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BY GENERAL LAGUERRE SERIES
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1. Introduction. Hille [4] has solved the problem of finding neces-
sary and sufficient conditions that a function be represented by Her-
mitian series in a strip. Pollard [7] has solved the analogous problem
in a strip for Laguerre series of order zero. We propose to solve the
problem for Laguerre series of order a(a > — 1) getting as a region of
convergence a parabola instead of a strip. From this theorem the gen-
eralization of Pollard's result follows immediately.

We say that a function of a complex variable f(z) where z — x + iy —
reiΘ possesses a Laguerre series of order a(a > — 1) or a general Laguerre
series if

(1.1) f(z) ~ Σ a<*>LP(z) (w = 0, 1, 2, •)
71=0

where

(1.2) aT = \(n + a)r(a + 1)Y\e-»tfltf\x)f(x)dx (a > - 1)
(V n J ) Jo

Ut\x) is the Laguerre polynomial of order a > — 1 and degree n given
by [8 p. 97 formula 5.1.6] and the above series converges. The series
is said to be the Laguerre expansion of f(z).

We define

(1.3) dΛ = — lim sup (2niyl log \a%\
n

and by the notation

(1.4) z 6 p(b) b > 0 z e ~p(b)

we mean respectively that z lies in the open (closed) parabolic region

p(b): y1 < 4tb\x + b2) p(b): y2 ^ 4b\x + b2) .

If we select that branch of zi for which (— z)i is real and positive

when z < 0 then 3ΐ(— z)& = H(r — x)}i = b2 gives the equation y2 =
4 b\x + b2) of the parabola which is the boundary of the above regions.

The main result of this paper is the following.

THEOREM A. In order that the function f(z) possess a Laguerre series
of order a (a > — 1) (or a general Laguerre series) which converges to it
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for z e vide,) where da > 0 (i.e. for every point z lying in the parabola
y2 = idl(x + dl)) it is necessary and sufficient that f(z) be analytic for
z e p(da) and that to every ba such that 0 ^ ba < dΛ there is a positive
number B(a, 6) such that

(1.5) \f(z) I £ B(a, b) exp {ix - |a?|*[δ? - i(r - a # } (z e vΦ«)).

2. The necessity of Theorem A By hypothesis we have da > 0
where d* is given by (1.3) and

(2.1) f(z) = Σ <&>Un*\z) (z e p(<k) α > - 1) .

From Definition (1.3) it follows that

|α2"°| < m(a, ε) exp {2ni(- dΛ + ε)} (ε > 0) .

We use the estimates

(2.2) ( n + α ) ~ r c * / Γ ( α + l) (n-+ oo; α ^ - 1 , - 2 , . . . )

and log ^ < (4 ! w)i. By defining

cΛ = i(6β + do,) > bΛ

and using the above estimate of \a%\ we can show that the series

(2.3) A\a, b) = ± \a™Y exp (4cΛni) (n ΐ a)
n=0 \ n /

converges {a > — 1) by comparing it with the series Σ w 1/n2.
By direct calculation we can verify that series (2.1) can be put in

the form

(2.4) /(*) = Σ a? exp {2c»ni}{(n + α ) ( V ( ^ ) exp {- 2c

From the integral

exp ( - si) = (Iβπi)^e-stt~me-ι/udt
Jo

we obtain

exp ( - 4cΛW2) = (4^/27rέ)fe-wgg-3/2 exp ( - kcl

For polynomials pn(z) with real coefficients we have |pw(^)|2 =

By applying Cauchy's inequality the above two equations and [8 p.
98 formula 5.1.15] equation (2.4) becomes
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(2.5) \f{z) I3 ̂  [ i I a^ |' exp (Ac.ni)^ + α ) ]

exp (- j ( )

)P(4cβ/2τri)j%-»eί-3/a exp (-

- A\a, b)(4cal2πi)^± | L ? w { ( W + α)}V»']ί-s/a exp (-

exp (-4cy[

M csch= Bfo b)Γ(a + i

for 2 e ίp(6Λ), α >— 1.
From [8 p. 197 formula (8.23.3)] we conclude that the following limit

relation holds uniformly in any finite closed region S in the complex z—
plane excluding the non-negative real axis

(2.6) n'i log |L^(25)| -> 2{i(r - x)}i = 2ri sin \β (n -> oo) .

