Chapter XV
Topological Model Theory

by M. ZIEGLER

1. Topological Structures

A (one-sorted) topological structure A = (2, «) with vocabulary t consists of a
T-structure A and a topology o on 4. Familiar examples are topological spaces
(t = &), and topological groups and fields. Note that in general we do not assume
that the relations and operations of U are compatible with «. This in contrast to
Robinson [1974].

A logic for topological structures is a pair (&, =), where #[1] is a class (of
“P-sentences”) for each vocabulary t and = is a relation between topological
structures and #-sentences. We will now assume that the axioms of a regular logic
hold for topological structures (see Examples 1.1.1 and Discussion 1.2). The
relativization axiom is, of course, an exception to this general assumption. The
reader should consult Section 2 for a description of the many-sorted case.

1.1. Three Logics for Topological Structures

We first consider quantification over o and the logic £, We say that an £, [7]-
formula is built up from atomic .Z [ t]-formulas and atomic formulas

te X,

where t is a 1-term and X a “set variable” (which ranges over a), using 71, A, V,
Vx, Ix, VX, 3X. The semantics are self-explanatory. A logic (for © = (&) equivalent
to £t,.. was introduced in Grzegorczyk [1951] and Henson et al. [1977].

1.1.1 Examples. (i) (4, o) E VX VY@x dy(xe X A yeY) > Ix((xeX A xeY)
v (ixeX A T1xeY))) or, more briefly, (4,0) =VX, Y(X # T A
Y#F (X NnY # v XUY # universe)) which holds iff (4, o) is
connected.

() 4, F, ) =VX3AY Y = f~(X) iff F: A —> A is continuous with respect
to o.
(iii) (4, B, o) = 3X Vx(P(x) < x € X) iff B is open, i.c., Be .
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The next idea is that of restricted quantification over « and the logic %, .
We say that the formulas of £*,, are those % ,-formulas in which quantification
over set variables is allowed only in the form

IX(te X A @) (more briefly, 3X > t¢),

where X (that is, any atomic formula s € X) occurs only negatively in ¢, and dually
in the form

VX(teX - o) (more briefly, VX 3 tg),

where X occurs only positively in ¢. &%, was introduced by McKee [1975],[1976]
and developed in Garavaglia [1978a] and Flum-Ziegler [1980]. Indeed, most of
the material in the present chapter is explored in greater detail in Flum-Ziegler
[1980a].

1.1.2 Examples. (i) (4, F, )) EVx VY3 f(x) X 3xVzze X > f(z)e Y) iff F is
continuous.
(ii) (A4, B, o) = Vx(P(x) » 3X ax Vy(ye X — P(y))) iff B is open.
(iii) (4, o) EVxVX23x3YoxVy(yeX vIZsyAaZnY =) or, more
shortly, iff (4, ) is regular—regular meaning simply that every point has
a base of closed neighborhoods.

Finally, we consider the interior operator and the logic &, (I") for n > 1. We
pass from &£, to Z,.(I"), adding the formation rule that if ¢ is a formula and
X, - - X, are distinct variables, then

I'x,...x,p

is a formula the free variables of which are x; ... x, and the free variables of ¢. The
semantics is given by

A= I"x, ... x, X, V)4, ...a,, b] iff
a is in the interior of {c € A"|U &= (¢, b)}.

Zooll") was investigated in Sgro [1980a] and Makowsky-Ziegler [1981].

1.1.3 Examples. (i) (4, B, «) = Vx(P(x) — I'xP(x)) iff B is open.
(i) (4, 0) = Vx, y(x =y v I*’xy 1 x = y)iff (4, a) is a Hausdorff space.

1.2. Discussion

From the preceding developments, we clearly have that ¥, < #'.... Also,
Lol £ £, since I"x; ... x, @ can be expressed by

X 5xy,...,3X,3x, Vx, ...x,,(/\xieX,.—mp).

i=1
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We will now prove that
gg(l)&)(I")n<L{) < gil)ﬂ) < g:'non’
the first inequality following from

1.2.1 Lemma. Regularity is not expressible in &, (I").

Proof. By an easy induction on ¢, we show that for every %, (I")[&f]-formula ¢
there is an quantifier-free %, []-formula which is equivalent to ¢ in any
Hausdorff space having no isolated points. Whence, all such spaces are .2, (I")-
equivalent. But there are regular and non-regular examples of such spaces. [

Remarks. (a) Z,,(I") < Z,(I"*1Y).

(b) Continuity is not expressible in &, (I").

(c) Sgro [1977a] initiated the study of topological model theory by proving a
completeness theorem for #£,.,(Q), where %,.(Q) is obtained from
< . by adding the quantifier Qx ¢ whose meaning is “{x|¢(x)} is open.”
Z.,.(Q) is weaker than #, . (I'), and does not have the interpolation
property even though %, (I") does.

To see that #%, . is strictly stronger that &}, we first observe that #%  is
not Ny-compact and does not have the Lowenheim-Skolem property down to
No. (We say that (U, «) is countable if A is countable and « has a countable base.)
Moreover, #* ., is not recursively axiomatizable. To see these facts, we will let a
be the natural topology on R. Then (R, 0, 1, +, —, -, <, &) is characterized by
the &£, .-sentence

0 = “ordered field with connected order topology.”

This proves the first two assertions. For the third, we observe that for discrete o
Pt on Teduces to monadic second-order language, which we can use to char-
acterize (N, +, -). On the other hand we have:

1.2.2 Theorem. The logic &,

(i) is compact;
(ii) has the Lowenheim—Skolem property down to R, and
(iii) is recursively axiomatizable.

