u, @) is equivalent to Sat(u, @), B(v, u) will be equivalent to A4 (v, u). We
now seek a bound for all the unbounded quantifiers in B (v, u). (This bound will
have to be large enough to rebind all of the quantifiers we have just freed in
passing from A (v, u) to B(v, u), of course.) Let C (w, v, u) be the formula obtained
from B (v, u) by binding all unbounded quantifiers by w. (Thus C(w, v, u) is a Z,
formula.) We must now see what sort of set we can take for the bound w.

The unbounded quantifiers involved in B (v, u) fall into three types: those that
range over formulas (3¢ and V¢ as in A(v, u)), those that range over finite
sequences of formulas (such quantifiers occur in Fml, Fr, Sub, and S (u, ¢)), and
those ranging over finite sequences of finite sets of variables (these occur in Fr).
Hence, all unbounded quantifiers in B (v, u) can (without loss of meaning) be
bound by the set

K (u) = [the set of finite sequences of members of the set
du{yliew}u{X|xeu}]
U [the set of finite sequences of finite sequences of members
of the set 9 U {v;|ie w} U {X|x eu}]
U [the set of finite sequences of finite subsets of the
set {v;|ie w}].

Let K (w, u) be the LST formula which says “w = K ()", namely:

Fa,b,c,d, e,f)[[(Vzed)Vbl(z) A (Vie w)(v; €d)]
A[(Vzee)Const(z,u) A (Vzeu)(Zee)]
A [Seq(a,9udue)]
A [Seq (b, a)]

A [Pow (f, d) A Seq(c, f)]
Afw=aubuc]].

Provided we remove the explicit mention of w as in 2.2, we see that the formula
K (w, u) is Z,. If we now let D (v, u) be the formula

Iw[K(w,u) A C(w,v,u)],
then clearly,
D(v,u) & v = Def(u).

Moreover, we have:

2.4 Lemma.
(i) The LST formula D (v, u) is £, and A%F.
(ii) The class D is uniformly A% for limit « > w.
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Proof. As in 2.2 and 2.3. (The details are left as an exercise for the reader.) O

Noting that if lim («) and « > w, the set L, is closed under the function Def (this
observation forms part of the proof of 2. 4), we often state part (ii) of 2.4 in the
following form:

2.5 Corollary. The function Def is uniformly AL for limit o« > w. O
We now write down an LST formula, E (f, «) such that
E(fo)ef=(L,ly <a).
Namely:
On(a) A (fis a function) A (dom (f) =« + 1) A (f(0) = )
A (Vy edom () [(lim (y) A 7 > 0) > (f(7) = 6k<)yf )
A (suce(y) = D(f(), Sy — )]

Clearly, E (f, «) says what we want it to, and our next task is to modify this formula
to obtain an equivalent X, formula, just as we just did for D (v, u). Let F(w, f, o)
be the X, formula obtained from E (f; «) by replacing the clause D (f(y), f(y — 1))
by C(w, f(y), f(y — 1)), and rendering the clause

1) =16

in the form

(Vxef(NEoey)(xef(0) A (Ve (f(O) =/1).

Comparing the present situation with that which led up to 2.4, we see that all the
unbounded quantifiers which figure in E(f, «) (namely as part of the clause
D(f(y), f(y — 1))) can be bound by the set

K(|Jran(f)).
So if we let G(f, @) be the £, formula

w[K (w, | ran(f)) A F(w, f, )],

we have
G(f,yef=(L,|ly <®).

Moreover:

2.6 Lemma.
(i) The LST formula G (f, o) is AX®.
(ii) The class G is uniformly A%« for limit « > w.

Proof. (i) The proof boils down to proving that

KPHVaifG(f, ).
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But this follows from 2.4 (i) together with the KP-Recursion Theorem (I.11.8),
which enables us to construct, within KP, the function (L, |y < o) for any or-
dinal a.

(i) Here we quickly reduce to proving that for any limit ordinal « > ,ifd < a
then (L,|y <d)eL,. In fact it is not hard to see that if 6 > w, then
(L,y|y < 0)€ L;yy, so we are done. (We leave all the details to the reader.) O

Let H (x, o) be the LST formula which says that “x = L,”, namely:
fIG(f o) A (x =f(0)].
The following lemma follows easily from 2.6 using the by now familiar arguments:

2.7 Lemma.
(i) The LST formula H (x, o) is AXP.
(ii) The class H is uniformly A% for limit « > w. O

Noting that if & > w is a limit ordinal, then L, is closed under the function
y+ L., we have, by the above:

2.8 Lemma. The function y+— L, is uniformly A% for limit « > 0. O
The following absoluteness results may now be proved.

2.9 Lemma. Let M be an inner model of KP. For any o€ On, L, € M and (L)
= L,. (This equality means that if [H (x, ®)|™, then x = L,.) Hence (L) = L.

Proof. As we observed above, the KP-Recursion Theorem enables us to construct
(L, |y < «) for any ordinal «. Hence if o € On, then we have (£ |y < o) € M, so in
particular I¥ € M. But by 2.7(i) and 1.8.3(iv), we have the absoluteness result
I = L,. The lemma is proved. [J

2.10 Lemma. Let M be an admissible set, and let 4 = sup (M n On). For any o € A,
(L™ = L,. Hence (L) = L,.

Proof. Analogous to the proof of 2.9. [
2.11 Lemma. For any o, (L,)* = L,. Hence (L)* = L.
Proof. Directly from 29. O

2.12 Lemma. Let « >  be a limit ordinal. For all y < a, (L,)** = L,. Hence
(L)'= = L,.

Proof. Much as for 2.10, except that we use the closure properties of L, rather than
admissibility. The details are left to the reader. [

2.13 Lemma. The LST formula

“x is constructible”

is TXP,
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Proof.
x is constructible < x € L

—Ja(xeL,)
oJaJuu=L, A xeu).
The result follows from 2.7 (i) now. [

The Axiom of Constructibility is the assertion that all sets are constructible:
Vx(xel).
This is usually abbreviated as:
V=L.

For the most part we shall be treating the assertion V = L as a particularly
interesting set-theoretical statement, not as a fundamental axiom of set theory in
the sense of the axioms of ZFC. Thus the use of the word “axiom” in this connec-
tion is somewhat different from the more common usage. From our standpoint it
would perhaps be more suitable to refer to V= L as the “Hypothesis of Construc-
tibility”. However, we shall stick to the accepted usage of the phrase “Axiom of
Constructibility”.

2.14 Lemma. The LST formula V= L is TI¥? .
Proof. V= L <V x(x € L), which is TI§® by virtue of 2.13. O

2.15 Theorem. ZF (V= L)*. Hence L is an inner model of the theory
ZF + (V= L).

Proof. By 2.11, (L)* = L. But clearly, (V)" = L. Hence,
(M)t = (L)
In other words,

(V=L O

3. The Axiom of Choice in L

In this section we shall show that
ZF - (AC)L.

We do this in a very strong fashion. We exhibit a formula & (v, v,) of LST such
that (suitably expressed)

ZF - [“® well-orders the universe” ]-.
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In order to describe the formula ®, it is necessary to look once more at the
definition of the constructible hierarchy. Recall that in passing from L, to L, {,
we allow any elements of L, to figure as parameters in definitions of the new sets
appearing in L,,,. The following lemma shows that we may be rather more
restrictive than this, and provides us with a slightly more convenient characterisa-
tion of L, in terms of L,.

3.1 Lemma. Let x € L, ;. Then there is a formula ¢ (vy, ..., v,) of & (so in partic-
ular @ contains no individual constant symbols) and ordinals y,, ..., y, < o such that

x={zeL,|F 0EL,,....,L,)}.

Proof. By induction on «. For a = 0 there is nothing to prove, since @ is the only
possible set x. Let « > 0 now, and suppose that the lemma is valid below o. If
x € L, there is an #-formula ¥ (v, ..., v,) and elements p;, ..., p, of L, such
that

X = {ZELa“:Lu‘p(zo’ﬁlr'”’ﬁn)}-

Pick y < asothatp,, ..., p, € L,+,. By induction hypothesis, foreachi = 1,...,n
there is an Z-formula y; (v, ..., V() and ordinals yi, ..., yk < 7 such that

Di = {ZEL)’“:LVWE(Z°9i‘y"15--~’i’yi )}

k(i)

For each i, let Yi(vo,..., kg Uki+1) be the Z-formula obtained from
¥;(vo, ..., V() by binding all unbounded quantifiers by v+, . Then clearly,

pi = {Z € La' FL,, [(Z° € i‘y) A !//;(Zo’ iy"la RS i‘y:‘(i)’ i‘y)]} .
Hence,

X = {Z € La' ':La(apl)(apn)[W(zo’pls ""pn)
A (Vo) [(v <5p1)<—>(vefdy AV (v, Iiy:,..., ﬁy;(m, f,y))] Aeenn.
A (VU) [(UE]J”)H(UG t’y A W;(Ua f‘y';a teeo I:y:(n)’ i’y))]]} .