We also have the estimate :

(2.7) I U:\x) I ̂  {Γ(^ + a + 1)/Γ(α + 1)Γ(W + 1)} exp (ix) (x ̂  0)

LftXx) = O(nα) α = max (Jα - ί, α) 0 ̂ x ^ω

and α: is aribitrary and real. The later formula is found in [8 p. 173
formula (7.6.11)]. Moreover from [7 p. 85 formula 2] it follows that

(2.8) Γ(n + a + 1)1 Γ(n + 1) ~ n* (n -> oo) .

By use of (2.6), (2.2) (2.7) (2.8) and the Weierstrass Λf-test to show
uniform convergence of the above series and the comparison test to
show convergence of the series in the second line of (2.5) we can then
apply the theorem of [9 p. 44] to justify the term by term integration
of the series in (2.5).

From [8 p. 15 formula (1.71.6)] and p. 14 formulas (1.7.4) and
(1.7.5)] we obtain

\J»(W\ < (iyYeλIΓ(a + 1) (a > - i , J > 0)

from which we get by setting λ — | z \ csch it

\J«(i\z\ csch i ί ) i - * | ^ (\z\ csch ity exp (\z\ csch \t)2rΛ (a > ~i) .

Using the above inequality to obtain an estimate of the last integral
of (2.5) we obtain :
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Since

0 ^ eh - e-i* :> t (t ^ 0)

we have

- 23/(0* - 1) + 2\z\j{eit - e'h) - Acljt

= 2x(eh - l)(βi* + l){eh - 1) + (2|z | -

+ 1) - 4{cl - ί (^ -

If q = ĉ  — i(r — #) then by applying the last inequality to (2.9)
we obtain

I/(3)2I ^ (°°exp (2α?/(β*β + 1) - 4g/ί)ί"3/2(l - e^Y^^dt (a > - i)
Jo

- S(Λ, 6)^[°° exp {- a?[l - 2/(βit + 1)} exp ( - 4 # " 3 / 2 ( l - e^Y^dt .
Jo

Since e** + 1 > 2 + it (t ^ 0) we get from the last integral

(2.9.1)

|/(2)I2 < B(a, &)e*(~exp {- xtj{t + 4)} exp ( -
Jo

U l§qZ\χ\ΊΣ foo "]

+ \ */ * e χ P ( - »*/(* + 4 » e χ P ( -
= β ί/i + /2) (z e p(6Λ) α > - i)

where lλ and /2 represent the first and second integrals respectively in
the above line. If x > 16ĉ  > 16<? > 0 then

(2.10) - 4giα?*/(l + 4gέa;"έ) < -2gέα;έ < - 2χiqi

where q = bl — i(r — Λ;). Since exp (— xtl(t + 4)) is a decreasing func-
tion of t(t >̂ 0) we have

/, ^ exp {- x[lβqιl2\x\-il(16q2\x\-ϊ + 4)]}

x ί i lexp (
Jl6q2l\x\2

Since

(2.11) (1 - e-')-1 < 2/ί (0 ^ ί ^ 1)

and by applying inequality (2.10) to the above estimate of /2 we have

(2.11.1) I2 ^ exp (~ 2χiqi){Γ(a + 3/2)/4(c2

Λ - &i)-+3/a

- e-1)^1} = B(a, b) exp ( - 2^έgί)

(z e p(6tf) aj > 16cL α > - i) .
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Consider the function μ(t) — xt\(t + 4) + 4g/£. If we define

cl = cl- i ( d - bl) = i(ci + 61) > K

~Q = cl- i ( r - x)

and if ί0 represents the value of t for which μ(£) is a minimum then

ί0 = 4g*ar*/(l - i V i ) (a? >ci)

because d/i/dί = 0 d?μ\dt2 > 0 for ί = ί0. Moreover

(2.12) μ(£0) = 2#ig"έ - ( f

is the minimum value of μ{t). Also

(2.13) 4:~qiχ-i)l(l -~qiχ~i) < lβqi/xi (x i ^

If ε, = i(cl - 61) then

ί
l6Q2"/a;2"

exp ( - xtl(t + 4)) exp (-4g/ί)exp (-4ε1/ί)ί-3/2(l -
o

By the estimate (2.11) this becomes

ί
l6q2"/x2"

exp ( - xtl(t + 4) - 4g/ί) exp (-AeJfy-^+
o

for a; > (16c*)2. By (2.12) and (2.13) the above becomes

Iλ ^ exp (- 2χiqi + q)\ exp (- Δejfy-^^dt
Jo

< 2*+1 exp ( - 2ίϋigi + "d)Γ(a + 3/2)(2(cl - 61))—3/a
^ B(a, b) exp ( - 2χ2qi)