We use the notion of a weak structure to prove this result, such a structure
being a pair (2, ), where f is a set of subsets of A. If we consider #7},,, as a logic
for weak structures, we have—by first-order model theory—compactness, the
Lowenheim-Skolem property, and recursive axiomatizability. But the sentences
of #!,,, are just designed to be basis-invariant:

1.2.3 Lemma. If p € £, (U, o) is a topological structure and f is a base of o, then

A= iff (UWBEo.
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This is a fact familiar from ¢ — d-calculus. The proof follows immediately
from an easy induction on ¢.
Finally, consider the %, -sentence

Ppas = VX IX3x AVXVX2xVY3x3Z3x Z<XnY.
Clearly, we have that (A4, ) = @y, iff B is a base of a topology.

1.2.4 Corollary. T <= &, has a topological model iff T U {@v.} has a weak
model.

Remark. This can be rephrased as T =, ¢ iff T U {¢p.} E @. (‘=" for weak
models).

Theorem 1.2.2 thus follows immediately from Corollary 1.2.4.

In the next section we will prove that for topological structures %}, is a
maximal logic for which is compact and has the Lowenheim—-Skolem property.
We thus can regard &, as the logic which is to topological structure as &,
is to ordinary structures. Interestingly enough, Robinson [1973] asked for just
such a logic.

The weaker logic %, (I") is important because, in some respects at least, it
is better behaved than %, . There is an omitting types theorem—a theorem
which is false for £, as was shown by Flum-Ziegler [1980, Chapter I, Section
9]—and there is a useful notion of elementary extension.

In subsequent sections we will present results on interpolation, preservation,
and definability. That done, we will treat %%, and, in Section 5, examine the
model theory of some special %, ,-theories. A series of examples will be given at
the end of the chapter, a series that will illustrate how to obtain logics for structures
that are similar to topological structures—for example, for uniform structures or
for proximity structures. We refer the reader to Flum-Ziegler for more detailed
information on these notions.

2. The Interpolation Theorem

We discuss the notion of partially isomorphic topological structures and its finite
approximations. The methods of Chapter II yield the interpolation theorem and a
Lindstrom theorem for % ,. We will use the interpolation theorem to show that
basis-invariant &% -sentences are equivalent to %", -sentences. Finally, we will
prove that two topological structures are £, -equivalent iff they have isomorphic
ultrapowers. The results stem from Garavaglia [1978a] and Flum-Ziegler [1980].

A many-sorted topological structure is a many-sorted structure with a family
of topologies on every sort. Thus, a many-sorted vocabulary for topological
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structures consists of sort symbols, relation symbols, function symbols, constants,
and topology-sort symbols, which are equipped with sort symbols for the universe
on which the topology is defined. Thus, we see that the set variables are themselves
sorted.

We will often give definitions, theorems, or proofs for only the one-sorted case.
However, this is only for the sake of notational simplicity.

2.1. Partial Isomorphisms

We begin our discussion with the notions contained in

2.1.1 Definition. Let (2, ) and (B, f) be topological structures.

(i) A partial isomorphism between (2, o) and (B, f) is a triple & = (ny, 7y, 7,),
where
(a) my =< A x Bis a partial isomorphism between U and B;

(b) m, c a x Bsatisfiesanyb, Un, VandaeU implybeV;
(¢) m, « o x Bsatisfiesanyb, Un, Vand be V imply ae U,
(i) (AU, o) and (B, P) are n-isomorphic (=7}), if there is a sequence I, ... I, of
non-empty sets of partial isomorphisms such that for all pel;,; (i < n)
the following holds
(a) Forallb € Bthereisanextension 7 € I; of pthatis, n; o p;,fori = 0,1,2
such that b € Rng n;

(b) For all a € A there is an extension 7 € I; of p such that a € Dom 7.

Furthermore, for all (a, b) € p,, we have

(c¢) For all neighborhoods V' of b, there is an extension we I; of p and a
pair (U, V)en, such thatae U and be V < V".

(d) For all neighborhoods U’ of a, there is an extension e I; of p and a
pair (U, V)emn, such thatbe VandaeU < U'".

(iii) (U, o) and (B, p) are partially isomorphic (=), if they are 1-isomorphic
with I, = I,.

2.1.2 Proposition. Isomorphic topological structures are partially isomorphic. The
converse is true for countable topological structures.

Proof. If f- A — B is an isomorphism, set I = {(f, =, )}, where
n={U,f(U)|Uea}.

Then A ~, B via L.

If, conversely, A and B are countable and partially isomorphic via I, we
construct an ascending sequence 7 (i € w) of elements of I such that A ~, B via
{|i € w}. (Note that in Definition 2.1.1((ii)(c), (d)) it is enough to let U’ and V'
range over a countable base of o and .) But now | ) {n{|i € w} is an isomorphism
of Wand B. [
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2.1.3 Proposition. Suppose t is finite. Then for every n and every topological t-
structure B there is an %", [t]-sentence g such that

AP iff A= yg.