The lemma is proved. O

We shall now fix a simple, effective well-ordering of the formulas of .#. The
precise definition is not important. For definiteness, we say that if ¢ and Y are
formulas of &, so in particular, ¢ and y are both finite sequences of sets, then
¢ =3y iff either ¢ is an initial segment of Y or else k(¢ (i)) < k(Y (i), where i is the
least integer such that ¢ (i) & (i) and where the function k is defined on the set

9u {v,|new}

X if xe9
k — )
) {n+9, if x=v,(=(2,n).

by
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We also define < * to be the lexicographic well-ordering of the finite sequences
of ordinals, i.e. if s and t are finite sequences of ordinals, then s <* ¢ iff

(i) dom(s) < dom (¢), or else
(ii) dom(s) = dom (¢) and s(i) < t (i), where i is least such that s (i) = ¢ (i).

Using 3.1, we now define a well-ordering of the class L. Let x, y € L. We set
x <y iff either:

(A) The least o such that x € L, , is smaller than the least  such that ye L;, ;;

or else
(B) there is an « such that x and y both lie in L,,; — L, and either:
(B1) the —3 -least formula ¢ (vg,...,v,) of & for which there are ordinals

V15 ++.» Y < a such that
x={zeL,k, 0GL,,....L,)}

—3-precedes the =3 -least formula y (v, ..., v,) of £ for which there are
ordinals é,, ..., d,, < a such that

y={zeL, |k, ¥ Ls,...,L;)}; orelse

. (B2) the formulas ¢ and ¥ in (B1) coincide, but the <*-least n-sequence
Y15 ..,y of ordinals y; < o which defines x as in (B1) <*-precedes the
< *-least n-sequence <J;, ..., 0,y of ordinals §; < a which defines y.

It is easily seen that < is indeed a well-ordering of L. Our task now is to
investigate the logical complexity of this well-ordering.

The following LST-formula, N (o, x, ¢, t) says that ¢ is a formula of &£, t is a
finite sequence of ordinals less than a, the free variables of ¢ are vy, ..., v,, where
n=dom(t),and x = {ze L,|F, ¢ (2, f.,(o), ...,i,(n_l))}:

JudfIn Iy [Fml(p, 0) A Finseq(t) A (dom(t) = n) A (Vien)(t(i) € a)
AFr(guy A(fin+1eou)AMien+ 1)(f() =v)
A Finseq () A (dom () =n + 1) A (Y (0) = ¢)
A(Vien)Sub( (i + 1), Y (), viy s L) A (xS Ly)
A(VzeL,)(zex—30(Sub(b, ¥ (n), vy, 2) A Sat(L,, 0)))].

The following LST-formula, M («, x, ¢), says that ¢ is the 3 -least formula of
% such that N (o, x, @, t) for some ¢:

AON @ x, @, ) A (VO)A)N (0 x, @, 1) = (@ @'V o =0¢))]

The next formula of LST, P(«, x, ¢, t), says that ¢ is the <*-least suitable
sequence of ordinals less than « such that N («, x, ¢, t):

N(o,x, 0, t) A (VE)[N (o, x, @, t') > (t <*1t')].
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We are now able to write down a formula of LST which expresses the relation
x <y outlined above. We shall not bother to replace the relations 3 and <* by
their LST-definitions, since it should be obvious how this can be done, and is thus
not worth causing further complications. Let X (x, y) be the following LST-
formula (to express x < y):

@o)[(xeL) A (y¢ L)l v (F0)Q(x,,9),

where Q (x, y, o) is the LST-formula

[(x€Lsi) A(yELgrr) A(x& L) A (yéLy)]
AE e, ) [M (e, x, 9) A M (2, 3, 4) A (0 3Y)]
v (39)[M (o, x, ) A M(a, y, @)
A@3s, [P x,@,8) AP,y @.t) A(s<*t)]]].

Now, it is easily seen that any unbounded quantifiers in the formula Q (x, y, «)
may be bound by L.y . «+4)- (This includes the quantifiers which are required
in order to define —3 and <*)) So if R(x, y, @, w) is the formula obtained from
Q(x, y,®) by binding all quantifiers not already bound by w, we see that the
relation x < y is expressed by the formula

@[(xeL) A (yé¢L)]v @a)@AW W = Liax @, a+4) A R(x, , 0, w)].
We denote this formula by WO (x, y). It is clearly £,. Moreover,

3.2 Lemma.
(i) The LST formula WO (x, y) is AKP+V=D
(i) KPF“{(x, y) WO (x, y)} is a well-ordering of L”.

Proof. We prove (ii) first. From the way we evolved the formula WO (x, y) above,
it is clear that what we must prove is that (working in KP) if x, y € L, x # y, then
either WO (x, y) or else WO (y, x). But if x, y are as stated, then either x <,y or
else y < x, of course. So we are reduced to proving that if x < y, then the sets
required to exist by virtue of the existential quantifiers involved in the formula
WO (x, y) can all be constructed (from x, y) in KP. This is easily seen, and is left
as an exercise for the reader.

We now prove (i). We know that the formula WO (x, y) is X, . But by (ii) we
have

KPE(Vx,ye L)[WO(x, y) > [(x = y) v WO(y, x)]].
Hence WO (x, y) is also IT¥P+*=D ]
Let wo (x, y) be the analogue of WO (x, y) in #. Then:

3.3 Lemma.
(1) If x,ye L,, then

WO (x, J’)‘—’ |=L.V WO()%, j}),

where y = max (w, o + 5).
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(1) If @ > w is a limit ordinal, then
{Ge, )| EL, wo (X, y)} is a well-ordering of L,.

(iii) The relation x <, y is uniformly A%« for limit o > w.

Proof. (i) This follows from 3.2 by the kind of argument outlined in 2.2. The heart
of the proof is to show that the existential quantifiers involved in wo (x, y) can be
bound by L., where y is as stated. The details are left as an exercise for the reader.

(ii) This follows immediately from (i).
(iii) This also follows from (i). O

We often write x <, y in place of both WO (x, y) and wo (x, y).
The following lemma is clear from the definition of <, and will often be used
without mention.

3.4 Lemma.
() If x<pyand ye L, then xe L,.
() IfxeL,and yé L,, then x <. y.
(i) IfxeyeL,thenx <py. O

For later use we also prove the following result.

3.5 Lemma. Let pr be the predecessor function defined on L by
pr(x) = {z|z <px}.
(i) xe Lo pr(x)eL.

(ii) if @ > w is a limit ordinal, then xe L, > pr(x)€ L,.
(iii) pr is uniformly AL= for limit o > w.

Proof. (i) follows directly from (ii).
(i) Let x € L,. Choose B < a so that x € L;. We know that

z<px—zelLg.
Moreover by 3.3 (i),

(Va,be Ly)[WO (a, by F, wo(d, b)],
where y = max (w, f + 5). Hence

pr(x) ={zeL,|F, wo(Z X)} € L,+; S L,.

(iii) Let w(z, x, 1) be the #-formula obtained from wo (z, x) by binding any
unbounded quantifiers by 1. By 3.3 (i),

y=pr(x)F, 3P [(Xe Ly A (J< Ly
A (VZ € LB)(Z € _)‘:'HW(Z, J%’ Lmax(w,ﬂ+5)))]'
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So pr is uniformly X« for limit o > . Hence by 1.10.4, pr is uniformly A%+ for limit
o>w O

The following result is also fundamental to much of the work on constructi-
bility.

3.6 Lemma. There is a X, formula Enum («, x) of LST, absolute for L, such that
KPH“If F = {(x, o) | Enum (o, x)}, then F: On« L”.

Proof. Intuitively, Enum («, x) says that x is the a-the member of L under the
well-ordering < ;. Thus, Enum (e, x) is the formula:

3 [(fis a function) A (dom(f) =a + 1)
AVELea+ DE<-f(E) <Lf)
ANE)[E=pr(x) A (Vyez)@Bea)(y =fB)] A (fle) = x)].

It is easily seen that this formula is as stated in the lemma. [

As an illustration of the use of 3.6 we show that V = L can be reduced to an
“axiom of constructibility for sets of ordinals”.

3.7 Lemma. KPFVa(@=On—ael)y—>(V=L).

Proof. (In KP.) Assume all sets of ordinals are constructible. We prove by
e-induction that

Vx(xelL).
Let x be given, and suppose that
yex—>yelL.
By X,-Collection, let
a={alaeOn A (Iyex)Enum (o, y)}.
By hypothesis, a € L. Hence, using the induction hypothesis,
x' = {y|(3a e a)Enum/(x, y)L} € L.
But by the absoluteness of Enum, x = x/, so we have x € L, as required. [J

3.8 Theorem. ZF - (AC)L.
Proof. An immediate consequence of 3.6. (The function F well-orders L.) O

Notice that we made no use of AC in the above proof. This will be important
to us in the next section.
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4. Constructibility and Relative Consistency Results

The construction of inner models such as L provides us with a useful method for
obtaining relative consistency results. The idea is as follows. Suppose @ is some
statement in LST, and that there is a class M such that

ZF - (ZF + o).

