INTEGRAL INEQUALITIES FOR FUNCTIONS WITH
NONDECREASING INCREMENTS

H. D. BRUNK

1. Introduction. One of the fundamental inequalities of analysis
is Jensen’s inequality,

(L.1) |7@ d6(@) = 7(|v d6(w) ,

for convex f, with G a probability distribution function. However, G
need not be a probability distribution function in order that (1.1) hold
for all convex f. Let X(f) be nondecreasing for ¢« <t < B. It was
shown in [1] that under mild regularity conditions on G, if G(a) = 0,
necessary and sufficient conditions for

(1.2) |Lr1xe1d6o = £([ X d6w)
for all convex f are

(1.3) GB) =1,

and

(1.4) S;G(u) dX(u)= 0, Sf[l —GW)]dXw) =0 fora<t<§p.

This result was applied to show that:

(i) sufficient conditions in order that (1.2) hold for convex f are
X(a)=0,f00=0,and 0=Gt) =1 for a =t < B; and

(ii) if fis convex on [0, d] with f(0) <0, if0<a, < - =Z@a
b,if 0=h, <.+ =h, =1, then

AN

m

(L.5) S (~Dhs @) = A3 (-1 ]

The latter, (ii), was proved independently by Olkin [5]. Ciesielski [2]
obtained results (under unnecessarily stringent hypotheses) related to
(i) through change of variable, and obtained also analogous two-dimen-
sional results. These provided part of the motivation for the present
study of k-dimensional analogues of (1.2).

In the present paper, X( - ) denotes a map from the real interval
[, B) into an interval I in k-dimensional Euclidean space R* such that
each component of X is nondecreasing. The function f is a map from
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R* into the reals. The property of f ecritical for inequality (1.2) in
this context is that of having nondecreasing increments, rather than
convexity; for k=1 it coincides with convexity. Functions with
nondecreasing increments are discussed briefly in § 2. In § 3, conditions
(1.3) and (1.4) are shown to be necessary and sufficient for (1.2) (k = 1),
and k-dimensional analogues are given of (i) and (ii), above. Section
4 is devoted to the k-dimensional analogue of a related theorem of
Levin and Steckin [4], giving conditions on H necessary and sufficient

in order that V FIX(®)]) dH(t) = 0 for all f with nondecreasing increments.

2. Functions with nondecreasing increments. Let R* denote the
k-dimensional vector lattice of points « = (x,, ---, x;), «; real for ¢ =
1,2, -+, k, with the partial ordering @ = (@, -+, %) <Y = Yy, =+, Y)
if and only if ¢, <y, for ¢ =1,2,---, k.

DEFINITION 2.1. A real-valued function f on an interval IcC R*
will be said to have nondecreasing increments if

2.1 fla + k) — fla) = f(b + h) — f(b)

wheneverae I, b+ hel,0 £ he R*,a <b. Even in the one-dimensional
case, &k = 1, this does not imply continuity. Indeed, every solution of
Cauchy’s equation, f(x + y) = f(z) + f(¥), has equal increments. (Note
that if fi, fo -+, fi are functions of a single real variable satisfying
Cauchy’s equation, then f(x) = 3%, fi(x,) is a function on R* satisfying
Cauchy’s equation.) However, our interest in this paper is solely in
continuous functions with nondecreasing increments.

It is of interest to note that such a function is convex along
positively oriented lines, i.e., lines whose direction cosines are nonnegative,
with equations of the form « = at + b where (0, ---,0) < aec R*, be R*.
If f(x) is continuous with nondecreasing increments for b < x < a + b,
set () = f(at +b),0 =t =< 1. Inorder to prove @ convex, it suffices
[3, Theorem 86, page 72] to show that [@(r) + @(s)]/2 = @[(r + s)/2]
for 0=r=<s=1. Set ¢=(s—r)/2. Then o(s) — @[(r + 8)/2] =
@(r + 2¢) — p(r + ¢) = f(ar + b + 2¢ea) — f(ar + b + ca) = f(ar + b + ca) —
flar + b) = p(r + ¢) — o(r) = P[(r + 8)/2] — @(r). Thus @ is convex.