Proof.Let B = (B, f). Wedefineforb, ... b,_;eBand V,... Vi_,Vy... Vi1 €P
the formula

Ve,

as the conjunction of all reduced basic 9(x), where B = 9(13), —1x;€ X, where
b;¢ V;,and x;€ Y;, where b;e V.
Using induction, we define

(xo.oo - X3 X X3 Yy YD)

<k

Yt (X5 Y)

to be the conjunction of the following four formulas which correspond to Definition

2.1.1(ii)(a), (b), (c), (d):

A Ix Vb9 (%, x; X3 ),

beB

Vx \/ ¥ w9 %3 X5 V),

beB

/\ /\ HXBle//iE;i/‘;y;i}r(SC.; Xa X’ 3‘/)s

j<mbjeVep

and

AVY3x; \/ VoG5 X5 Y, Y).

j<m bjeV'ep

Note that we can prove by induction that all conjunctions and disjunctions are in
fact finite and that the X (Y;) occur only negatively (positively) in y*. ... We set

Yg = W%;Q;@'
IfA ~"Bvial,...I,, then we show by induction on i that
A= W%;V;V’(a; l_j; 0')’

whenever a; ny b;, U; 7, V;and Ujm, V', for some # e I;.
For the converse, for A = (A, «) define

I; = {({(ao, bo) - - - (@x—1, b 1)}, {(Uo, Vo), - . .}, L. (Un— g, V;n—l)})l
Q—[ = '70'5-, l-;; l-;’(a, l_j, (_‘],), UjE(X, U}eoc}.
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Then, A ~; B via I,...1,, to see that I, is not empty we notice that A k= Y
implies (&, &, &) el,.

Remark. In fact, W =, B iff AW ~} B for all n.

2.2. The Interpolation Theorem

2.2.1 Theorem. #_ , has the interpolation property.
To prove this result we need the following

2.2.2 Lemma (See Chapter II, Section 5.5). For finite © ~, is an RPC-relation with
definable approximations ~',. This, in effect, means that there is an extension t* of t
containing a new copy of T and a new relation symbol < and there is L€ ¥, [t*]
such that for all topological t-structures U, B:

(i) A ~, B iff the pair (A, B) can be expanded to a model of T, where < defines
a non-well-ordering.

(i) A ~7 B iff the pair (A, B) can be expanded to a model of Z, where < defines
a linear ordering of its field with more than n elements.

We leave the proof to the reader.
To prove Theorem 2.2.1 we let x; and x, be two disjoint RPC-classes in
&Z:,.[7]. Let the yg be as in Proposition 2.1.3. For every n, we have

ki =\ {Yg|Bex,}).

Thus, by compactness k, k= x" for a finite disjunction x" of the ygg (B € k).

We want to show that k, = —1y", for some n. If not, then there is A, ek,,
B, € k; such that A, = Y . Whence, A, ~" B,, for every n. By Lemma 2.2.2,
compactness and the Léwenheim-Skolem property, there are countable e k5,
B ek, such that A ~,B. But then A = B and k, and k, are not disjoint—a
contradiction. [I

2.2.3 Corollary (Flum-Ziegler [1980]). #%,,, is a maximal logic for (many-sorted)
topological structures which is compact and has the Lowenheim—Skolem property
down to ¥,.

(See Chapter IT) Proof. Let ¥ be a compact extension of £, ,, with the Lowenheim-
Skolem property. The above proof shows how to separate disjoint EC ,-classes by
an ECg. -class. [

2.2.4 Corollary. The basis-invariant sentences of %o, are equivalent to %.,,-
sentences.
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Proof. This follows directly from Corollary 2.2.3, since invariant sentences form a
compact logic with the Léwenheim—Skolem property. Instead of proceeding on the
basis of Corollary 2.2.3 we give a derivation which stems from Theorem 2.2.1.

Let (2, o) be a topological structure and let f8,, f§, be two bases of a. We code
f1 and B, in the structure

(Q[, o, Bl’ BZ’ El’ EZ)
using two new sorts B, B, and two relations E; = A x B; such that
B: = {E;b|be B},

where E;b = {a|aE;b}. If ¢ is an ¥}, -sentence, let ¢; denote the £, -sentence
obtained by replacing the set variables X, Y, ...in ¢ by x, y, ... of sort i and the
atomic sentences ¢ € X by tE;x’, where E; is the symbol for E;.

If ¢ is basis-invariant (in the vocabulary of ), then we have

=, (E; codes a base A ¢,) — (E, codes a base — ¢,)
By Theorem 2.2.1, we find an interpolant i in %! . But then =, ¢ « . [

The final result in this section makes use of the notion of the ultrapowers, in
particular the ultrapower (21, «) / of (U, o) is (A I/U’ 7), where y is the topology

with base o %]

2.2.5 Corollary. Two topological structures are &\, ,-equivalent iff they have iso-
morphic ultrapowers.

Proof. Since & -sentences are basis-invariant, a topological structure is &%, -
equivalent to its ultrapower. This proves one direction.

Suppose (U, ;) > (U, ®;). Expand the vocabulary t by two new sorts
and two new relation symbols as in the proof of Corollary 2.2.4. Code a base of ;
in €; = (Y;, B;, E;). By assumption and Theorem 2.1.1 the &, -theory

T =Thg, (€;)u Thy, (€,)u {E, codesabase} U {E, codes a base}

is consistent. Whence there is a model (2, «, Bj, %) of T. Moreover, by
the Keisler-Shelah theorem (see Chang- Kelsler [1977]) there is an ultrafilter U
such that

(W, B, E) L) =~ (W, B, E) 1.
But this implies that
WU 0) L= Wa) L

Remark. It is easy to construct compact logics for topological models having the
Lowenheim-Skolem property and which extend %, but are not contained in
Z,..- However, these examples are not natural.
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3. Preservation and Definability

In Section 3.1 we give some examples which will show how to extend preservation
theorems from &, to ;. Here the classical theorem characterizing the &, -
sentences which are preserved under substructures as the sentences equivalent to
universal formulas splits into two. Thus, in this discussion we will use two notions of
topological substructure: the just “substructure” (with the subspace topology)
appearing in Theorem 3.1.1 and the “open substructure” in Theorem 3.1.2.