Then the consistency of the theory ZF + & follows from the consistency of ZF.
Indeed, given a proof of an inconsistency in ZF + & we could, in a highly effective
manner, produce from it a proof of an inconsistency in ZF. To see this, let
Y, ..., ¥, be a proof (in the formal sense) of an inconsistency in ZF + &. Thus,
foreachi =0,...,n, ¥ is a formula of LST which is either an axiom of the theory
ZF + @ or else follows from some of ¥, ..., ¥;_; by an application of a rule of
logic, and ¥, is a statement such as (0 = 1). Consider the sequence ¥, ..., YM. If
¥, is an axiom of ZF + @, then ¥M is a theorem of ZF, by the assumption on M.
And if ¥, follows from some of ¥, ..., ¥;_, by means of a rule of logic, then ¥M
follows from the corresponding members of ¥, ..., ¥, by means of the same
rule. Hence ¥M is a theorem of ZF. But since ¥, is an inconsistency, so too is ¥V .
As a particular instance of the above considerations, we have

4.1 Theorem. If ZF is a consistent theory, so too is ZFC.
Proof. By 1.2 and 3.8,

ZF - (ZF + AO)L. O

Similarly, using 2.15, we obtain

4.2 Theorem. If ZF is a consistent theory, so too is ZFC + (V=L). O

A consequence of this last result is that any statement @ which we can prove
in the theory ZFC + (V= L) will have automatically been shown to be consistent
with ZFC. Thus proofs of results in the theory ZFC + (V' = L) have a significance
in terms of ZFC set theory, regardless of the light in which V' = L is viewed.

We end this short section by giving a characterisation of L in terms of inner
models.

4.3 Theorem (The Minimal Model Property). L is the smallest inner model of ZF.

Proof. By 1.1, L is a transitive proper class. By 1.2, L is thus an inner model of ZF.
Let M be any other inner model of ZF. By 2.9, (L) = L. Thus L= M. [

In fact the above proof tells us more, namely:

4.4 Theorem (The Minimal Model Property for KP). L is the smallest inner model
of KP. O
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5. The Condensation Lemma. The GCH in L

Recall from 1.10 the definitions of the notions of elementary substructure,
3,-elementary substructure, elementary embedding, etc., together with the notation
we established concerning these notions.

The following lemma is often useful in this connection.

5.1 Lemma. Let M =<{M,e, Ay, ..., A,>, where M is an amenable set, and let
N = (N, ... ) be a substructure of M. Let n > 0. The following are equivalent:

i) N<,M;
(i) if A is a non-empty TM(N) subset of M, then AN N =+ ().

Proof. Before we start, we recall that in the definition of X, in the case of the
language ¥, we do not allow repeated quantifiers.

(i) — (ii). Let 4 be a non-empty ZM(N) subset of M, and let ¢ (x, y) be a Il _,
formula of the M-language, with parameters from N, such that

A={xeM|FyIyo (X, y)}.
Since 4 + 0,
EmIxdyo(x,y).
So, as M is amenable,
Fm3 z @ ((2)0, (2)y1)-
So, as N <, M, by (i),
En 320 ((2)os (2)1).
So for some x € N,
Fndye(X,y).

But 3y (X, y) is a £, formula of the M-language with parameters from N, so by
(i) again,

Fvdyo (X, y).
Hence x € A. But x € N also. Thus, as required,

ANN £0.

(i) — (i). We prove by induction on the length of formulas that for any sen-
tence ¢ of the M-language with parameters from N which is at most X,,,

Ene iff Eyo.
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If ¢ is primitive the result is trivial. If ¢ is of the form — s or else of the form
V¥, A Y5, the induction step is immediate. There remains the case where ¢ is of the
form 3 x (x). Suppose first that

EnG.
Thus,

EnIxy (x).
So for some x € N,

ENY (X).
Now, ¥ (X) is shorter than ¢ and is at most II,_;, so by induction hypothesis,

Fmy (X).
Thus

Em3Ixy(x),
ie.

Emo.

Conversely, assume now this last fact. Then

EmI Xy (x).
Let
A={xeM|Eyy(X)}.
Then A is non-empty, and is a T} (N) subset of M. (In fact A is II™_, (N).) So by
(i1),
ANN 0.
Let xe An N. Then
Fmy (X).

But i (X) has parameters from N, is shorter than ¢, and is at most IT,_, . So by
induction hypothesis,

i (3).
Thus,

En3xY (),
ie.

EnG.

The proof is complete. [
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The following theorem is arguably the most important single result in con-
structibility theory (as far as applications are concerned).

5.2 Theorem (The Condensation Lemma). Let o be a limit ordinal. If
X < 1 Laa

then there are unique 1 and f§ such that B < o and:

(i) m: (X, e) =Ly, €);
(i) if Y < X is transitive, then n [ Y=1d [ ¥;
(iil) 7(x) <px for all x e X.

Proof. Notice first that by an easy induction on m we can prove that L,, = X for
all m < w. Indeed, if xe L, ;, then x is of the form

x={a,...,a}
for some a,,...,a;, € L,, and
Fr,Ax[(@ex)A...Aa@Gex)A(Vzex)(z=4d) V...V (z=ad)],

soif L,, = X this sentence is true in X, which means that x € X. Since L,, < X for
all m < w, we have L, = X. Thus in the case « = w, we have X = L,, and the
theorem is trivially valid. So from now on we shall assume that o > .
Note first that X is extensional. For suppose that x, y € X, x + y. Then
Fr,dz(zexe—z¢y),
soas X <;L,,
Exdz(zexeoz¢y),
which means that for some z € X,

ZEXzE Y.

Since X is extensional, by the Collapsing Lemma (I1.7.1) there is a unique 7 and a
unique transitive set M such that

mX=M.

We shall show that M = L for a (unique) ordinal f < a.
By 2.7 there is a £, formula @ (z, v, y) of LST such that

@ VoVl =L,o3z0(07),
and moreover, if ¢ (z, v, y) is the #£-analogue of @ (z, v, y), then (using 1.9.15)

(b) (Vy<a)(Vo)[v=L,>veL, A Fr 3z¢(z0,7)].
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Now, n7': M <, L,, so if FyyOn(x) then =~ ! (x) € «. Moreover, by (b) we have
(c) Vy<a)[k,dvIze(z )]
Hence, applying 7~ ', we get
d) VyeM)[EyIvizo(z,v,79)].
So,
(e) VyeM)FveM)(@Fze M)[Ey o (5, 7)].
Thus as M is transitive, 1.9.15 gives
) VyeM)BveM)@zeM)P(z,v,7).
Thus by (a)
(8) (Vye M)(L,e M).
Now, M is transitive, so
MA~On=p
for some ordinal B. Thus (g) becomes
(h) (Vyep(L,eM).
So, as M is transitive, we conclude that

Q) UL,cM.

y<B

Again, since

La = U Ly’
y<a
we have
) (VxeLy)[Fr,3yIvIz(p(z,v,7) A (Xev)].

Applying 1,

(k) VxeM)[FyIyIviz(e(z,v,79) A (XED)].
Thus,

1] VxeM)@yeM)BveM)Fze M)[Fyo(Z, 5,9 A (XeD)].
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So by 1.9.15,

(m) VxeM)@yeM)BveM)(3ze M)[P(z,v,7) A (xev)].
Hence by (a),

(n) (VxeM)@yeM)(xelL,).

Thus by definition of f,

(0) VxeM)@@yep)(xeL,).

In other words,

(p) Mc )L

v
y<B

Combining (i) and (p) we conclude that

) M= U L,.

y<8

But lim («), so

VMvea)[F, 3t(V <7)],
which implies that

Vve M)[Fp (¥ <1)].
Thus,

VMvep)Etep)(v <.
Hence lim (f), and (q) becomes

M=L,.

That completes the proof of part (i) of the theorem.
Part (ii) follows immediately from 1.7.1. We are left with the proof of part (iii).
Suppose that 7 (x) >, x for some x € X. Let x, be the <,-least such x. Since
Xo € X, m(xo) € Ly. But xq <y m(x,). So by 3.4(i), xo € Lg. Hence x, = n(x,) for
some x,; € X. Thus

m(x1) = Xo <L m(Xo).

But < is uniformly £§* for limit A > w and =~ *: L <, L, (and moreover « and
p are limit ordinals), so the above inequality yields

xl <Lx0.

But this means that x, < 7 (x,), which contadicts the choice of x,. The proof is
complete. [
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Using the Condensation Lemma, we shall prove that the GCH is valid in L.
We require the following lemma, which though stated for limit levels of the
constructible hierarchy is really a result about structures with definable well-
orders.

5.3 Lemma. Let o be a limit ordinal, and let X <= L,. Let M be the set of all elements
of L, which are definable in L, from elements of X. (i.e. a € M iff for some formula
@ (vo) of Px, a is the unique element of L, such that k;_¢(d).)

