ON THE NUMBER OF INTEGERS IN THE SUM OF
TWO SETS OF POSITIVE INTEGERS

HENRY B. MANN

1. Introduction. Let 4, B, * ** be sets of nonnegative integers. We define
A+ B = f{a+ bi, €A, beB. By A° B°, + -+ we shall denote the union of
A, B, +*+ and the number 0, by A(n) the number of positive a’s that do not ex-
ceed n. We further put

1) g.1l.b. éﬂ: o,
n
@ eLb, A0
n+1
(3) Vim ing 20 _ 5
n

f1,2,«, k-1 € A4, k 6[ A4, we further put

A(n)
4 .1.b. =
@ gnlzk n+1

Ay

The real number & is called the density of 4, &; the modified density, and &
the asymptotic density of A. Densities of 4, B, C, * + * will be denoted by the
corresponding Greek letters o, 83, v, * * * .

Besicovitch [1] introduced o, and Erdos [2] «;.

The author [3] proved: IfC = A° + B for B D 1 and A° + B° otherwise,
then for all n ¢ C we have

(5) C(n) > a*n +B(n) .

It was also shown [31 that in (5), o cannot be replaced by a.
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It is the purpose of the present note to improve (5) to the relation
(6) Cr) >ayn +B().

The proof of (6) requires only a modification of the proof of (5), but will be
given in full to make the present note self-sufficient.

The inequality (6) immediately yields
(1) Y2ay +f

if C has infinitely many gaps.

Now (7) is sometimes better and sometimes not as good as Erdos’ [2] ine-
quality
(8) y>a+pR

for the case & > B8, B D 1, C = A° + B°. (To establish (8) it is really suf-
ficient to assume that there is at least one 5° such that 4° + 1 € B.) However
(7) holds also for C =A°+ B if B 3 1,andfor C = A° + B® without any restriction
on B.

2. Proof. We shall now give a proof of (6) for the case C = A° + B, B 31,
and then shall indicate the changes which have to be made if nothing is assumed
about B but if C = 4° + B°. Bya, b, ¢, * * * we shall denote unspecified
integers in 4, B, C, * .

Letn, < ny < +++ be all the gaps in C. Putn, = n, n —n; = d; for i <r.
If there is one e € B such that

) a+e+d; =n;,
form all numbers e + d; for which
(10) a+e +dy =ng, t<r, s<r.

Let T be the set of indices occurring in (10). Put B* = {e + d} ser.
It is not difficult to prove the following propositions.

PROPOSITION 1. The intersection B N B* is empty.
PROPOSITION 2. The integer n is not of the form a + e + ds for any s.

Since (10) also implies
(10" at+e+ds=ng¢,
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it follows that B* contains as many numbers as there are gaps in C which precede
n and which are not gaps in 4 + B U B*. Hence we have the following result.

ProrosiTioN 3. IfBUB* = B,, A + B; = Cy, then
(11) Cy(n) = C(n) = B1(n) —B(n) .
Thus we have proved the following lemma.

LEMMA. If there is at least one equation of the form a + b + d; = nj, then
there exists a By D B such that C; = A + B, does not contain n, and such that

(12) Ci(n) —C(n) =B1(n) —B(n) >0.
Now let C = A° + B, B 3 1. Clearly, n, > 1. The numbers smaller than n,
are either in B, or of the form n;, — a, or of neither of these two sorts. Also

ni € B, since C D B. Hence we have
(13) C(ny) =ny —1>A(ny —1) +B(n1).

Since B 3 1, we must have n; —1 € 4, (n;, —1) > k. Thus, we obtain
(14) C(ny) > oyny +B(n,y) .

We proceed by induction and assume (6) proved, when n is the jth gap, j <r.

We distinguish two cases.
Case 1: d;-; < ny . Then
CI3Ony —dp-y =a+b.

We now apply the lemma. Let n be the jth gap in C;. Then j < r, and we have, by
induction,

(15) Cy(n) >ayn +By(n),

and, by the lemma,

(16) Ci(n) —C(n) =By(n) —B(n) .
Subtracting (16) from (15), we obtain (6).

Case 2: d;-; > ny. Now

n—n-1—1>n,—1€A4.
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Hence we have
Aln —np-y — 1) 2 01(n = np=y) .

The numbers between n,-; and n are either of the form n — a, or in B, or of
neither of these two sorts. But n q: B ; hence,

(17) n—npy —1>4A0n —n,-y —1) +B(n) —B(n,-;)
>o;(n —np-1) +B(n) —B(ny-1) .
By induction we have
(18) C(nr-l) =np-y = (r = 1) 2 Oinr-1 +B(nr~l) .
Adding (17) and (18), we obtain (6).
From the proof it is evident that we may obtain the even stronger inequality
A' JRp—
6") C(n) > oy + B(n) + min [M - OLIJ n;
n<n n;

To establish (6) for C = A° + B°® without the restriction B 3 1, we first
remark that in (13) the term A(n; —1) can be replaced by A(n,). The cases to be
distinguished are dr-y < ny and d;-, > n;. The proof of Case 1 is then word by
word the same when we replace B by B® and B, by B{ . In Case 2 we have

n—=nr-y —12n 2k,

so that A(n — n;-y —1) > & y(n — n,-y); the remainder of the argument remains

unchanged. For C = A° + B°, we can obtain the even stronger inequality

6 () > o + B(n) +m\“"” - al] n

ni<n n;

which again implies the even stronger result

C(n) > max lotln +B(n) + [é(—n—l-)-— OL;] ny,

ni

Ar) + Bin + min [ Blni) _ ,BlJni

njg
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To establish (7), it is sufficient to show that for any set S we have

ifm>n, n €S, Stm) — S(n) = m — n. However, this can easily be verified.
Thus if S has infinitely many gaps, then

S S
(m) = lim inf (n) .
m né¢s n

o = lim inf

It thus appears that in (7) we may replace B by
)

.. Bl
lim inf
n¢C n

>p.
If C = A° + B®, we may of course write

7 > max (o +B, o+ ).
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