In Section 3.2 we prove the topological Feferman—-Vaught theorem by an
adaptation of the classical proof. This result asserts, in effect, that [[;., %; and
[licr B; are £, -equivalent if, for all i € I, A, and B, are £, ,-equivalent. Interest-
ingly enough, a new feature comes into the picture in the case of Beth’s theorem.
For, according to Definition 2.1.1 an %% -theory defines a new relation symbol
explicitly (by an .#,-formula), if it defines the relation implicitly. But we can now
ask what happens if T defines a topology implicitly. If there is no other topology in
the vocabulary, then T defines the topology by an %, -formula (see Theorem
3.3.2). If not, then no such theorem exists (sce Remark 3.3.4)

3.1. Substructures

(U, o) is a substructure of (B, B) if WA is a substructure of B and « is the restriction of
Bto A.If A B, then Wis called an open substructure of B.

An &, -formula in negational normal form (that is, built up from atomic and
negated atomic formulas using A, v, V, 3) is universal if it contains no existential
individual quantifier. An example of this is the sentence “regular” in Section 1.1.)

1

3.1.1 Theorem (Flum-Ziegler [1980], Garavaglia [1978a]). An &, -sentence is
preserved under substructures iff it is equivalent to an universal sentence.

Proof. Let A <7, B mean that there is a family I, - - - I, of non-empty sets of partial
isomorphisms between 9 and B such that for all pel;,; (i < n) assertions
(b), (¢), (d) of Definition 2.1.1(ii) hold. If the above holds for I, = I, we write
Ac, B
The following facts can be shown as Propositions 2.1.2 and 2.1.3 and Lemma
22.2:
(a) If A is a substructure of B, then A <, B.
(b) If A and B are countable and if A =, B, then A is isomorphic to a sub-
structure of ‘B.

(c) For every n and every B, there is an universal %}, -sentence ¢g such that
A = @y iff A =; B, where 7 is finite.

(d) “A =, B” is an RPC-relation with definable approximations <}, where
7 is finite.

Suppose now that ¢ is preserved under substructures, or—even more generally
—that ¢ holds in all substructures of models of y. Set k;, = Mod ¥ and x, =
Mod —1¢. Now the proof of Theorem 2.2.1 shows that there is a universal y
(equal to a finite disjunction of some ¢, B € k) such that k, =, x, k, =, g 0
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We next treat open substructures. The %"  -sentences that are preserved here
are the I1-sentences: In negation normal form the existential individual quantifier
can only occur in bounded form: 3x(x € X A ¢). The next theorem is related to
the Feferman-Kreisel theorem on end extensions (See Section 6) and clarifies
the idea of a “local” property.

3.1.2 Theorem (Flum-Ziegler [1980]). An %, ,-sentence is preserved under open
substructures iff it is equivalent to a I1-sentence.

Proof. As the proof of Theorem 3.1.1, we need the proper definition of “ <Z (open)”.
Thus, we use in conditions (b), (c), and (d) of part (ii) of Definition along with

(@) Forall (U, V)€ p, and all b e V, there is an extension 7 € I; of p such that
beRngm,. [

Remark. The %}, -sentences preserved under continuous images are the positive
sentences without existential set quantification.

3.2. The Feferman—Vaught Theorem

Let A; = (A, o), for i € I be a family of topological structures. The product

ne,

iel

is ([ [icr i, o), where a is the product topology. Furthermore, let ¢ be the vocabu-
lary of the structure (2(I), N, U, Fin), where Fin is the set of finite subsets of I, we
can now consider

Theorem (Flum-Ziegler [1980]). For every %, -sentence ¢ there are ¥,
sentences 9 ... 39, and an Z ,,[c])-formula y such that for all families (U;); <,

[IWE=o iff (2U), N, u,Fin)

iel

Proof. Suppose that the X; only occur negatively in ¢(x, X, 79 and the Y; only
positively. Then we can show by induction on ) that there are Hi(x, X, vt ),.
3,(x, X~ Y ) and x(yy,..., ), such that y is monotone in all varlables and

[TWE @ U, V) if (23),..)
iel

= {1 = 9@, U, V)Y, ...,

for allde ([];.; A)* and for all U, V e . 0
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3.3. Definability
First of all, we note that interpolation implies the Beth definability theorem:

3.3.1 Theorem. Let t© = t* be vocabularies, T = ¥:,,[t*], and Ret*. If in all
models A of T the interpretation of R is determined by U | 7, then there is an &£, [7]-
Sformula (%) such that T &=, VX(p(x) < R(X)).

We will now try to define the topology explicitly. Let (2, «) be a topological
structure. A formula ¢(x, ) defines a, if

{{ac A|U = ¢(a, b)}|be A}

is a base of «. If, for example, « is the order topology of (4, <¥), then « is defined
by y; < X A x < y,. In general, however, a topology is not definable. But we
have:

3.3.2 Theorem (Flum-Ziegler [1980]). Let T be an &, -theory, then the following
are equivalent:

(a) T defines the topology implicitly; that is, (U, o;) = T implies oy = «,.
(b) There is an £ ,,~formula which defines the topology in all models of T.

Proof. The reader should consult Flum-Ziegler [1980] for a more detailed proof
of this result. The assertion that (b) implies (a) is clear. To prove the other implica-
tion, we assume that (a) is true. The interpolation theorem implies:

Claim 1. Every %, ,-formula is equivalent (modulo T) to an %,,,-formula.

Now we will further suppose that (b) does not hold and thus derive a contradic-
tion. To this end, we assert

Claim 2. There is a countable model (U, a) of T, an element a, of A and an
open neighborhood P of a, which contains no #,,-definable neighborhood of a,,.

