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In an earlier paper [ l ] a characterization was given of the Walsh functions

in terms of their group structure and orthogonality. The object of the present

note is to present a similar result concerning the complex exponentials.

T H E O R E M . Let \An{x)\ U = 0, ± 1, . . 0 < x < 1 ) be a set of complex-

valued measurable functions which is a multiplicative cyclic group. A neces-

sary and sufficient condition that \An(x)\ be an orthonormal system over

0 <C Λ; < 1 is that the generator of the group admit a representation exp {2πi c(x))

almost everywhere, with c(x) equimeasurable with x.

As the sufficiency is immediate, we present only the proof of the necess i ty .

Let the notation be chosen so that the generator of the group is Aι(x), and

An(x) = (Aι(x))n U = 0, ± 1, . . . ) .

The normality implies [ ^ ( Λ ; ) ! = 1 almost everywhere. Hence there is a measur-

a b l e a ( x ) 9 0 < a ( x ) < 1, s u c h t h a t

A i ( x ) = exp ( 2 π i a ( x ))

almost everywhere . L e t b(x) be a function [ 2 , p . 2 0 7 ] m o n o t o n i c a l l y i n c r e a s i n g

and e q u i m e a s u r a b l e with a(x). Also le t

c ( x ) = m \ u : 0 < u < 1, b ( u ) <_ x \ (- oc < % < oc).

The orthonormal condition becomes

exp (277ru b(x))dx = / exp (2 πniy ) dc (y ) ,

J - oo

where the latter integral is a Lebesgue-Stieltjes integral. Thus for any € > 0,
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fb{ί)
80 n = I exp (2 π niy ) dc (v ^

' Jb(o)-e

= / l e x p ( 2 7 r w y ) r f c ( y ) + e x p ( 2 f r r a £ 6 ( 0 ) ) roU : 6 ( * ) = 6 ( 0 ) } ,
Jb(o)

and the latter integral is interpre table as a Riemann-Stieltjes integral.

Integration by parts yields

Γb(ί)
(1) δ 0 > F l = exp (277FM i ( l ) ) — 27Γ7U / c (y ) exp (2πniy )dy .

If / ( y ) = y, 0 < y <_ 1, and / ( y + l ) = / ( y ) , a direct calculation shows that

( 2 ) δ 0 Λ * exp (2TΓ/iί 6 ( 1 ) ) - 2πni f / (y - 6 ( 1 ) ) exp ( 2 z r n i y ) d γ .

Formulas ( 1 ) and ( 2 ) , and the completeness of the complex exponentials,

imply the existence of a constant k such that for almost all y, 0 < y <_ 1,

0, 0 < y < 6 ( 0 )

c(y\ 6 ( 0 ) < y < 6 ( 1 )

0, 6 ( 1 ) < y < 1 .

Since the supremum of c(y) is one, and f (y) has no interval of constancy,

one infers that k = 0, 6 ( 0 ) = 0, and 6 ( 1 ) = 1. Thus c ( y ) = y, 0 < y < 1, which

is equivalent to the proposition that was asserted.
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