(z e p(ba) x

By (2.9.1), (2.11.1) and the last inequality we have

|/(s) |2 ^ S(α, b) exp (a? - 2a?igi)

*(z e p(6Λ) a; > max {15cl 2(3)ic*/3 cl = a?0))

for α > - i .
But since Iλ and /2 are bounded functions of x for — bl ^ x ^ x0 we

can choose B(a, 6) in the last inequality large enough that the inequality
holds for all points z in and on the parabola y2 — kbl{x + 61). Hence

|/(«) I ̂  B(a, b) exp (|α - \x\iqi) (a > - | )

and for every point 25 in and on the parabola y2 — 46 (̂x + 61).
Moreover by (1.3) (2.6) and (2.7) it can be shown that the Laguerre

series (1.1) converges absolutely and uniformly in any closed region for

* (zep(pΛ);x> max {16ei; 2(3)1/2cΛ/3 5==^})
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which 5R(— z)i < d^a >— 1) that is, inside the parabola of convergence
tf = 4:dl( x + d2

Λ), and hence represents an analytic function there by [5
p. 74 Theorem 3]. For a proof of this see the dissertation of Evelyn
Boyd [1].

This completes the proof of the necessity of Theorem A.

3 The sufficiency of Theorem A. Let w — u + iv. Then by the

notation w e s(b) w e s(b) where b > 0 we mean respectively that the

point w lies in the open (closed) strip s(b): v2 < b. s(b): v2 ^ 6.
If z = v? then

(3.1) z e p(b) ^twe s(b)

by virtue of (1.4) and the fact that

(3.2) i(r - x) - v2 .

For the function h{vf) the following two order conditions are equi-
valent

(3.3) \h{w2)\ < Bxίδ) exp ((u2 -

\h(w2)\ < B2(b) exp (u'/q

(w e β(6) q, k, B^b), B%{b) > 0) .

LEMMA 3.1. We define

(3.4) ga(w) = w?fV/(ίii;2)(l - ty«~idt (w = u + iv; -1 < a < i) .
Jo

TFe assume the hypothesis of the sufficiency Theorem A, then for every
ba, 0 <̂  be < da there exists a positive number B(a, b) such that

(3.5) \gΛ(w)\ ^ B(a, b) exp (Jw2 - \u\φl - ^2)i) (w 6 s(K) - 1 < α < i)

and got, (w) is analytic for w 6 s(da).

Proof. We make the transformation z — vf on the order condition
of Theorem A. Then by equivalence relation (3.1) w e s(b*) so that in
conjunction with (3.2) and (3.5) we conclude

\f(w2)\ ^ B(cc, b) exp (i(tf - v2) - \u2 - v2\iφl - v2)i)

for w e s(ba) and — 1 < a. Then by the equivalence relation (3.3) set-
ting q = 2 and A: = 1 we get from the above inequality

\f(w2) I g 5(α, δ) exp (J^2 - \u |(δi - va)i) (w e e(6e) - K a) .

The change of variable t = Λ2 in the integral of equation (3.4), ex-
presses \g«(w)\ by
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2w [
Jo

^ 2\ w\ {max \f{(hw)2}
o

The above integral converges for each value of a such that a < i and
from Pollard's work (see [7 p. 362-363] in particular inequality (3.3))
we conclude that the function outside the integral satisfies the inequality
(3.5).

From formula (3.4) by expanding a factor of the integrand into a
power series we get

g(w) = w\ V/W){ Σ (

Using estimate (2.2) and the maximum modulus theorem on f(tw2)
for the region

8(dΛ, D): we s(ba) nι < bl + D (D > 0)

we get that the above series is in absolute value less then

where zQ is a point on the boundary of the region :

p(Λd, D): t ^ ±bl(x + bl) x S D .

The above series converges for a < £. This not only justifies the above
term by term integration (see [9 p. 45]) but shows that the series rep-
resenting gΛ(w) is absolutely and uniformly convergent in the closed
region s(dΛ9 D) and hence by [5 p. 73-74] the function gΛ(w) is analytic
if w lies in the simply connected region s(da).