Otherwise, there are &, -formulas 3,(x, y),..., 3,(x, y) such that in every
model (U, o) of T every a, € A has a base of neighborhoods of the form

{a|W = 94a, b)}.
We can thus code the 9; in one formula and so assume that n = 1. But then
@'(x, ) = I'x9,(x, )

defines the topology in all models of T. By Claim 1 ¢’ is equivalent to an % ,,,-
formula @(x, y). Whence (b) must hold. Contradiction. We now make

Claim 3. There is a topological structure (A*, P*, a*) such that (U*, a*) = T,
(A, P) < (A*, P*) and P* is not a neighborhood of a,.
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This is a contradiction of Claim 1, because “S is a neighborhood of a” is an
& -expression, and so the theorem will follow.

Proceeding with the argument we add a new sort C and a relation E =« 4 x C
such that (4, C, E) codes a countable base of «. We need, however,

Claim 4. Let E, = {a: A = aEc}, for ce C, be a neighborhood of a,. Then
there is an extension (W, P’, C', E') of (2, P, C, E) such that (U, P) < (A, P'),
U, C,E)<(W,C,E)and E'c & P'.

Otherwise,
Th(U, P,a),c s © Th(U, C, E, a,d),c 4,4cc F YX(XEc = P(x)).

By interpolation, there is an %, -formula 3(x, a) (a € A) such that (U, C, E) =
Vx(xEc — 9(x, a)) and (U, P) = Vx(3(x, a) - P(x)). But then 3(x, a) defines a
neighborhood of a,, which is contained in P. This contradicts Claim 2.

We can now continue the proof of Claim 3. Starting with (U, P, C, E), we can
iterate the construction of Claim 4 so as to construct an ascending sequence of
countable structures with union (U*, P*, C*, E¥) such that (2, P) < (W*, P*),
U, C, E) < (W*, C*, E*) and E*c ¢ P*, whenever c € C*, ayE*c. Let a* be the
topology generated by {E*c|c € C*}.

3.3.3 Remark. Theorem 3.3.2 can be generalized to a Chang-Makkai type
theorem: that is, for an %} -theory T the following are equivalent:

(a) For all countable U, {«|(A, a) = T} is countable.
(b) For all countable models (2, «) of T,

[{BI(A, B) = (A, 0)}| < 2.

(c) There is an &, -formula 9(x, y,Zz) such that in every model (2, o) of T
there are a € 4 for which 3(x, ¥, a) defines a base of a.

3.3.4 Remark. In concluding this section, we point out two interesting facts
about the notions we have discussed. First, we note that there is no Chang-
Makkai version of Theorem 3.3.1; and, second, if T is an .#%,,-theory of structures
with two topologies on it, and if we know that (2, «, §;) = T implies that §, = §,,
then in general we cannot conclude that B is definable in (2L, «). The reader should
consult Flum-Ziegler [1980] for a more detailed examination of this material.

4. The Logic &,

Much of the theory of &, , and Z,, can be transferred to %, ,,, the latter being
equal to %, with countable conjunctions and disjunction. For example, the
Z.,-sentences are (up to equivalence) the basis-invariant %7}, ,,,-sentences,
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where £} 00 0,0 18 Lmon With countable disjunctions and conjunctions. Moreover,
the interpolation theorem, the preservation theorems, and the definability theorem
of Section 3, where « is defined by a sequence of formulas, are all true for &, . In

the present discussion, we will present the covering theorem (see Chapter X), a
theorem which immediately implies the interpolation theorem.

4.1 Theorem. Let T = ™ be countable vocabularies, and let  be a sentence of
L0l T*]. Then there is a sequence 9, (x < w,) of £, ,[T]-sentences such that

(1) ¥ =9,
(i) for all countable t-structures W: if W= )\, <, 3, then Wis the reduct of a
model of
(i) ift* Nnt* =1, 9 &, [t ] and Y =, @, then 3, =, @, for some o < w;.

Before undertaking the proof of the theorem, we will consider

4.2 Example. Let t be empty, t* = {P}, P a unary predicate, and ¢ = “P is
perfect.” Then, for 3, we can take the sentence which says that the a-th Cantor—
Bendixson derivative is non-empty.

Proof. We will indicate the proof of the special case in which 7 is one-sorted,
t* =1 uU {P},and Yy € . It is easy to supply the details a proof of the general

result (see Chapter VIII).
First, we observe that i can be put in the form

Vx; VX{3x, 3y, 3Y; 3y, Vx,,...,3Y, 3y,
\/ (nk(be;—a-'-’yn’ le-) /\> /\P(t_](}’ .—)})) A /\ _'P(t;'GC, :vl)))

k<m j<rk J<r

We now associate to y a game sentence. First, we choose a 1-1 enumeration
(5)i<o Of Jo<i<n ‘@ such that s; = s; implies i < j. Set

F=Vu0 Vanuo 3”0 3V0300 \/ Vul,...,/\d),

ko<m
where @ is the union of
{nkin(uila Uiy VIsi, €8, &0 & Si)
and of

{t;(xipp > Vi) # U ilXigs - - - Vi) lsy, @ & S
S, &0 & Si,J < "k.-n,j' < r;ci;'}'
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Now it is easy to see that y =, I" and that every countable model (U, «) of I
can be expanded to a model of Y. For the 3,, we take the approximations of I':

960 4= Yug, Ug, vg, Vo, .., Vicy)
= /\ {¢ €®|¢p contains only k, ..., k;_y,ug,..., Vic1}»

gk (g, )

= Vui VU, 3 U; 30,- 31/1 20; \/ /\ 9’;10'""1".(“0, ey ‘/,).

ki<m f<a

Finally, one shows that I' =, A,<,, 9,/ and that T'=, ¢ implies 9, =, 0,
for some a < w,, where =/ means k=, for countable models. [

5. Some Applications

In the following discussions we will give four examples of the expressive power of
&, In Section 5.1 we show that the theory of T,-spaces is undecidable while the
theory of T;-spaces is decidable. We will also give invariants that determine the
elementary type of Ty-spaces. In Section 5.2 we will show that the theory of torsion
free locally pure abelian groups is decidable, although the theory of all topological
groups is not. In Section 5.3 we present a complete axiomatization of the theory
of the topological field of complex numbers. And finally, in Section 5.4, we show
that all infinite dimensional, locally bounded real topological vector spaces are
Z'-equivalent: They are, in fact, models of an explicitly given complete theory.
The results given in Section 5.1 are explored in Flum-Ziegler [1980].