Then

XecM<L,

and moreover M is the smallest elementary substructure of L, which contains all
elements of X.

Proof. If « = w then as in the proof of 5.2 we see at once that M = L,, and that
the only elementary submodel of L, is L, itself. So we may assume that « > w from
now on.

If x € X, then x is definable in L, by means of the formula

(vo = X)
s0 X = M. To show that M < L, we prove that for any formula ¢ (v,) of %,
Fr,3xe(x) implies (3xe M)[F, ¢ (X)].

(This is Tarski’s Criterion for being an elementary submodel.) Let  (v,) be the
following #x-formula:

¢ (Vo) A (Yvy)(vy <pvo = 71 ¢ (vy)).

If F;_ 3x ¢ (x) then F;_3Ixy(x). But there is clearly just one x € L, such that
Er, ¥ (X). Hence the formula i (vo) defines x from elements of X in L,. Thus x € M.
Since F;_ ¢ (x), we are done.

Suppose now that X = N < L,. We show that M = N. Let x € M. For some
formula ¢ (vo) of #x, x is the unique element of L, such that F;_ ¢ (X). Now,
Fr,3v09(vg), so as X = N <L,, we have FyJv,¢(vy). So for some ye N,
Ex@(¥). But N <L, so k;_¢()). Hence y = x, and we are done. [

5.4 Corollary. Let o be a limit ordinal. For any X < L, there is a unique smallest
M < L, such that X = M. For this M,

M| = max(|X], w).
Proof. Let M be as in 5.3. Since #x has max (| X |, w) many formulas, we clearly
have |M| = max(|X|,w). O

Now, one striking difference between the constructible hierarchy and the
cumulative hierarchy of sets is the rate of growth. By definition, if x € V,, then at
level V,, , all subsets of x appear. But the same is not true for the constructible
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hierarchy. For instance, L,, , , will contain some subsets of w, but not all of them.
More will appear at level L, , 5, still more at level L, ; 4, etc. However, as our next
lemma shows, there is a bound to this “gradual growth” process.

5.5 Lemma. Assume V = L. Let k be a cardinal. If x is a bounded subset of  (or
more generally if x < L, for some a« < k), then x € L,.

Proof. For k < w the result is trivial, since then L, = V.. So assume x > . Pick
o < k so that « > w and x = L,, and let 4 be a limit ordinal such that 4 > k and
xeL,. By 54, let M < L, be such that L, u {x} < M and |M| = |L,|. By the
Condensation Lemma, let n: M =~ L,. Since L, U {x} is a transitive subset of M,
n|L,u{x} =id | L, U {x}. In particular, 7 (x) = x. Thus x € L,. Now by 1.1 (vii),
|L,| = |«| and |L,| = |y|. Hence,

Pl =Lyl =" M| = M| = |L,| = |a| < K.

Thus y < k. But then L, = L,, so x € L,, and we are done. [J
5.6 Theorem. V = L implies GCH.
Proof. By 5.5, Z (k) < L,+ for all infinite cardinals x. So by 1.1 (vii),

Vr)2* < |L.+| = k™).

The result follows at once. O
5.7 Corollary. ZF - (GCH)~.
Proof. We know that

ZF - [ZFC + (V = L)]*.
By 5.6,
ZFC + (V= L)+ GCH.

The result follows at once. [
5.8 Corollary. If ZF is consistent, so too is ZFC + GCH.
Proof. By the discussion in section 4. [

We finish this section by proving two special cases of the Condensation Lem-
ma for later use. First a technical lemma.

5.9 Lemma. Let « > w be a limit ordinal, N < L,. Let A(x) be a non-empty Z&(N)
predicate on L,. Let x be the <;-least element of L, such that A(x). Then x is
X, -definable from elements of N in L,.

Proof. We can define x in L, by the predicate
AX) A Quwu=pr(x) A (Vzeuw 1 A(z)].

By 3.5, thisis £,. O
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5.10 Lemma. Assume V= L. If X <, L, , then X = L, for some o < w,.

Proof. By the condensation lemma, there are «, a such that « < w;andn: X =~ L,,.
If Y = X is transitive, then 7| Y = id | Y. So if we can show that X itself is transi-
tive we shall be done.

Let xeX. Then xeL, = |J L, so xeL, for some y<w,;. But

y<oi
IL,| <|y] + @ = w, so as L, is transitive, x is countable. There is thus a function
f: @22 x. Let f be in fact the <;-least such function. By 5.5,f€ L,,,. So by 5.9,
fis Z;-definable from xin L,,,. But x € X <, L,,. Thus fe X. But clearly o = X.
Thus f(n) € X for all n < w. Thus x = f" w = X. Hence X is transitive, and we are
done. O

5.11 Lemma. Assume V= L. Let k > w, be a cardinal. If v, € X <, L,, then
XnL, =L, for some o < w;.

Proof. Since w, € X and X <, L,, we have L, € X (by 2.8). Clearly,
XL, ={xeX|kx“%el,”}.

But X <, L,. So, using an obvious extension of our established notation, for any
X, sentence ¢ of Ly, L, > We have

Fr, o iff Fp oter iff Fxofer iff Fx.p 0.

Thus X nL,, <, L,,, and we are done by 5.10. (Note that in fact the above
argument works for any ¢, X, or not, so that we actually have X nL,,,
<L,.) O

In connection with 5.11, let us just mention that if x > w, is a cardinal and
X <, L,, then we automatically have w,, L, € X, since L, is definable in L, by
the X,-formula (in free variable u)

onto

@Vu=L)A(Fxew@Afew(f: o—=5x) A (V)1 (f: 0—25 ).

6. £, Skolem Functions

The notion of a X, skolem function for a structure L, plays an important role in
some of the deeper parts of constructibility theory (the so-called fine structure
theory). In this section we introduce the basic ideas, and in section 7 we give an
application, but a detailed study will not be begun until Chapter VI.

Let(¢;|i < w)enumerate all IT, _ , formulas of ¥ with free variables v,, v, . Fix
o a limit ordinal grater than w. For each i < w and each x € L, if

Fr,dy 0i(y,X),
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let h;(x) be some element y of L, such that

Fr, ;i (J, X).

This defines an w-sequence (k;|i < w) of partial functions h; from L, to L,. By the
usual methods of contracting quantifiers and parameters, if X < L, is closed
under ordered pairs, and if Y is the closure of X under the functions A;,i < w, then
Y=<, L,. (The argument is given, in effect, in 6.2 below.) Now, as far as generating
%, elementary substructures is concerned, the exact definition of the functions h;
is not important. But we shall require something rather more than this, though at
this stage the reader will simply have to postpone a proper motivation until later,
since the situation we are leading towards is rather complicated. What we require
is a particularly “nice”, canonical definition of the functions h;. In particular, we
want the functions h; to be definable over L, in as logically simple as fashion as
possible. Now, the most obvious canonical definition of the functions h; would be
to make use of the canonical well-ordering < ; of L, setting h; (x) ~ the <;-least
y € L, such that £;_¢;(y, X). (The symbol ~ is standard when partial functions
are concerned: to write f(x) ~ g(x) means that f(x) is defined iff g (x) is defined,
in which case they are equal.) It is easily seen that each function A; so defined will
be IT,. It turns out that we want functions h; that are X, (and in fact rather more
than that), so this obvious definition is not adequate for our purposes. To be
precise, what we require is the following. Let h be the partial function defined on
wx L, by

h(i, x) ~ h;(x).
Then the function h should be Z,(L,).
The construction of a function h as outlined above requires some considerable
effort, and will be postponed until much later. For the moment we investigate the

general properties such a function will have.
Let M be an amenable set, and let

M = <M,E, Al""’Ak>'

Let n > 1. A X, skolem function for M is a X,(M) function h such that dom (h)
< wx M, ran(h) = M, for which there is a pe M such that h is ZM({p}), and
whenever A is a non-empty =M ({p, x}) subset of M for some x € M, there is an

i € w such that k(i, x) € A. (In this situation we say that p is a good parameter
for h.)

6.1 Lemma. Let M be an amenable set, and let
M=WM, e, Ay,..., 4.

Let n > 1, and let h be a X, skolem function for M. Then:
(i) if x e M, then

xeh”(wx{x}) <, M,
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(i) if ge M and if X = M is closed under ordered pairs, then
Xuig sh(ox(X x{q}) <,M.
Proof. Let p be a good parameter for h. We prove (i) first, Set
N =h" (0w x{x}).
Since {x} is a =M ({x}) subset of M,
h(i, x) € {x}
for some i < w, so x € N. To show that N <, M we use 5.1. Let 4 be a non-empty

IM(N) subset of M. We must show that A n N # @. Pick y,,..., y,, € N so that
AeIM({y,..., Ym})- By definition of N there are j,, ..., j, < @ such that

yl = h(jl,x)’--wym = h(jmsx)'

Let ¢ (vg, ..., v,) be a Z, formula of the M-language, having no individual con-
stants, such that for any a e M,

aed iff Fye(d Yy, ... Im);

and let { (vg, vy, V5, U3) be a Z, formula of the M-language, also having no individ-
ual constants, such that for any u,ve M, i € w,

v="h(,u) iff Eyy @51, p).
Then, for any a e M,

aEA lff FM(Hyla"'aym)[l//(ybjol, )%’ﬁ) ASERRIA l//(ym,jim )%9}3)
A @l yys..es Y.