LEMMA. 3.2. Between Laguerre polynomials of different order there
is the following relationship

\~e-u(u - xY%L^\u)du = e-*U%+t-ι){x)Γ(l - t) (a > - l t < 1 x > 0) ,

Proof. From [8 p. 97 formula (5.1.9)] we have

(3.6) Σ Itf\u)s» = (1 - 8)— ι exp (- %s/(l - s)) ( | s |< 1) .
n = 0

From which it follows that
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(3.7) (°VM(w - S)
Jx

= \e-»(u - x)-\l - s)-*"1 exp (— usj(l - s))du
J x

= (1 — s)-*-1^-* exp (— xsl(l — s))\ v~ι exp (— vftl — s))cfa;
Jo

= (1 - β)c—ί+1>"x exp ( - a»/(

= β-a Σ L^+ ί-^(φMΓ(l - t).
0

The last line is obtained by substituting (3.6) in the previous line.
In equation (3.7) we get the third line from the second by change

of variable u — x = v and the fourth from the third by T — vftί — s).
That the integrand in the first line of (3.7) is absolutely and uni-

formly convergent (fixed a > — 1 fixed t, | s | < 1 Q^x<D1^u^ D2)
we can show by comparing it with the series CJIfΣ~=oWίV* which can
be done by using estimates (2.7) and (2.8). Thus the integrand of (3.15)
can be integrated term by term over the interval 0 < D1 ̂  u <£ Dz. We
obtain

0 ^ Σ [°e-u(u - x)-*\L<l»(u)\irdu
n = 0 Jx

^ Ctβ-i^-'Γil - ί)Σ nΛsn (t < 1, \s\ < 1, a > - l , x ^ 0)

by using estimates (2.7) and (2.8) on the first series in the above and
then making the change of variable i(u — x) = p. Thus the above
series converges and since the series of (3.7) is uniformly convergent
by [9] p. 45 can integrate the first series of (3.7) term by term :

Σ sn[°e-u(u - sY'L^
n = 0 jx

= [™e-u(u - ίc)-f Σ lίf'Mβ"] du = e~x Σ L^+t-ι>(x)snΓ(l - t) .
jx [_n=0 J w=0

Equating the coefficients of the two power series in s, we get Lemma
3.2. If in Lemma 3.2 we set a = i and if in the resulting equation
we set a — t — J < J (since t < 1) we obtain

(3.8) \~e~u(u - x)-*-iLn(i)(u)du = Γ(- a+ i)e~*U«\x)

(-1 <a < i; x^O) .

LEMMA 3.3 (Hille's lemma). By Lemma 3.1 if f(z) satisfies the order
condition (1.5) of Theorem A and is analytic then gΛ{w) is analytic and sat-
isfies HilWs condition for an analytic function to possess a convergent
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Hermitian series, i.e. condition (3.5) (see [4 p. 81 Theorem 1]). Hence
we may write

where

(3.9) (22n+1(2n + 1) ! πi)if2n+ι = J" exp ( - q2)Hm+l(q)g*(q)dq .

Pick any b < d, where 2d is the width of the strip of convergence

of the above series. Select b such that b < b < d. Then by [4 p. 90]

we have that there exists a positive number B(b) such that

(3.10) |/2W+11 < B(b) exp ( - F(4^ + 3)*) .

LEMMA 3.4. Let d > 0 and suppose f(z) is analytic for z e p(d).
Moreover suppose for every b such that 0 ^ b < d there exists a positive
number B(a, b) such that

(3.11) |/(2)I g B(a, b) exp (ix - \x\i(lf - i[r - x\)i) (z e p(b)) ,

then

(3.12) \<\^> B(b) exp (-2nib) ( - 1 < a < i) .

Proof By estimate (2.7) and inequality (3.11) the following in-
tegral converges

(3.13) α? | (

ί a)Γ{a

°°e-sLw(*)(s)(s - ί)-Λ-έds (by (3.8))

- t)-°-idt

The reversal of integration will be justified later. Making two
successive changes of variable t — ps s — φ we obtain

- a

x ("2exp ( -
Jo



630 O. SZASZ AND N. YEARDLEY

)r{a + 1)Γ(- a +

x exp ( - q2)Hm+1(q)g«(q)dq .
Jo

From [8 p. 102 formula (5.6.1)] we have the formula relating Laguerre
and Hermite polynomials

qLβ)(q>) - {(-l)»2*+1rc IJ-lH^fa) (q real) .