5.1. Topological Spaces

Let T, be the theory of Hausdorff spaces; that is, the set
VxVy(x # y—->3X>3x3Ysy XnY =),

then we can consider

5.1.1 Theorem. T, is hereditarily undecidable.
Proof. Let ¢(x,y) be the formula (3X>3x3Y3y X NnY = ), then, for
Hausdorff spaces A, we can make

(U, {(a, b)e U*|A = ¢(a, b)}),

where U = {ae A|U &= 3y # ap(a, y)} is isomorphic to any graph without
isolated points. But the theory of these graphs is known to be hereditarily un-
decidable. Thus, the assertion in the theorem is established. [
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Remark. We recall that totally disconnected spaces are spaces in which any two
points can be separated by a clopen set. Let T, be the theory of all totally discon-
nected spaces (that is, T,, is the set of all &%, sentences true in all these spaces),
then every finite subtheory of T, is hereditarily undecidable (for example, the
T, s separation axiom). However, relative to T,, every formula is equivalent to a
boolean combination of formulas x = y and of formulas having only one free
variable. Whether T, is decidable, remains an open question.

Let T; be the theory of regular Hausdorff spaces, then we have

5.1.2 Theorem. T; is decidable.

Proof. Every Ts-space is &.,,-equivalent to a countable Ty-space. But the countable
Ts-spaces are just the topological spaces which come from a countable linear order.
Therefore, our result follows from the decidability of the elementary theory of
linear orders.

Remark. T, is a subtheory of Tj, since in countable regular spaces disjoint closed
sets can be separated by clopen sets.

In order to define elementary invariants of a T3-space A we divide A into sets
A°® of all points of “type s”, where s is an element of

S={J){S"IneN}, where S§°={+}andS"*' = 2(5").
We set A* = 4 and, for se S"*1, we set
A* = {a € A|ais an accumulation point of A" iff r € s, for all r e S"}.

5.1.3 Theorem. Two Ts-spaces W and B are &, -equivalent iff |A°| = |B°|
(mod W) for all s€ S.

Example. All Ty-spaces without isolated points are %, -equivalent. For then
AS = A, if s is of the form *, {*}, {{*}}, ..., and A° = & otherwise.

Proof. One direction follows from the observation that the A° are £,,,- definable
in . For the converse, we can assume that U and B have bases « and f of clopen
sets such that (4, «) and (B, B) are N,-saturated. It is then easily proved that
(A, A%),.s and (B, B%),. s are partially isomorphic via the system I which consists
of all finite partialisomorphisms (r4, 7, ,), Where ny = n, = {(U;, V))|i < n},the
U, € a (respectively the V;e f) form a clopen partition of A (respectively B), and
|Us| = |Vi| (mod Ny) for alli < n. [
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5.2. Topological Abelian Groups

We will now consider Hausdorff topological abelian groups. Noting first that this is
an %', -elementary class, we proceed to examine several interesting results, the
first of which is

5.2.1 Theorem (Cherlin-Schmitt [1981]). The theory of Hausdorff abelian groups
is undecidable.

Proof. Let p be a prime and q = p°. Baur [1976] has proven that the theory of all
abelian groups (no topology) A of exponent g with a distinguished subgroup B
is undecidable. But such a pair can be interpreted in a suitable topological group
€ by letting

A=C/gqC and B =qC/qC. [

Call a group locally pure, if (partial) division by n is continous at 0. That is, a
group is locally pure if the following .#*, ,-sentence holds for every n

VX303Ya30Vx(nxeY »>3Jye X ny = nx).

Cherlin-Schmitt [1981] also proved that the theory of all locally pure groups is
hereditarily undecidable. Furthermore, we have

5.2.2 Theorem (Cherlin-Schmitt [1980]). The theory of all torsion free, locally
pure groups is decidable.

Proof. Since the theory of all (discrete) torsion free groups is decidable and the
theory of all non-trivial ordered abelian groups is decidable (see Gurevic [1964]),
the theorem follows from

5.2.3 Lemma. A topological abelian group is torsion free, locally pure, and non-
discrete iff it is £ ,,-equivalent to a non-trivial group with the order topology.

Proof. One direction is easy to establish. For the converse suppose that 9 is torsion
free, locally pure and non-discrete. We choose an %%, -equivalent group (U, «,)
where o, has a basis f§; such that (U, ;) is ¥;-saturated. Then, as can be easily
shown, «, is closed under countable intersections. Starting with an arbitrary
U,, we construct a sequence (U,),.,, of open neighbourhoods of 0 such that for
alli=0,1,2,...

Uiy —UjyycU; and nxeU;,, - 3JyeU; ny=nx

Then the intersection of the U, is an open pure subgroup of ;. Thus, 2, has a
base y, of neighborhoods of 0 consisting of pure subgroups. Choose a countable
(A,, y,) that is elementarily equivalent to (A, v,;). Then {a + Ulae 4,, U € y,}
is a base of a topology a, on A, such that A and (A,, «,) are ¥, -equivalent.
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From y, we now choose a descending base for the neighborhood filter of 0, writing
U=Uy> U, o --. We then fix an ordering <; of the torsion free group
Uj/U;+(ieN). Ifwedefine x < yiffx,yeU;,,x + U;,; <;y + U;;,, for some i,
we then obtain an ordering of 2, which generates o, .