The predicate A is thus seen to be ZM({x, p}). (The parameters j,, ..., j, can be
ignored since, being integers they can be replaced by their set-theoretic definitions,
ie. 0 =0, 1 = {0}, etc.) So by the definition of the £, skolem function concept
there is an i < w such that

h(i,x)e A.

Thus A " N = @, and we are done.
We turn to the proof of (ii). Let

N =h" (o x(X x{q})).

As in part (i) we get X U {q} = N, and we must show that N <, M. Again, we
begin by picking an arbitrary =M (N) subset 4 of M, and show that if A #+ @ then



88 11. The Constructible Universe

ANN #0. Pick y,,..., ym€ N so that Ae ZM({yy, ..., ym}) Pick ji,...,jm< @
and x,,..., X, € X so that

= h(jl’(xla 7)) h(.jm’(xm’ q9)-

Set x = (x4, ..., X,,). Since X is closed under ordered pairs, x € X. As in part (i) it
is easily seen that 4 is Y ({p, (x, q)}). It follows that there is an i < w such that
h(i,(x,q) € A, giving AnN 0. O

6.2 Corollary. Let M, n, h be as in 6.1. If X = M and if " (o x X) is closed under
ordered pairs, then

Xcsh(oxX)<,M.

Proof. Let
Y="h"(wxX).

By 6.1 it suffices to prove that A" (w x Y) = Y. Well, since X = Y we clearly have
Y=h(oxX)sh(wxY).

Conversely, suppose z € h" (w x Y). Pick i € w, y € Y so that z = h(i, y). For some
jew, xe X we have y = h(j, x). Thus z = h(i, h(j, x)), which shows that z is
% ,-definable from p and x in M. Thus {z} is a ZM ({x, p}) subset of M. So for some
ke w, h(k,x)e {z}. Thus ze h"(w x X) = Y, and we are done. O

If « > w is a limit ordinal, then L, has a X, skolem function for every n > 1.
For n > 1, the proof of this fact is quite tricky, and will not be given until
Chapter VI. But for n = 1 the proof is both easy and illuminating, so we deal with
this case now.

For any limit ordinal « > w and any n € o, F}» denotes the restriction of
to the X, sentences of % .

6.3 Lemma. Let o > o be a limit ordinal. Then the relation F1° is (uniformly for all
such o) Ak,

Proof. For the purposes of this proof, we shall regard the X, formula Sat (u, ¢) as
being expressed in the language %, rather than in LST as defined previously.

If ¢ is a X, sentence of <., then by Zs-absoluteness, if y < o is such that
pel,,

Fr,o iff Fpoo.

Moreover, absoluteness considerations also tell us that for any u € L, and any
formula  of %,

F W iff Ep Sat(d, ).
Hence, for ¢ as above,

P iff B, (39)[(¢ € L)) A Sat(L,, ¢)],
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and,
':L,, (P lff |=Lo, (V 'Y) [((ﬁ € Ly) - Sat (Ly’ ¢)]

By 1.9.12, the class Fml* is Al=, and by 1.9.10 the class Sat is A}=. Also, by 2.8, the
relation (x = L,) is A}~ Thus the relation F}° is A{= by virtue of the two definitions
above (which are uniform for «). 0O

6.4 Lemma. Let o > o be a limit ordinal, and let n > 1. Then the relation FT° is
(uniformly in o) Zka.

Proof. Let ¢ be a X, sentence of %, . In case n is odd, the following is clearly
equivalent to Fy_o:

Fr [3x:Vx,3x5...3x,3Y3udf30[Fmly) A Fr(y, u) A (f: neu)
A@=3fO0)Vf(1)3f(2)...3f(n — 1)) A Finseq(6)
A (dom(0) =n + 1) A (6o = ¥) A (Vien)(Sub(b;y, 0, f(), Xi+1))
A (FE 0,11

In case n is even, then equivalent to F;_¢ we have:

Fr (3% Vx,3x3...Vx, VY VuVfYO[Fml(y) A Fr(y,u) A (f: nou)
A@=3fO)Vf(1)If(Q2)...Vf(n — 1)) A Finseq ()
A(dom (@) =n+ 1) A (B =) A (Vien)(Sub (b4, 0;,(), X;+1)]
= [F12 0,]1].

In either case, the #-formula which says that

¢ =3OV IfQ)... —f(n - Dy

is easily seen to be X, (given the values of f(0), ...,f(n — 1)), being simply a long
sequence of conjuncts concerning the values of the sequence ¢. So by 6.3, the
above expressions give a (uniformly in «) Z, definition of Ff». O

Using 6.4, we can now show that for limit « > w, L, has a X, skolem function.

6.5 Lemma. Let o. > o be a limit ordinal. Then L, has a 2, skolem function. Indeed,
there is a X formula O (vy, vy, V5, V3) of £ such that for any limit ordinal o > w,
h, is £, skolem function for L,, where

y= ha(i5x)(_)|=LaHZ@(Za).}9 l:-)é)

Proof. By an argument similar to the proof of 1.9.6 (see also 1.9.13), the relation “¢
is an #-formula of the form 3v, @ (v, v, v,) Where @ is £, is uniformly A%= So,
if we define an enumeration (@;|i < w) of all formulas of the form ¢; =
v, @;(vy, vy, V,) Where @; is X, in the same way that we well-ordered the for-
mulas of % in our definition of <; (see immediately following 3.1), then it is easily
seen that this enumeration is uniformly A%=
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Define a partial function r, on w x L, by:

r,(i, x) ~ the <;-least w € L, such that
L, (“W is an ordered pair”) A @;((W)o, X, (W)1).

By (the proof of) 5.9, r, is %= Hence the partial function h, is %=, where we define
h, on w x L, by:

ha (i, x) 2 (r, (i, X))o -

We show that h, is a £, skolem function for L, with good parameter @ (i.e.
effectively with no parameter).
Let A be a non-empty X%=({x}) subset of L,. For some i < w,

zedok, 03 %).
Since A + 0,

Fr.3zo;(z X).
Hence,

Fr,3w[“w is an ordered pair” A @;((W)o, X, (W);)].

Thusr, (i, x) is defined, say w = r, (i, x). Hence h, (i, x) is defined and h, (i, x) = (w),.
Clearly,

Fr, @i (W)o, X).

Hence h, (i, x) € A, as required.
Notice that the above proof did not depend upon «. Hence there is a single %,
formula @ as described in the lemma. [

Notice that in general, the above procedure will not produce a X, skolem
function if n > 1. For if the formulas ¢, are £,, then the formulas ¢; will be I, _ ;,
which means that the function r, will be II,, as is easily seen by writing out the
definition of r, more fully. (The procedure works in the case n = 1 because a
bounded universal quantifier prefixing a £, formula results in another Z, formula,
whereas if n > 1, a bounded universal quantifier prefixing a X, _, formula gives a
I1, formula.)

The function h, defined in 6.5 is called the canonical £, skolem function for L,.
We illustrate its use in 6.8 below, for which application we require two lemmas.

6.6 Lemma (Godel’s Pairing Function). There is a AX® formula ® (vy, v,, v,) of
LST such that, if

G={((pP(p7)},
then:

() G is uniformly 4= for limit o > w;
(i) G: On x On < On;
(i) G(a, p) = a, B for all a, B.
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Proof. Define a well-ordering <* of On x On by setting («, f) <*(y, 9) iff:

(i) max (o, f) < max(y, d); or
(ii) max (o, f) = max(y,d) and a < y; or
(iii) max (o, f) = max(y,0) and a =y and f <.

Let G (o, B) be the order-type of the set of predecessors of («, f) under <*. Thus
G: (On x On, <*) = (On, <).
It is not hard to see that:

@ G (0, B) = sup,<; G (v, v);

(G0, B) +a, if a<f,
(II) G(“’ﬁ)”{G(O,a)ﬁ-cx-l-ﬁ, 1fa>ﬂ

By (I) and (IT) we can define the unary function G (0, ) by means of the recursion
(I11) G(0, B) = sup,<5(G(0,v) + v +v).

