ON THE PERIODICITY OF THE SOLUTION OF
A CERTAIN NONLINEAR INTEGRAL EQUATION

OLAVI HELLMAN

In the following paper we will study the nonlinear integral equation
(1) E(t)=F(t)— S ‘Glt—)N{E@)} de
0

where F(t) is a known periodic real function and G(¢) and N(x) are
known real functions. In particular we will investigate the behaviour
of the solution E(¢) of the equation (1) for large values of ¢.

We assume that GeL[0, o] and that Mz) is bounded almost
everywhere and Borel-measurable in [—oo, o«]. Furthermore N(x) is
assumed expressible in the form

1

(2) (@)~ N(0)+ S:S(z) fiii;}?,,,dz

with Sim|S(2)]dz<oo and with finite N(0). This representation is to be

valid almost everywhere in [—co, oo]

Because N(x) is Borel-measurable in [—co, o] and |[N(0)|<co, the
measurability of x implies the measurability of N(x). The following
four classes of N(z)-functions are distinguished :

NeK, if zeL[0,1] implies N(@)e L[0, 1]

NeK,.. if xzel[0, 1] implies N(x)e L[0, <]
(3) NeK., it weL[0, =] implies N(z)e L[0, 1]

NeK,.. if xeL]0, o] implies N(x)e L[0, o]

The space of measurable and bounded functions defined on the
finite interval [0, A] will be denoted by M[0, A]. The norm of
xe M[0, A] is defined, as usual, by

lell=inf{ sup |2 |
B te(0,4]1-E
where E ranges over the sets of measure zero in [0, A], and the
distance of e M[0, A] and ye M[0, A] by ||lx#—y||. The space M[O, 1]
is complete.

The proofs in this paper will be based on the following theorem by
Tihonov (see for instance [1]) which is valid in M[0, A]: Let the operator
B map M[0, A] into itself and let ||B(x)—B(W)l|<p|le—y|l for all » and
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y in M[0, A], where f<1. Then the equation y=B(y) has a unique
solution y in M[0, A]. The function y may be obtained by iteration :
y=lim y,

n—oo

where y,=B(y,-,) and where y, may be taken arbitrarily from MI[0, A].
We will prove the following theorem.

THEOREM. Suppose that F(t) is @ periodic function in [0, o] with
period T, and that F'e M[0, T]. Furthermore suppose that G € L[0, o],

NeK,.. and
(| 16anan)({"" 151 d2)<1

If E(t) is the solution of
(4) E(t):F(t)~—N(0)S:G(u)du SG(t—r)S s ;— dade

then lim EnT+u)=v(u) exists, as n—>o through integer values. The
convergence is uniform. Moreover, v(u) has the period T, and satisfies

)\ v(u-71) __
—*dldz'
e

(5)  o@)=F®) —N(O)S:G(u)du —S:G(r)gj?(ﬂ)

This equation can be solved by iteration stating with any element of
M[0, T1. The solution of (b) is unique.

In order to prove the theorem, we will first prove two lemmas.
Put

iAd (mT+u T) 1

H[A(u—FmT)]:S:OG(T)dTS S(,{)ew\E(mTMA n €7 B

where du+mT)=Eu+nT)—Ew+mT) and 0<u<T. Here T is a finite
positive real number, ¢, a positive real number which may be finite or
infinite and m and n» positive integers. E(u-+nT)e M[0, T] and E(u-+
mT)e M[0, T] implies A(u+mT)e M[0, T].. The operator H will play
an important role in the following considerations. For this reason we

will first establish some of its properties. We will write more briefly
H(4(mT +wu))=H(4).

LEmMMA 1. Suppose that Ge L[0, ], and suppose that the function

N(x) belongs to one of the classes K, and K,.,. Then 4e M[0, T implies
H(4) e M[0, T] and

| H(4:) — H(4)l| < B4, — 4, ]

where
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p=([ e[ “iswia).