5.3. Topological Fields

Theorem (Prestel-Ziegler [1978]). The ¥.,,-theory of the topological field of
complex numbers is axiomatized by the sentences asserting

(a) “algebraically closed field of characteristic 0
(b) “non-discrete Hausdorfj topological ring”;
(c) “V-topology”; that is, in symbols, we have

VX203Y30Vx, y(xyeY - xeX v yeX)

Proof. Let 2 be a model of the axioms. Choose (B, f) #*,,-equivalent of A, where
B is closed under countable intersections. Choose a sequence (U)); ,, of neighbor-
hoods of 0 such that (i + 1)¢U;, U;, U;.; =« U;, U;y; — U;4y = U; and
x,yeU;,; = xe U;or ye U,. Then the intersection U of the U, is a neighborhood
of 0 and has the following properties:

(1) Nn U = {0}.

2 UU < U.

B)U-UcU.

4) x,yeU=xeUoryeUl.
Set

(5) R={beB|bU < U}.

Because of Property (3), R is a subring of B. In fact, we prove that R is a valuation
ring of B. That is, we can prove that for all b e B, either be R or b~! eR. For,
otherwise there are u; € U such that bu, ¢ U and b~ 'u, ¢ U. But by (4) this implies
that u,u, = bu;b™'u, ¢ U—a contradiction to (2).

By (3) U is an ideal of R and is is proper by (1) and prime by (4). But then (5)
can hold only if U is the maximal ideal of the valuation ring R. Since U # 0, we
must have that R # B. Furthermore, (1) implies that R/U has characteristic zero.

By Robinson [1956b], all (B, R) are elementarily equivalent, where B is alge-
braically closed and R is a proper valuation ring of B with residue class of char-
acteristic 0. Therefore, in order to show the completeness of our axioms, it remains
to show that f8 is the valuation topology of (B, R); that is, that {rU |r € R\{0}} is
a base for the neighborhoods of 0.

To that end, we now assume that V is a neighborhood of 0 and choose another
neighborhood-WofOsuchthatx,y¢ VN U = xy¢ W.ThenrU < V,foranyre W.
For ue U implies u='¢ U by (1) and (2). Therefore, ru¢ V would imply that
r=ruu t¢W. 00

The methods used in the above proof can be used to prove the following result,
a theorem due to Stone [1969].
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Approximation Theorem. Let «,, ..., a, be different V-topologies of the field K.
Then the intersection of any sequence of non-empty open sets U; € a; is non-empty.

Proof. The theorem claims that (K, a4, ..., «,) has a certain %% -property. But we
have seen that (K, o, ...) is #'-equivalent to a structure (L, 8, . . .), where the f;
are defined by valuations. In this case, the theorem is well known from valuation
theory. [

5.4. Topological Vector Spaces

We look at topological vector spaces as two sorted topological structures (R, V, «),
where R is an ordered field, V is an R-vector space with a compatible non-discrete
Hausdorff topology a. We let x, y range over V and £ range over R.

Theorem (Sperschneider [1979]). The &, ,-theory of locally bounded real vector
spaces of infinite dimension is complete and can be axiomatized by sentences as-
serting:

“infinite dimensional topological vector space over an ordered real closed field”;
“locally bounded”: 31X 30VY2303¢ X < &Y,

“the Riesz Lemma”: For all n, VX 30 3Y 30 such that for all subspaces F of
dimension < nandallx¢ FIy yeF + {x) AyeX Ay¢(F+ 7).

Proof. It is easy to see that locally bounded real vector spaces satisfy our axioms.
(If V is normed, the last axioms follow directly from the Riesz lemma.) Since all
infinite dimensional vector spaces over a real closed field with a distinguished
Euclidean bilinear form are elementarily equivalent, it is enough to show that
every model (R, V, &) of our axioms is % ,-equivalent to a topological vector
space whose topology is defined by an Euclidean norm.

We can suppose that « is closed under countable intersections. Then, taking
the intersection of a suitable descending chain, we find a bounded neighborhood
U of 0; (that is, {rU|re R\{0}} is a basis for the neighborhoods of 0) and an
infinitesimal » > 0 such that U — U c U, [—1,1]U = U and for all finite
dimensional F and x ¢ F, there is ye F + {x) such that ye U and y ¢ (F + rU).
Finally, we choose a neighborhood V of 0 that is contained in all r"U (n < N).

Now (proceed to an elementarily equivalent situation) we drop the assump-
tion that o is closed under countable intersections, and instead assume that V
is countable. We can then construct a basis (x;);<,, of V such that x;e U and
x; ¢ ({xg, X1,...,X;_1> + rU). Define an Euclidean bilinear form on ¥V such that
(x;)i<, becomes an orthonormal basis. Now set B = {xe V|(x, x) < 1}. We will
complete the proof by showing that V< B = U.

If roxg + rixy + -+ r,x,€V < r"*2U, we can conclude that |r,| < r"*?
androxg + -+ + 1, 1X,_ €r"* U, etc. Whence, we have that |r;| <" <r, for all
i=0,1,.... It now follows that roxy + - -+ + r,x, € B. This again implies that
{r;l <1, for all i. Whence, r;x;€ U and roxo + - -+ + r,x,€ U. 1[I
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6. Other Structures

As a logic for topological structures, %, , was constructed in the following three
steps

. (1) The second-order notion of a topology was replaced by the first-order
notion of a base of topology.
(2) An appropriate logic (%5, for the “weak structures” (2, ) was chosen,
where f is a base of a topology.
(3) That the &, -sentences are (up to equivalence) just the base-invariant
sentences of #;,,, was shown.