Thus (c.f. the proof of the KP Recursion Theorem, 1.11.8), the function G (0, ) can
be defined by means of a ZXF formula of LST, and is (by checking that the relevant
existential quantifiers can be restricted to L,) uniformly %= for limit « > . But
using (II) we can define the binary function G (a, f) from G (0, f) in X, fashion.
Hence G is definable by means of a XF formula of LST and is uniformly 4= for
limit o > . (In connection with the definability results for L, in the above, it
should perhaps be emphasised that there is no suggestion that L, should be closed
under the function G; rather that for each limit « > w the class G N (L,)? is
(uniformly) X%=.) Since G is a total function on On x On, it is in fact definable by
a A¥P formula of LST. (But since G N (L,)? is not total on o x a, it is not the case
that G is A=) O

6.7 Lemma. Let o > w be a limit ordinal. Then there is a Z,(L,) map of o onto o X a.

Proof. Before we start, we remark that there is no suggestion of any uniformity
here, and indeed for many ordinals « we shall make use of parameters in order to
define the mapping of o onto o X a.
Set
Q0={a|G:axa—a}.

It is easily seen that Q is closed and unbounded in On, and that
Q0 ={at]|G(0,a) = a}.

We prove the lemma by induction on a. Assume that it holds for all f < a. To
prove it for a we consider three cases.

Case 1. a € Q.
In this case G~ ! [« is sufficient.
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Case 2. o. = y + o for some limit ordinal .
Define j: o <y by

2¢, if ¢ <o,
Jj@) =1, ifo<¢<y,
2n+1, if E=y+n.

Clearly, j is =i ({w, y}).
By induction hypothesis there is a X, (L,) map

onto
g:-y——7 XY,
Define a map

fia—axa
by
FEO=0""(g°j()o)sj™ (g j(ON)-

II. The Constructible Universe

Clearly, f'is 2, (L,) and maps o onto « x a. (The function g is an element of L,,, and

is thus a parameter in the definition of f))

Case 3. Otherwise.
Set (v,7) = G~ (). Since o ¢ Q, v, T < a. Let

C={z|z<*{,1)},

where < * is the well-ordering of On x On defined in the proof of 6.6. Notice that
CeL,.Now,g = G | C maps C one-one onto « (by definition of G from <*). So

by 6.6(i), g is ZL=({C)).

Lety > w be a limit ordinal such that v, 1 < y < . By the induction hypothe-

sis there is a Z, (L,) map
ki p—"25 0y xy.
Define
E: ’}) )( ’y one-one ‘})
by setting

k(&, () = the least 1 such that k(1) = (¢, ).

Then [ is one-one from « to y where we set | = kog~ 1. (Since v,t <7y, C = y xy,

soran(g~ ') = C <y xy = dom(k).) Now define

one-one

h:axo———yxy

by setting h (&, {) = (1(&), [({)), and define

one-one

praxo
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by p=koh Now, ran(l)=k"(g”'"a) = k" C. Hence ran(h) = (k" C) x (k" C).
Hence ran(p) = k" ran(h) = k" [(k" C) x (k" C)]. But k is L,-definable, so k € L,.
Since we know that C € L,, it follows that D € L,, where D = ran(p). Thus the
function

fiao—>axa
is X, (L,), where we set

_p71©, if ¢eD,
f(@_{(o,O), if £¢D.

Since f is clearly onto « x &, we are done. [J

We are now able to give our promised use of the X, skolem function. It is a
“localised” version of 3.6.

6.8 Lemma. Let « > w be a limit ordinal. Then there is a X, (L,) map of o onto L,.
(The map is not uniformly definable, and may involve parameters in its definition.)

Proof. By 6.7, let f be a T%=({p}) map of « onto ax a, chosen so that p is the
<-least element of L, for which such an f exists. Define “inverse functions” f°,
f! to f by the requirement

fO=(010)  (vea).

For each n, define a %= ({p}) function f, from « onto «" so that the following
conditions are satisfied:

fi=1d lo;
f;H-l (V) = (fO (v)’fn Dfl (V))

(For each n, the precise definition of f, is obtained by unravelling the above
“recursion”.)

Let h = h,, the canonical X, skolem function for L,, and let @ be the canonical
2, formula of ¥ which defines h (see 6.5). Set

X =h"(wx(ex{p}).

Claim 1. X is closed under ordered pairs.

To see this, let x,, x, € X. Pick j,,j, € w and v, v, € & so that

x; =h(,(vi,p), X3 = h(js,(v2,p).

Let 7 € a be such that
(vi,v2) =£2(7).

Clearly, {(x,, x,)} is a £}=({(r, p)}) predicate on L,. Hence by the properties of h,
(x1,x;) € X,

which proves the claim.
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By claim 1 and 6.2,

X < L,.

By the Condensation Lemma, let
m: X = L.

Since « = X, we must have = «, so in fact
X x~L,.

Claim 2. Foralliew, xe X,
n(h(i, x) ~ h(i, 7 (x)).

To see this, suppose first that y = h(i, x) is defined. Since h is T4~ and x e X
< L,, we have y € X. Since y = h(i, x), we have

F,320(z 5,1, %).
So,as x,y,ie X <, L,,

Fx320(z 5,1, %).
So for some z € X,

Ex @, ¥, 1, X).
Applying 7 gives

Fr, © (n(2), 7 (§), i 7 (x).

Hence,
Fr, 320z, (), i, n(x).

This means that
n(y) = h(i, n(x))

(and in particular that k(i, = (x)) is defined).
Now suppose that (i, = (x)) is defined. Then h (i, 7 (x)) € L, = n" X, so for some
yeX,

h(i, m(x)) = m(y).
By reversing the argument above we obtain
n(h(i, m(x) = h(i, %),

and the claim is proved.
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Now, feaxaxa,and 7w [a =1id [, so
n'f=f.

Moreover, since pe X <, L, and n: X = L,, n"f is Z4*({rn (p)}). So by choice of
p we must have p <, 7(p). But by the properties of n (see 5.2), = (p) <, p. Hence
n(p) = p. So by claim 2, if ie w and v € a,

n(h(i, (v, p) = h(i, (v, p)).

Thus = = id | X, which means that X = L,. It follows at once that the function r
defined on a subset of o by

r(v) =~ h((f (Mo, (f(V)1, P))

is a £;(L,) map such that r"« = L,. But this does not prove the lemma, since we
are looking for a total function from o onto L,. However, a simple modification
to the function r will suffice. Define g from o3 to L, by:

ivg={y HRIww=L A@zewOC L0 ),
IERDZ0, ik 3wlw =L, A (Yzew) T O(z 5, 1, (5, ) .

It is easily seen that g is £,(L,). And clearly,
g (axaxa)=h"(wx@x{p})=L,.

Thus g  f5 is a required for the lemma. [J

We give further applications of the X, skolem function in the next section.

7. Admissible Ordinals

The notion of an admissible set has already been introduced in I.11. An ordinal
o is said to be admissible iff there is an admissible set M such that M n On = a.

By 1.11.2, every uncountable cardinal is an admissible ordinal. The converse
is not true, and indeed it is a simple exercise involving the Condensation Lemma
to show that if k is an uncountable cardinal, there are k many admissible ordinals
below x. The starting point for this proof is the following lemma.

7.1 Lemma. An ordinal o is admissible iff L, is an admissible set.
Proof. If L, is an admissible set, then « is an admissible ordinal since L, n On = a.

Conversely, suppose that « is an admissible ordinal. Let M be an admissible
set such that M n On = a. Clearly, « is a limit ordinal greater than w. Hence
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by 2.1, L, is amenable. Thus we must prove that for any X,(L,) relation
Rc L,xL,, if

(VxeLy)(3yeL)R(y,x),

then for any u € L, there is a v € L, such that
Vxeuw(@yev)R(y, x).

Let ¢ (vy, vy) be a Zy-formula of £ such that for all x, ye L,,

R(ya X)H FLacp(jja -)E)
Thus

FL,¥x3y ey, x).

Let u € L, be given. We seek a v € L, such that
Fr,(Vxei)@yed)o(y, x).

Define a function g from u to « by
g(x) = the least y such that Ay e L,)[F. o (), X)].

Since L, = | L,, g is well-defined. Now, since ¢ is Z,, for x, y € L,, we have , by
1.9.14, y=a

Fr,o (3 X) iff Fyo(y, ).

Moreover, by 2.10, (L,)¥ = L, for all y < a. Hence for any x,y € M,

y=gX)eoFy[(Xed) A @w)[(w=Ls) A Gyew)o(y,X)
ANMvew) 1 (3yev)o(y,X)]].

Thus g is £, (M). So by Localised £, Collection (1.11.5) for the admissible set M
there is a v € M such that

(Vxeuw@yen)(y =g(x).
Since M is amenable,
6=(@nOn)eM.
Then by definition of g,
(Vxeuw@yeLy)[Fr, o X))

Since 0 € M we have § < o, so Ls; € L, and we are done. [
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Using 7.1 we may prove:

7.2 Lemma. Let « >  be a limit ordinal. Then o is admissible iff there is no X, (L,)
mapping from an ordinal 6 < o cofinally into a.

Proof. Suppose first that « is admissible. Let 6 < «, and let
fidoua
be X, (L,). Then

(V&ed)3len)( =1().

By Z, Collection for L, there is a y < a such that

(V&ed)@FlenNl =/().