Now
GO E o) — N~} 1de
=S:G(r)1(t0—f)[N{EI(t—T)}—N{Ez(t—r)}]dr
where
. +o eiAE_l
N(E)_S_mS(x) —
and
- __jl if t<¢,
I, t)_lo if <t

GeL[0, o] implies G()I(t,—7)eL[0, o]. Furthermore, from
xe M[0, T] and the properties of N(x) follows that N(x)e M[0, T1].
Consequently N(zx) e L{0,T]. From known properties of the convolution
follows now that

[ GOV B (t—)) ~N{E(t—e)}Jdr e L[O, T).
Hence H(4)e L[0, T]. Now, as is easily seen,
H@I= (1S ai] 16w+ mT—u)dul < Al

which implies the boundedness of H(4). The function H(4) is thus
measurable and bounded in [0, 7', H(4)e M[0, T]. Furthermore
iAo (u+mT —7) _eixdl(uﬂnT—r)

da
2 I

\|E(4,)— H(4,)l| = |\S:°G(T)d1—5: S(R)e e snr=o> @

§ﬁ||AZ_41” ’

which completes the proof.
We will now consider the norm
(6) | E@u-+nT)— E(u+mT)+ S:("” GEIN{E@-+nT—1)}
— N{Eu+mT —7)}d||=Q

where m and = are positive integers, f(m) an arbitrary function of m,
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T a finite positive number and Ee M[0, 7. Furthermore it will be
assumed that Ge L[0, «] and Ne K, and that they satisfy the condition

(1" 1sena)({ i6mdn)<1 .

The following lemma holds.

LEMMA 2. For every e¢>0 there exists an integer m, such that
m=m, and n=m, tmply Q<e, if and only if, with v(u) from M[0, T],
[|E(w+pT)—v(u)|| >0 as p—oo through positive integral values.

Suppose first that ||E(u-+pT)—v(w)||=0, as p—oc, where E and v
are in M[0, T]. Now

Ilgf(m)G(r)[N{E(u-l-nT—r)} — N{E(u+mT—)}dr
+ INH(u+nT—7) _ei)\E(u+mT—f)

=I{ 6| s e =

0

dAdrl||

g(g:lG(u)ldu)(Sj: 1S()lda )HE(u+nT—r)—E(u+mT—r)ll

and consequently
WE(u+nT)— E(u+mT)+ S:(m)G(r)[N{E(u—i—nT—r)} — N{E@u-+mT —<)}1d]|

<[ 1+ (16 )(| 1wl a2 ) |iB+nT) — B+ mo)

where (S:IG(u)IduXSimlS(2)|d1)<1. Because ||E(u+pT)—v(w)||—0, as

p—>o, there exists for every ¢>0 an integer m, such that m,<m<n
implies

|E(u+nT)—E@+mT)| <. °

( ( ) oy

from which the first part of the lemma follows.
Suppose now that (6) is valid for m and n greater than a given
integer m,. The inequality (6) may be written

[|4(w+mT)
D 4[| s T g
0 —e :

where d(u+mT)=Ew+nT)—E(u-+mT)

Now let 2 be a function in M[0, T]nS(e, 0) where S(e, 0) is the
sphere with radius ¢ and center at 2=0. Put
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A(u+mT)
(8) Sf( >G(T)S S(R)gEsmT-n €

A (u+m T-—7) 1

dade=h(u) .

il

The functions 4 obtained by solving (8) for all ze M[0, T]nS(e, 0) are
those which satisfy (7). E(u+mT) is a known function.
The equation

” et)\d(u +mT—-7) __

A(u+mT)=k(u)—Sf(m)G(T)SMS(X)e“E(“*mT‘ L g2de
0 —o0

24

(9)
=h(u)— H[d(w+mT)]
where H is the operator defined on page 3, may be solved by iteration.

Indeed, by Lemma 1 the operator H is defined in M[0, T], 4 e M[0, T']
implies H(4)e M[0, T and

|e) — H(4y)— (h(w) — H(D))l| = || H(4:) — H(4)l| < Bl 4. — 4]

where ﬁ:(S“]G(u)[du)(g+°°|S(z)1da><1.
0 - o0
The conditions of the Tihonov’s theorem are thus satisfied. We
begin the iteration process with an % from M[0, T]nS(e, 0):

U—7)

A +nT)=h(w)— S G(T)S S(p)esar-n & . ~1 44
?

and generally

» eihzfp(u+m7'—--r) -1

(4 0T)=h(u)— S G(r)g S(2)eirEcunr= dide

24

The unique solution of (9) is then lim 4 (u+nT)=4d(u+nT) where
k—oo
Au+mT) is in M[0, T1.