By this relationship and (3.4) the above expression for α£° becomes

x J ^ e x p ( - q2)H2n+1(q)gΛ(q)dq

since the integrand is an even function. By (3.9)

l)!τri}4jB(6)

This follows from (3.10). Using Stirling's theorem (see [9 formula (4)
P. 58])

n ! ~ (2π)i nn+ie~n (n -> oo)

and the relation Γ(^) = (n — 1)Γ(^ — 1) as well as the estimate (2.2)
we get from the above inequality

at ^ iζrc-' -feΓί- a + i) exp ( - 6(4^ + 3)i)

^ 5(6) exp {(- a + }) log n + 2^έ(6 - 6)} exp ( - 2δ?2*)

< 5(6) exp ( - 26^έ) ( - K α < i)

since 6 > h. We can justify the above interchange of order of integra-
tion by proving that the integral is absolutely convergent. (To use [9
p. 55] consider a function which is zero over part of the rectangular
region).

Since Lni(s) is a polynomial of degree n we have for a fixed n

\e~isLβ)(s)\ <c (Org s< oo) .

From the above estimate and (3.11) the integral in the second line

of (3.13) is in absolute value less than
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B(a, 6)(Vexp(iί - ύb)dt ί°Y*s(s - ty*-ida ( - K a < i) .

By change of variable s — t = 2p on the inside integral and then

g — tib on the outside integral this becomes

B(a, δ)2-Λ + 3 / aΓ(- α + i)&-2*-2iV*+2~VgcZg = JB(α, b)Γ(2a + 2)

Conclusion. Since by hypothesis f(z) is analytic for z e p(dΛ) the
function f(x) is continuous for x ^ 0 and hence integrable for 0 ^ α ^
Z) (D > 0). Moreover since by hypothesis inequality (1.5) holds we have
\f(x)\ < Aex/'z for x ^ 0. Then by a theorem of Caton and Hille [2 p. 227]
series (1.1) is Abel summable to f(x) for almost all x, including the
points of continuity and hence in this case for all points x for which
x ^ 0.

By virtue of (3.12) and (2.6) it follows that the limit (1.3) exists
that is a* > 0 and series (1.1) converges for z e p(da) and for — 1 < a < J.
We now want to generalize this result to the condition —1 < a.

From (1.2) and [8 p. 98 formula (5.1.14)] and [9 p. 55 formula (2)]
we have α£*+1> = a™ ~ ai% Let

then

By (1.3) (2.6) and (2.7) we have for a fixed zQ, \ac^L^^(z0)\-^0 for
w -* CXD for ^ 6 p(cZΛ) and for — 1 < a < J. Hence

Hence, by mathematical induction, the range of a for which the series
(1.1) converges has been extended to — 1 < a.

Since the Abel sum of series (1.1) is f(x) for x ^ 0 and also the
same as the Cauchy sum, the Cauchy sum of series (1.1) is/(#) for x Ξ> 0
and — 1 < a.

We remarked at the end of § 2 that series (1.1) is an analytic func-
tion inside its parabola of convergence. Hence by the identity theorem
for analytic functions (see [5 p. 87]) since both f{z) and series (1.1) are
analytic for z e p(da) and identical along the real axis they must be
identical for z e p(dcύ) that is inside their common region of analyticity
which is the parabola of convergence of the series : y2 = 4:b\(x + bl)
(0Sb«< da) ,



632 O. SZASZ AND N. YEARDLEY

This completes the proof of Theorem A.

4» The equivalence of Theorems A and B, We now note that Theo-
rem A is equivalent to a generalization of Pollard's Theorem A [7].
We state the generalization as follows.

THEOREM B. In order that g(w) possess a Laguerre series of order
alpha (a > — 1) such that

f(z) =f(wz) = g{w) = Σ a^L^(vf) (w e s(da) dΛ > 0)

where α£"° is given by (1.2) it is necessary and sufficent that g(w) be
analytic and even for w e s(da) and that to every ba with 0 ^b<* < dΛ there
correspond a positive number B(a, b) such that

(4.1) \g(w)I ^ B(a, b) exp (iu2 - \v\(b* - v*)i) (w e s(dΛ), a > - 1 ) .

THEOREM C. Theorems A and B are equivalent.

Proof. For

(4.2) z=w*

the equation of Theorem B becomes

(4.3) f(z) - Σ <ti»L<n

Λ\z) (z e p(da))

and conversely by (3.1).

Since f(z) = f(vf) = flf(w) the function g(w) will be analytic if f(z)

is. Moreover since f(z) = flr(«i) we get the converse by the same rea-

soning except at 3 = 0, since zi is analytic except at the origin. In a

neighborhood of w — 0 we have since ^(w) is even and analytic

so that f(z) is analytic at z = 0 also.

Applying the transformations (4.2) and (3.2) and the equivalence
relations (3.3) to the inequalities (4.1) and (1.5) we get their equivalence
because of (3.1).
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