Thus f” 6 < y < a, showing that f cannot be cofinal in a.

Conversely, suppose there is no X, (L,) function from an ordinal 6 < « cofinal-
ly into a. Then certainly o cannot be of the form y + w for any 7, so « is a limit
of limit ordinals. So by 6.8 there can be no X, (L,) function from any L;, § < a, into
o whose range is unbounded in «. We show that this implies that L, is an admis-
sible set. By 2.1, L, is amenable. So, given a X,(L,) relation R (y, x) on L, such that

(VxeL)3yeL)R(y,x),

and given a u € L,, we must find a v € L, such that
Vxeuw(@yev)R(y, x).

Pick § < o so that u € L;, and define a function f from L; to o by:

the least y such that 3ye L)R(y, x), if x e u,
0, otherwise.

fu>={

It is easily seen that f is X, (L,). By the above remarks, we know that f cannot
be cofinal in «, so there is a ¢ < « such that

f"Lsco.
By definition of f,
(Vxeu@yeL)R (1),

so we are done. [

Our next result strengthens 7.2 considerably. To state the result, it is conve-
nient to introduce the following extension of the concept of amenability, an
extension which we shall make frequent use of during our later development.
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A structure
M=<{M,e, Ay,..., Ay
is said to be amenable if M is an amenable set and foreach i =1,...,k,
ueM implies A4;,nueM.
(This condition can be regarded as an extension of the “X, Comprehension”
axiom for amenable sets, that if R = M is X£,(M), then Rnue M for all ue M.)

7.3 Theorem. Let o > w be a limit ordinal. Then the following are equivalent:

(1) o is admissible;
(i1) the structure {L,, A) is amenable for any A,(L,) set A < L,;
(iii) there is no A,(L,) function from an ordinal 6 < o onto o.

Proof. (i) — (ii). This is an immediate consequence of the A; Comprehension
Principle (I.11.1).

(ii) — (iii). We assume that (ii) holds and (iii) fails and use a diagonalisation
argument to obtain a contradiction. By 6.8 and the failure of (iii) there isa 6 < «
and a X,(L,) map f from 6 onto L,. Being total, fis in fact A(L,). Hence D is
A, (L,), where we set

D={ved|vef}.
By (iii),
D=DndelL,.

Hence D = f(v) for some v < 6. But then

vef(WeoveDovef(y),
a contradiction.
(iii) — (i). Suppose (iii) holds but (i) fails. By 7.2 and the failure of (i) there is a
6 <o and a Z,(L,) map f from & cofinally into a. Let f be Z=({p}). By (iii), «

cannot be of the form y + w for any 7y, so we can pick a limit ordinal y < « such
that 6, p e L,. Set

X =hy(wxL,).

Since L, is closed under ordered pairs, 6.1 (ii) tells us that
LX< L,.

By the Condensation Lemma, let
n: X = L.

Notice that n [ L, =id [ L

ye



7. Admissible Ordinals 99

Claim. n | X =id [ X.

To see this, let @ be as in 6.5 (namely, the canonical £, formula of ¥ which
defines h, over L,). Letie w, x € L,, y € L, be such that

y = hy(i, x).

Then
320z 3,1, %).

Since y, x € X <, L,, this gives
Ex320(z ¥, 1, %).

Applying 7,
kL, 320z n(y), 1, %).

By U-absoluteness (1.9.14), it follows that
Fr,3z0(z, n(y), i X).

In other words,

n(y) = h. (i, X)=y.

This proves the claim.

By the claim, X = L. Now, f is Zi*({p}), and pe X <, L,, so X is closed
under f. But 6 = X and f is cofinal in «. Thus as X = L,, which is transitive, we
must have « = X. Thus f =« and X = L,.

Define a function g from w x  x L, into L, by:

AN A CELS R ILARCIER A1
g(@i,v,x) = {Q), otherwise.

It is easily seen that g is £i=({p}). (We leave this to the reader. A similar argument
was used towards the end of the proof of 6.8.) Also,

g (wxdxL)=hy(wxL,) =X =L,.

(Because f is cofinal in o.) But it follows easily from 6.8 that there is a Z,(L,)
map,j, from y onto w x 6 x L,.. Then g ° j is a Z,(L,) map from y onto L,, contra-
dicting (ii)). O

It is perhaps woth noting the following fact, used implicitly in the proof of the
above lemma.

7.4 Lemma. Let o, § be limit ordinals, < o < . Then h, < hy.
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Proof. Suppose that
y = h,(i, x).
Then with @ as in 6.5,
k3202 3,1, %).
By U-absoluteness,

FrL,320(z, 1, %).
Thus
y=hg(i,x). O

Clearly, it is the uniformity of the X skolem function which lies behind 7.4. We
often use 7.4 without mention.

Exercises

1. Primitive Recursive Set Functions (Section 2)

A function f: V" — V is said to be primitive recursive (p.r.) iff it is geneated by the
following schemas:

(l) f(xla---axn):xi (1 <l<l’l),
(i) fxg .o x0) = {x;, x;} (1 <i,j<n);
(lll) f(xla“-’xn) =X;— xj (1 < la.] < n)y
(IV) f(xh "'7xn) = h(gl(-xl’ ~--:xn)9---9gk(x17 ...,X")), Where hs
gi,---, i are all p.r,;
W) f(y,xy, ..o, x) = U 9(z, x4,...,x,), where g is p.r.;

zZEy
i) f(xq,..., X, = o;
(Vll) f(y=x19 "-’xn) = g(y’xh ""xm(f(z’xla‘--’xn)'Z eh(y)))’
where g and h are p.r. and where

z € h(y) - rank (z) < rank(y).
(Functions generated by schemas (i) through (v) are said to be rudimentary, and
play a basic role in our later work on constructibility theory.)
1 A. Show that the following functions are p.r.:
f(xb--"xn):Uxi (ISlSnL
Sx,ooLox)=x0x; (1 <i,j<n);
SOy x,) = {x1, ..., X, };

Xy X)) = (Xgy 00 vy Xp);

fxg,..0,x)=0.
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1B. Show that if the function f(y, xy,...,Xx,) is p.r., so too is the function
g(y,xl,...,xn)=(f(z,x1,...,x,,)|zey).

Arelation R = V"is said to be primitive recursive (p.r.) iff there is a p.r. function
f: V" - V such that

R = {(xl’-~-axn)lf(x1a"'sxn) :': (b}
1C. Prove the following:
(i) If f and R are p.r., so is

( )_ f(xl""’xn)a if R(xl,--~axn)
JXL X =14 if T R(Xp, ..., X,).

(i) R is p.r. iff yx (the characteristic function of R) is p.r.
(i) Ris p.r. iff 7 R is p.r.
(iv) Let f;: V"> Vbepr.fori=1,...,m.LetR, = V"bepr.fori=1,...,m,

such that R;nR; =0 for i #+ jand () R; = V" Define f: V"> V by
i=1

i, ees X)) = filxy, ..o x,)  WMff Ry(xy,...,X,).

Then f is p.r.
(v) If R(y, x4, ..., x,) is p.r., SO t0O is

f(yaxla""xn)z {Zele(zax15'~'axn)}‘

(vi) Let R(y, x4, ..., x,) be p.r. and such that

Vx1...x) 3" VR(Y, Xgy e ees Xp) -

Define f by
that z € y such that R(z, x4, ..., x,), if such
Sy, xy,...,X,) = { az exists,
0, if no such z exists.
Then f is p.r. :
(vii) If R(y, x4, ..., X,) 1S p.I., $0 too is (3z € Y) R (2, Xy, ..., X,)-
(viii) If R; = V" are p.r. for i = 1,...,m, so too are | ) R;and () R;.
i=1 i=1
(ix) The functions (x),, (x);, dom (x), ran(x) are p.r.
(x) the relations x = y and x € y are p.r.

1D. Show thatif f: V" — Vis p.r., then there is a £, formula @ of LST such that

Yy=f(X1,..c, X)) > P(Y, X1, ..., X,).

1E. Show that the ordinal functions o + 1, & + B, « - B, & are p.r.
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1F. Let f(y, x4, ..., x,) be p.r. By recursion, define functions f*, v € On, by:

fo(y’xb"-axn)=y;
fv+1(y9x1a"'9xn) =f(fv(y5xla"'axn)’xl’""xn);
FA(y, X1y e X)) = Ulf”(y,xl,...,x,.), if lim (4).

Let g be defined by
G Y, Xy o s X)) = (W X150 Xp)-

Show that g is p.r.
1 G. Show that the transitive closure function, TC, is p.r.

1H. Show that any predicate defined by a X, formula of LST is p.r. (Hint: By
induction on formulas, using 1 C (iii), (vii), and (viii).)

