GROUPS WITH FINITELY MANY AUTOMORPHISMS

J. L. ALPERIN

1. Introduction. The connection between the structure of a group
and the structure of its endomorphisms or group of automorphisms is a
very interesting question but one to which there is as yet a scarcity of
answers. We present here two theorems pertaining to this problem.
We first show that a finitely generated group has a finite automorphism
group if and only if it is a finite and central extension of a cyclic group.
The restriction to finitely generated groups is essential. Indeed, there
exist indecomposable torsion-free abelian groups of rank the cardinal of
the continuum whose automorphism groups are cyclic of order two (see
[2], p. 180, 18(b)). The second result which we present is a new and
much simpler proof of a theorem to be found in a paper of Baer [1];
namely, a group possessing only finitely many endomorphisms is itself finite.

Before discussing these theorems we shall describe the notation to
be used in this paper. Throughout, G will denote a group with center Z.
Let coset representatives g,, gs, -+ of Z in G be chosen for all o, 8, «--
elements of G/Z such that g, = 1. Let M = {m, 4} be the corresponding
factor set. For the theory of such factor sets, essential to the following,
the reader should consult Kurosh [4] or M. Hall [3]. Finally, for any
group H, let Aut(H) be the automorphism group of H.

2. Preliminary lemmas. The first lemma follows immediately from
the definition of equivalence of factor sets.

LEMMA 1. Let N and R be factor sets from the group B into the
abelian group A, x A,. Let N, N,, R, R, be the factor sets from B
wnto A, and A, obtained by taking components of N and R. Then N
and R will be equivalent if and only if N, is equivalent with R, and
N, with R,.

The remaining lemmas are, I believe, entirely or in part scattered
throughout the literature. We include proofs for the convenience of
the reader.

LEMMA 2. Let + be an endomorphism of Z such that the factor
sets M and (M) = {4 (m,p)} of G are equivalent. Then + may be
extended to an endomorphism of G and if v is an automorphism of
Z then it may be extended to an automorphism of G.
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Proof. First note that it is clear from the definition of factor set
that y(M) is a factor set. Since M and (M) are assumed to be equiva-
lent we may choose for each a € G/Z an element ¢, € Z such that

w(mw‘ﬂ) = c::émw,ﬂcwcﬁ

for all a, Be G/Z. Now every element g€ G can be uniquely expressed
in the form g = g, a where a«€G/Z and a€ Z. Thus we may define a
mapping @ of G into itself according to the rule, for all ge G,

P(9) = guCa(@) .

Then @ is an endomorphism of G since if g =g, @, h = ggb are elements
of G, where a0, 8€G|Z, a,be Z then

P(gh) = P(9aa gsb)
= P(GupMy sab)
= upCap¥ (M, c0b)
= JupMa,psCaCelr (@) (D)
= 9uCa¥(a) gcevr(b)
= @(g9) p(h) .

Since g, = 1 implies m,; = ¢i* 9.9, = 1 and so ¢, =1, we have that ¢
extends + to G.

Finally, suppose + is an automorphism of G. Let g = g,a be an
arbitrary element of G, as above. Then ®(g) = 1 implies that g.c.y(a) =1
and hence a = 1 because « is the image of g.c.y(a) in G/Z. Therefore
g.=¢, =130 we have y(a) =1 and g =¢, a =1. ¢ is consequently
a one-to-one mapping of G into itself. To conclude we prove that g is
the image of some element under @. Choose be Z such that +(b) =

¢;ta. Then ¢(g9,b) = gucai(d) = g0 = g.

LEMMA 3. Let A be a central and characteristic subgroup of the
group H. The group K of those automorphisms of H which leave A
element-wise fixzed and which induce the identity automorphism on HJA
18 naturally isomorphic to the group Hom(H[A, A) of homomorphisms
of H|A into A.

Proof. If e Hom(H|A, A) define a mapping 6 of H into itself by
0(h) = ha(hA) for he H. 6 will be an element of K, as can be verified
directly, and the correspondence of ¢ with 0 is the required isomorphism.

COROLLARY. If Aut(4), Aut(H|A), and Hom(H[A, A) are finite then
Aut(H) is finite.
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Proof. If 6c Aut(H) let 6, be the restriction of 8 to A and 6, the
automorphism of H/A induced by 6. Then the mapping sending 6 to
{6, 6,) € Aut(A) x Aut(H/A) is a homomorphism with kernel K. Hence,
the product of the orders of Aut(A), Aut(H/A), and Hom(H/A, A) is a
bound for the order of Aut(H).

3. Finite automorphism groups.

THEOREM 1. A finitely generated group G has a finite automorphism
group tf and only if it has a central cyclic subgroup of finite index.