There are many other cases in which this philosophy is successful. In the following
examples, all of the general theorems given in Sections 1, 2, 3.3, and 4 hold true.

6.1. Quasitopologies

A set of subsets of A is a quasitopology on A, if it is closed under arbitrary unions.
Every set f§ of subsets of A is the base of a quasi-topology a on A since it is possible
to set o = {U s|s = B}. Thus, a weak structure (U, ) consists of a structure A
and a set of subsets of A. The appropriate logic for weak structures is #%,.,. The
sentences of ., are basis-invariant are also, up to equivalence, the sentences of
& .- Thus, Z:  can also serve as a natural logic for quasi-topological structures.
Topological structures form an elementary class of quasi-topological structures.
It is now clear why ¢y, (see Corollary 1.2.4) was taken as an £, -sentence.

6.2. Monotone Systems

Let n be a non-zero natural number. An n-monotone system on A is a system of
subsets of A" which is closed under supersets. A set § of subsets of 4" is the base
of the n-monotone system

{C = A"|B < C for some Be f3}.

Thus, a weak structure (2, ) is a structure 2 with a set  of subset of A". The logic
% for these weak structures adds set variables X, Y, ... and atomic formulas
ty...t)eXto L,,.

Now, up to equivalence, the base invariant #-sentences are the sentences in
which set quantification 3X ¢ (respectively VX ¢) is allowed only if X occurs only
negatively (respectively positively in ¢).

We use these sentences as a logic #* for n-monotone structures. We observe in
passing that the same can be done for antitone systems.
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Example. v is a uniformity on 4 iff (4, v) is a 2-monotone structure which satisfies
the following .#*-axioms:

31X (true), (that is, v is non-empty;

VX Vx(x,x)e X;

VX VY AZVxVy(x,y)eZ - ((x,y)eX A (x,y)eY);
VX Y Vx Vy Vz((x, ) e Y A (x,2)€ Y) - (y, z) € X).

It is easy to prove that v is an uniformity on A4 iff (4, v) is #*-equivalent to a 2-

monotone structure (B, p) where p is closed under finite intersections and has a base
of equivalence relations.

6.3. Point Monotone Systems

A point monotone system p on A assigns to every a € A an 1-monotone system
u(a) on A. The function f: A > 2(A) is a base of the point monotone system
(monotone system with base f(a)|a € A).

Precisely what constitutes a logic for these structures? Letting % denote the
logic for such structures, we use sentences that are built-up like £, -sentences
along with set variables X, Y, ..., atomic formulas t€ X, and quantification
3X(t)p and VX (t)¢ as the constituents of .. The interpretation of these last two
formulas is X e f(t) such that ¢ and for all X € f(t), ¢. Now, the quantification
3X(t)p (respectively, YX(t)p) is only allowed in #*-sentences if X occurs only
negatively (respectively, positively) in ¢. These are, up to equivalence, the base

invariant #-sentences. Thus, we can use #* as a logic for point monotone struc-
tures.

Example. We can interpret a topology on A4 as a point monotone structure (4, u),
where u(a) is the neighborhood filter of a. Moreover, we can formulate Hausdorff’s
axioms in #* as follows: A point monotone structure (A4, u) is a topological space
iff the following £ *-axioms are satisfied:

Vx 3X(x) (true);

Vx VX(x) xe X;

Vx VX(x)VY(x) 3Z(x)Vy yeZ > (yeX A yeY);

Vx VX(x)AYX)Vy(ye Y - 3Z(y)Vz zeZ - ze X).

The resulting logic for topological structures is, of course, equivalent to Z% .
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Remark. Call the point monotone structure (2, 1) an open substructure of the
point monotone structure (B, v), if A is an substructure of B and every u(a) is a
base of v(a). Then, up to equivalence, the #*-sentences preserved under open
substructures are the [1-sentences (which are similarly defined as in Theorem 3.1.2).
This result generalizes both Theorem 3.1.2 and the Feferman—Kreisel theorem on
end extensions.

6.4. Antitone Systems of Pairs of Sets

A set d of pairs of subsets of A4 is antitone—and, for the sake of brevity, we write
ASPS on A—if (B,, B,)ed, C, = B, C, < B, implies (C,, C,) € 3. Every set of
pairs of subsets of 4 is a base of an ASPS in the obvious way. This notion clear,
we can arrive at the logic #* for ASPS-structures (2, ) as follows: We extend
% .. by set variables X, Y, ... (for pairs of sets) and new atomic sentences ¢ €; X,
t €, X whose meaning is that ¢ is in the first (respectively, the second) component
of X, and we allow quantification 3X ¢ (respectively, VX¢) only if X occurs only
positively (respectively, negatively) in ¢.

Example. A proximity space is an ASPS-structure (4, §) with the following prop-
erties:

(a) if B6 C, then C 6 B;

(b) if B; 6 C and B, 6 C, then B, U B, 6 C;

(c) fornoae A {a}d{a};

(d) Fo4;

(e) if Bd C, then there are B, C’' such that Bc B, C <= C, B nC =,

B3 (A\B’), and (A\C") ¢ C.

Each of the properties can be formulated in #*. Thus, for example, property (e)
reads

VX 3Y AZ(Vx(xe, Y v x€, Z) A Vx(xe; X - x€, Y)
AVx(xe, X - x€, Z))

Finally, in concluding this discussion, we briefly note that we write BJ C, for
(B, C) € 6 to mean that Band C are not proximate.