11. Show that the following functions are p.r.:

(1) f(u) = {x|Const (x, u)};

(i) f(w) = {x Vbl (x)};
(iii) f(u) = {x | PFml(x, u)};
(iv) f(u) = {x|Fml(x, u)};

__ [the set of free variables of x, if Fml(x),
W ftx) = ‘{(b, if = Fml (x);
that x’ such that Sub(x’, x, y, z),
(vi) f(x, y,2) = if Fml(x) A Vbl(y) A Const(z),
0, otherwise;

(vii) f(u) = {x|Sat(u, x)};
(viii) f(u) = Def(u).

1J. Show that the function (L,|v € On) is p.r.

2. Relative Constructibility (Section 2)

Given some set A, we define a class L[4] which has many of the nice properties
of L, but in which the set A is, to some extent, available. The class L[A4]is called
the universe of sets constructible relative to A, and is defined by analogy with the
definition of L.

If X is a set, Def4 (X) denotes the set of all subsets of X which are definable in
the structure <(X,e, A n X ) by means of a formula of %y (A) having one free
variable. (The language %, (4) was discussed briefly at the end of 1.9 and the
beginning of 1.10.) The hierarchy of sets constructible relative to A is defined by the
following recursion:

LO [A] = ®a Laz+1 [A] = DefA (Laz [A]),
L[A]= | L,[4], if lim().
a<i
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The class L[A4]is then defined thus:

LiA]= ) Ly[A].

aeOn

2 A. Prove the following analogues of Lemma 1.1:

(i) « < B implies L,[A] = Lg[A];
(ii) L,[A] <V, for all «;
(iii) Each L,[A]1is transitive, and (hence) L[A]is transitive;
(iv) a < p implies o, L,[A]€e Ly[A];
(v) L[A]lnoa = L,Alna=L,[A]nOn = qa;
(vi) for o« < w, L, [A]=V,;
(vii) for o = w, |L,[A]| = |a].

2B. Prove that L[A]is an inner model of ZF (in the sense of 1.2).

2 C. A structure of the form (M, €, A) is said to be amenable iff M is an amenable
set and A N u € M for all u € M. (This notion was introduced in Section 7). Prove
that for any limit ordinal & > w, the structure {L,[A], €, A n L,[A]) is amenable.

Now, the intuition behind the construction of L[A4] is that the predicate
“x € A” should be available. Consequently, it is common practice to abbrebriate
by L,[A]the structure (L,[A4], €, A N L,[A]), just as we used L, to mean {L,, €).
In particular, to say that L,[A]is amenable means that the structure {L,[A], €,
AN L,[A]) is amenable, as defined above.

2D. Show that there is a AX? formula D (v, u, a) of LST such that
D(v,u,a) iff v =Def*(u).

2E. Show that the function Def“ is uniformly A% for all limit a > w.

2F. Show that there is a AX? formula H (x, o, a) of LST such that
H(x,o,a) iff x =L,a].

2G. Show that the function v L,[A]is uniformly AL« for limit o« > w.

2H. Show that if M is an admissible set or else an inner model of KP, and if
ae M, then for any o € M, L,[a]e M and (L,[a])™ = L,[a].

21. Show that if « > w is a limit ordinal, then for any v < «,
Ly [A] = (Lv [B])La[A] s
where B= AnL,[4]. By 2C, Be L,[A4].)

2J. Prove that if « > w is a limit ordinal and B = A n L,[A4], then
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2K. Prove that if B= A n L[A4], then
L[A]= L[B] = (L[B])"".
Deduce that
(vV = L[B)".
2 L. Show that there is a X, formula WO (x, y, a) of LST such that
KPF“{(x, y)| WO (x, y, a)} is a well-ordering of L[a]”,

and such that if <, ,; denotes the well-ordering of L[A4]determined by WO, then
for any limit ordinal o > @, <p4 N (L,[A4])* is T}«

2M. Prove (AC)LH]

2N. Prove that L[A]is the smallest inner model of ZF which contains the set
AN L[A]. (ie. L[A]is the smallest inner model M of ZF such that An M € M.)

3. Use of the Condensation Lemma (Section 5)

We investigate the question: as « varies over all limit ordinals, how many different
sets of #-sentences are theories of some L,?

3 A. Let X be the set of all sets of #-sentences of the form
{o|FL, 0}

for some limit ordinal «. Show that
1Z] < |of].

(Is it also the case that
IZIF < |wflF?).

3B. Let (¢, |n < w) be the “lexicographic” enumeration of the sentences of £, as
described in Section 3. Show that there is no formula ¢ (vo) of £ such that

Fr.o. iff Fr o@).

(Hint: Diagonalisation. Let (i, |n < w) be the lexicographic enumeration of the
formulas of & with free variable at most v,. Consider the formula

“vy is a natural number” A 3k [“k is a natural number”
AP = *, (00)*) A 1@ (K)],

where *i,,(n)* denotes the formula obtained from y,,(v,) by replacing every free
occurrence of vy by the term denoting the integer n.)
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3C. Show that |Z| = |w}|. (Hint: First reduce this to proving that |Z|* > w. Then
suppose that |Z|*= w and let T be the <;-least subset of w x w such that
(T" {n} |n < w) enumerates all members of X via the enumeration (¢,|n < w) of
the #-sentences in 3 B above. Now look at the #-theory of L. and work for a
contradiction with 3 B.) '

An alternative solution to the original question can be obtained by exhibiting
an unbounded set 4 < w} such that whenever o, f € 4 and o + f, then the theo-
ries of L, and L; are different. This can be done as follows.

3D. Set
A = {0 € ¥ |lim(ax) A every element of L, is definable (without the

use of parameters) in L,}.

Show that 4 is unbounded in w%. (Hint: To show that 4 is non-empty, use 5.3 and
5.10. To show that A is unbounded in w%, suppose otherwise and consider
A = sup(A4).)

3E. Show thatifa, f € Aand o + B, then L, and L, have different theories. (Hint:
Use 3B again.)

4. The Condensation Lemma and the GCH in L[A] (Section 5)
We continue the investigation of L[A] commenced in Exercises 2 above.

4 A. Prove that if « > w is a limit ordinal and X <, L,[A4], there are unique =, f8
such that

n: X =~ L4[B],
where B = " (4 N X).
4B. Show that if A € L,[A], « > ¢, & > w, « a limit ordinal, and if

LQ[A] S X <1 La[A]’
then there are unique =, § such that
m: X = Lg[A].

As we saw in 4 A above, the “condensation lemma” for L[A4] does not in
general lead to a structure in the L[A4] hierarchy. Thus we cannot prove GCH in
L[A]as we did for L. Indeed, if x were a cardinal such that 2* = k**, we could
let A = k™ * code all subsets of k, s0 2* > k* * would hold in L[A]. However, 4B
enables us to obtain a partial GCH result.

4C. Prove that if V= L[A], where 4 is a subset of an infinite cardinal «, then
2* = J* for all cardinals 4 > k.

A strengthening of 4 C is possible. We require a preliminary result.
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4D. Let x be an uncountable regular cardinal, and let M = (M,€,...) be a
structure such that k € M. Let X = M, |X| < k. Prove that there is a structure
N < M such that X = N and N n« e k. (Hint: Construct N as the union of a
suitably chosen w-sequence of submodels of M.)

4E. Let V= L[A], where 4 = k™. Then 2* = k™. (Hint: Use 4D to prove a
special case of 4 A, and note that if y, 6 < k™, then

L,[And]eL,+[A])
4F. Show that if V = L[A], where A < w,, then GCH is valid.

5. X, Skolem Functions (Section 6)

We show that there is no uniform X, skolem function for L,, where lim («), & > w.
(It can be shown that each limit L, does possess a X, skolem function, and indeed
a X, skolem function for any n, but the ¥, definitions are not uniform for n > 2.
See Chapter VI for details.)

It is convenient to assume ¥V = L throughout. We use o to denote an arbitrary
countable limit ordinal.

SA. Show that the predicate
X <o

is uniformly I15<:1*=({w,}).

5B. Show that the predicate
X = w,

is uniformly ITke:+«,

5C. Show that the predicate
x>0

is uniformly ZLe:+«,

5D. Show that the predicate
P(x): im(x) A (@ < x < w4)

is uniformly X5ei+«,

5E. Suppose that there were a uniform X, skolem function h, for L., where y >
is a limit ordinal. Let ¢ be a £, formula of . such that for any limit ordinal y > w,

y=hy(,x) iff Fy JuVoe(y, i, X, u, ).
Show that for each « there is an integer i, such that
})ac (hwl +a (ia’ (b)) s

and deduce that for a stationary set A = w, there is an integer i such that for any
o€ A,

Pa(hwl+a(i7 Q))
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SF. Define a sequence (2, |v < w,) thus:

ap =05
o‘v+1 = hw1+av(i; q))a

o, = SUP;<, 0, if im(v).

Show that (x,|v < w,) is a strictly increasing, continuous sequence of countable
limit ordinals.

5G. Pick a limit ordinal v such that o, € 4 and for arbitrarily large T < v, a, € A.
Let y = a,, . By considering ¢, show that there is a T < v such that o, € A and
y = a.41, and deduce that there can be no uniform X, skolem function for limit
L

a





