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ON THE CONVERGENCE OF A
TRIGONOMETRIC INTEGRAL

R. MOHANTY AND B. K. RAY

In the present paper, we shall first establish a theorem

concerning the convergence of a trigonometric integral. Then

in the final section, we shall evaluate some known definite

integrals with the help of our theorem.

a(u)du is summable

(C, 1) to sum S, if

lim (Yl - lL)a(u)du = S .
J - ~ JoV λ/

In [1], a result regarding the (C, 1) summability of a trigonometric
integral was proved which is equivalent to

THEOREM A. Let f(t) be L over (0, oo). Then, for 0 < a < 1,
the integral

\ uadu\ f(t) sin utdt
Jo Jo

is summable (C, 1) to

Γ(a + l)Cos— aπ\°° Λ dt
2 J-o t1+a

whenever this integral exists and whenever

f(t) = 0(ta) as ί -> 0 .

In § 2 of the present paper we establish the following theorem.

THEOREM. Let t-af(t)(O < a < 1) be of bounded variation over
(0, oo) and tend to zero both as t—>0 and ί—>oo# If the integral
\ f(t) sin utdt is uniformly convergent with respect to u over 0 <
Jo

μ ίg u ^ λ < oo, for every μ and λ, then

(1.1) \u"du[f(t) sin uίdί - Γ(α + 1) cos λ.aπ[
J-o Jo 2 J->o

whenever the last integral exists.

In the present problem f(t) is not necessarily L over (0, oo). In
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§ 3 we shall evaluate some known definite integrals with the help of
the above theorem.

2* For the proof of the theorem, we use the following simple
lemma.

LEMMA. If the function g(t) is positive and nonincr easing over
the interval (α, o°), then

g{t) cos tdt ^ Ag(a) -1

Proof of the theorem. We write h(t) = t~af(t). For any ε > 0,
there is a δ such that | h(t) | < e for all t < δ and for all t > 1/δ. For
the sake of simplicity, we shall drop the sign —> at infinity in the
proof. We have

(2.1) \XuaduCf{t) sin utdt = Γ/(ί)dί( ua sin utdu
Jμ JO JO Jμ

since the inversion of order of integration is justified by the uniform

convergence of the inner integral of the left side of (2.1). Using

integration by parts, we get

u«sinutdu = ^cosμt-—cosXt--^

μ t t ta +

and then the equation (2.1) becomes

λ foe

uadu\ f(t) sin utdt
μ JO

Γ coβλίdί + a\
o tι~a Jo Uι

= 1 - JΛ-K.

Now

\I\ = Ϊ " + r
Jo Jε//£

- COS Vdv

^ Aεa + o(l) as μ —+ 0 ,

by applying the lemma for the last integral, after writing h(t) as the
difference of two functions which tend to zero monotonically. Similarly

1 Throughout the present paper we write A for an arbitrary constant which is
not necessarily the same at each occurrence.
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l/λ Clleλ foo

+ +
0 Jllλ Jllελ

^- + A Γ/e I h(v/X) I dv + Γ MvM_ COs vdv
1 - ^ Jl Jl/ε ^ X - α

^ As1-" + o(l) as λ —> oo ,

Thus it is sufficient to prove that

(2.2) lim sup
ί Jo U1-"

since

o
cos cos — aπ .

2

The term inside the absolute value sign of (2.2) is

ί Jo U1-" /.ί

-a
n t

cos

t

= a(L- M- N) .

Now,

o tι

as

By the formula

μ Jo v

we get

M = r i/J

Ji/a t*

where
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>/μ) sin v λIf- h(v

' \)μ/λ

<: Aεa + o(l) as μ -> 0

and

1 " " Ji/i

J

sm h(t)
dt

where the change of order of integration is easily proved, and then

IM2 i ^ Aεa

Finally

<L Aε + o(l) as λ —* oo .

Thus we get the required inequality (2.2) and the theorem is completely
proved.

3* Evaluation of integrals* Let us consider the function

fit) = ί/(l + f) (0, oo) .

Then the integral of the left side of (1.1) for the present function
reduces to

S co roo

uadu\ —
o Jo 1

t sin utdt

= ΊL S°uaerudu = —Γ(a
9 In 9 V2 Jo

Obviously, the function satisfies all the conditions of the theorem,
so we have

-dt

i.e.,
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(3.1) (" *""" dt = for 0 < a < 1 .

Next we consider the function

f{t) = f/(l + ί4) (0, oo) .

Obviously, this function satisfies the hypotheses of the theorem of
the present paper. The integral on the left side of (1.1) for the present
function reduces to

uadu 1
o Jo 1

£3

sin ntdt
+

= ΊL (Ve-* / / Γ cos -%Ldu = —Γ(a + 1) cos (a + 1)*- .
2 Jo V 2 2 4

Now by the theorem of the present note, we have

—Γ(a + 1) cos (a + 1)— - Γ(a + 1) cos— aπ[°-J——dt .
2 4 2 Jo 1 + ί4

Therefore

[~ϊ^ Ξ™«x + ± W f o r 0 < α < l .

Finally, we would like to express our indebtedness to the referee
who suggested some improvements both in the hypotheses and the
proof of the theorem as presented in the original manuscript. The
second author is thankful to the University Grants Commission, New
Delhi, for financial support.
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