Now

uA,,HnguthrnS |G<r>1§ S| rcusnr-n]| € ;’-1 \dade]|

=e+([16@ian )([ s i i=e+ a4

From this inequality one obtains now, remembering that ||4)|=|%||<Ze
and that <1,

4yl =A+-F+ 5+ +.3””)8§1 5

This inequality holds true for all p. Consequently
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€
“1-8
or, in view of the definition of A(u+nT),

|E(u~+nT)— E(u—l—mT)llg °

for m and n greater than m, But such m, exists for every ¢>0. From
this and from the completeness of the space M[0, 7] follows that
there exists a v, € M[0, T] such that

E(+pT)—v.(u)l| — 0

as p—oo through integral values.
We now proceed to prove the Theorem.
Because of the periodicity of F(t) one obtains from (1)

Eu+nT)+ §:+nTG(z-)N{E(u+nT~r) ldr
———E(u+mT)+S:+MTG(T)N{E(u+mT—r)}dr

where 0<u<T and where m and n are positive integers.
Suppose that m<n and t,<mT. Then

E(u+nT)—E@-+mT) + S:OG(r)[N{E(u+nT—T)} — N{E(u+mT —7)} s
=S:mTG(r)N{E(u —|—mT—~r)}dz'—S:mTG(z-)N{E(u—l—nT—r)} dr
and
I\ E(w+nT)— E(u+mT)+ SZOG(r)[N{E(u—{-nT——r)} — N{E@-+mT —7)}1de||
<I], " IG@IN BT o) de | IGEIN B mT o} ds]

t
0

<(f, e@adie 1] G a2 e

Because Ge L[0, ], there exists a positive integer m, for every
e>0 such that for &,=m,T

)00 =

But m;<m<n. Consequently, for every >0 there exists a positive
integer m, such that m,<m<n implies
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|E(w+nT)—E(u-+mT)
+S;""’TG(T)[N{E(u T —7)} — N{E@+mT—)} Jdel|<e

By Lemma 2 it follows now that there exists a ve M[0, T] such
that ||[E(u+9T)—v(u)|]|—>0 as p—o through positive integral values.
Consequently E(u+pT) converges uniformly to w»(x) in [0, T]. That
v(u) is periodic with period T is immediate.

We substitute now

E(u-+nT)=v(w)+H,(x)

where H, e M[0, T] and ||H,||>0, as n—c and where 0<u<T, into (1)
and obtain
0

() + H (1) = F(w) —N(O)S " 6(0)de

ei)\v(u—f) ei AH, (u=~T) __

1 ade

_ S:M“G( r)j‘j:S(l)

As is seen at once, this may be rewritten as follows:

emwz)_‘ldldr—I—N(O)rG(r)dz-
0

o —Fe+| 6o s <

+ rG(z)S ) S(2)erv-n ﬁ:f%', 0= 1~d 2de+H,(u)+
0 =3

+ iAv(w—-7) ei)\Hn(u—r) _

|7 oo s e

1d/1dr—N(0)S G(r)dr =0

nT
which yields the inequality

+ 20 u—f)_ldldrll

o —re+{ 6| Tsw
<+ (| i) Isola )il
+(1.. 16eian)(] " 1s@ia e+ i+ NO) " |Gl
=+ oIaI+(| 16wl (| 1wl d i+ e
+NO)” |Gz
But 5, S: IS4, |[()l| and N(0) are finite, ||[H,||>0 as n— oo and

SﬂG(u){du—»O as n—>c. Consequently
nT
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) —(Fe)—NO) | Gan—{ 60| s) L aiar)i—o,

as m—oo through integral values, from which the equation (5) follows
for v(u).

The right side of (5) satisfies the conditions of Tihonov’s theorem.
This follows by Lemma 1 where we substitute ¢, =o, E(mT+u—7)=0
and d(mT+u—7)=v(u—7). If the right side of (5) is denoted by c(v),
then, by Lemma 1, ve M[0, T'] implies c(v)e M[0, T] and |je(v,)—c(v)l|
<Bllv,—w,)| for v, and v, from M[0, T]. By Tihonov’s theorem it follows
then that the equation (5) has a unique solution v e M[0, T'] which may
be obtained by iteration, beginning with an arbitrary function from
M[0],T.
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