Proof. First we shall demonstrate the sufficiency of these conditions.
In so doing, we may assume G is infinite and therefore a finite and
central extension of an infinite cyclic group. The center Z of G is of
finite index in G so by Schreier’s subgroup theorem (3; p. 97) is finitely
generated. Hence Z is the direct sum of a finite abelian group 7 and
an infinite cyclic group. Consequently, Aut(G/Z) and Hom(G|/Z, Z) =
Hom(G/Z, T') are finite. To conclude, we can apply the above Corollary
once we prove that Aut(Z) if finite. However, this follows from another
application of the Corollary with A = T and H = Z.

The necessity of the condition is more difficult to prove. If Aut(G)
is finite then G/Z is finite being isomorphic to the group of inner
automorphisms of G. Again, by Schreier’s theorem, Z will be finitely
generated. We may assume, in contradiction to the theorem, that Z in
a direct decomposition into cyeclic groups, contains two or more infinite
cyclic factors. In fact let Z = W x (a) x (b) where (a) and (b) are the
subgroups generated by elements a and b of infinite order and W is a
subgroup of Z. We need only show that infinitely many automorphisms
of Z, which are the identity on W and map the group (a, b) generated
by a and b onto itself, may be extended to automorphisms of G.

For the remainder of this proof we shall use the additive notation
for Z. Write the factor set M as mup = Wap + 7t + £, 0 wWhere
Waps€ W, 8,5 and ¢, are integers. Let the automorphism 6 of Z be
defined by 6(w) =w for w W, 6(a) = ma + nb, 6(b) = pa + gb where
m,n, p, and q are integers such that [mg — wp|=1. The factor
set O(M) is then expressible as O(m,p) = Wap + 8, pa + ¢, b where
8L e =MSup+ Dlypand t, s =ns, 5+ qt,p. Therefore, S,={s,z}, To={tss},
St = {sl.g}, and T} = {t, g} are factor sets of G/Z with integral values
and S; = mS, + pT,, T; =nS, + qT,. By Lemmas 1 and 2 the proof is
now reduced to the following problem: Find infinitely many quadruplets
(m, n, p, q) of integers such that |mqg — np| =1 and the factor sets
mS, + pT, and nS, + qT, are equivalent with the factor sets S, and T,
respectively. That is, the factor sets (m — 1)S, + »T, and S, + (¢ — 1) T,
are both equivalent to the trivial factor sets. However, if G/Z has order
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h then kS, and AT, both are equivalent to the trivial factor set (3; p.
223). Thus, for any integer k the following values for m,n, p and ¢
suffice:

m = —h*—hk +1

n=~nh
p=—h*—hk*—h
qQq=nhk+1,

and the theorem is proved.
4. Groups with finitely many endomorphisms.

THEOREM 2. A group G which has only finitely many endomorphisms
18 itself finite.

Proof. The group G will then have only finitely many inner auto-
morphisms so Z/G will be finite, say of order n. We gshall once again
use multiplicative notation for Z. For any positive integer k& the factor
sets M and M*'*! are equivalent (as above) so that we may, by Lemma 2,
extend to endomorphisms of G the endomorphisms 6(k) of Z which
map z to 2" for ze Z. If Z contains at least one element of infinite
order then all the 4(k) will be distinct. Therefore, we shall assume that
Z is a torsion group.

Suppose that we can decompose Z as the direct product T[[,A, of
infinitely many nontrivial factors. The elements m, s of the factor set
M will have components in only finitely many of the factors A,, because
there are only finitely many elements m, . If A;is any factor containing
no component of any element m, g then we can extend the endomorphism
4 of Z to G where + is defined by

Y@)=a if acd,, p#3$
’glf(a):]. if (ZGAs.

This will give us infinitely many endomorphisms of G.

If Z is of hounded order then! it is the direct sum of cyclic groups
so that either Z is finite or the preceding paragraph applies. If Z is of
unbounded order write Z as the direct product of its Sylow subgroups.
In this case either infinitely many of these subgroups are nontrivial and
the above remarks pertain or for some prime p the p-Sylow subgroup
is of unbounded order. Choose then elements x,, x,, --- of Z such that
x; has order p®. The endomorphisms 6(p’) defined in the first paragraph
will all be distinet. For if n = p™, where p and n, are coprime then

1 For basic results on abelian groups see [2].
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#(p’) (x;) = x; if and only if 4+ <j + r. These endomorphisms 6(p’) may,
as we said, be extended to G so G again hag infinitely many endomor-
phisms. Thus Z is finite so G is also finite.

In closing, the author should like to express his appreciation for
the advice and criticism of Dr. G. Baumslag.
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