It is immediate from the definition that if the partial derivatives
fix) = offox; (x4, -+, x,) exist for x € I, then f has nondecreasing incre-
ments if and only if each of these partial derivatives is nondecreasing
in each argument; in other words, if and only if the gradient, Vf =
(fx), «++, fr(x)) is nondecreasing on I. The second partials, if they
exist, are then nonnegative. If f is continuous and has nondecreasing
increments on I, it may be approximated uniformly on I by polynomials
having nondecreasing increments and therefore nonnegative second
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partial derivatives. To see this, let us set, for convenience, I =
{g: x € R*, (0, ++-,0) =2 =(1, --+,1)}. Itis known that the Bernstein
polynomials

nk
S5 e 3 fG s il ooy i) 11 () @it —
’Ll ’Lz 'Lk:

converge uniformly to f on I as n,— o, +++, %, — o, if f is continuous.
Further, if f has nondecreasing increments these polynomials have
nonnegative second partial derivatives, as may be shown by repeated
application of the formula

(d/de) 2( >a 2l — o) = m z (”’ " 1) (@ier — @;) @1 — @) =

3. A line integral inequality of Jensen’s type. Perhaps the most
direct analogue of Jensen’s inequality for f defined on an interval
I R* would involve the integral of f over I with respect to a normed
measure. The inequality we treat here, however, deals with a line
integral over a positively oriented curve. By the term “positively
oriented curve” we understand a nondecreasing map X = (X, ---, X))
of a real interval [@, B) into an interval IC R*: a < t' <t < B implies
X(t) = X", ie., X (@)= X(t") for +=1,2, -+, k. Theorem 3.1,
below, relates such a map X and a real valued function G of bounded
variation on [«, 8). The integrals X X dG and 5 G dX appearing
in the statement of Theorem 3.1 ﬁara[am?elated througff) the formula for
integration by parts: S XdG + |\ GdX = | d(XG) for every interval
Ic]a, B) (by S XdG WeJunderstan(Jl the VectoJr X, dG, ---, S X, dG),
and similarly for S G dz, S d(XG)). In order for this to hold and also

to avoid minor diﬁJiculties Jin the determination of G at common points
of discontinuity of X and G, we shall assume henceforth without further
reference that X is nondecreasing and continuous from the right (i.e.,
X, s nondecreasing and continuous from the right for i =1, ---, k)
and G s continuous from the left. For simplicity of notation, we
write X(B8) for X(8~) and G(B) for G(67). Some further bits of notation
will be required: the symbol [a,t} will refer to either of the left
intervals [«, t} or [, t); and {¢, B) to either of the right intervals [¢, B)
or (¢, 8). Also, if a = (a,, -+, a;) € R*, then a* = (af, +--, af), where
af =max(a;, 0),7=1,2, .-+, k. Further, we set & = S X, dG, 1 =
1,2, -,k and & =S X dG. -

[@,B)

THEOREM 3.1. If G(a) = 0, then necessary and sufficient conditions
in order that
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(3.1) |, f1xolen = | xo o]

for every continuous function f on I with nondecreasing increments
are

(3.2) G =1

and

S[ ”G dX = 0 for every left interval [a, t} C[a, B) and
3.3 e
®-3) . 5)[1 —G]dX = 0 for every right interval {t, B) < |[a, B) .

The case k¥ = 1 of Theorem 3.1 appears in [1]. We note that for k =1
the class of continuous functions with nondecreasing increments is
identical with that of continuous convex functions. If &> 1, (3.2)
(3.3) do not imply (38.1) for all continuous convex f. For example, set
Xt)=(0,2t)for0 =t =1/2, Xt) =2t —1,1) for 1/2 =<t < 2, G(0) =
0,G(2) = 1, and let G have saltus 1 at ¢ = 0, saltus —1 at ¢ = 1/2, and
galtus 1 at ¢ = 1, being constant on each of the intervening intervals.
Set f(x) = (x, — x,)*, where « = (x,, %,); then f is convex, but does not

have nondecreasing increments. We have f [X(t)] dG(t) = —1, while

f[g[ X(z) dG(t)] — 1, so that (3.1) fails, aithough (3.2) and (3.3) are
0,2

satlsﬁed indeed, 0 = G =<1 (cf. Lemma 3.1).

Before proceeding to the proof of Theorem 8.1, we examine relations
among the following properties of G, for given X:

(3.4) 0=Gt)=1 for tela, p);
S[ )G dX = 0 for every left interval [a, t} C[a, 8), and
(3.3)
{ B)[l — G]dX = 0 for every right interval {¢,8]C[«a, B) ;

S GdX = [X(t+) — & for tela, B),

(8.5) Let]
: t)G dX = [X(t") — ]t for te[a, B);
S [l — GldX = [£ — X for tela, B),

(3.6) [t:8

[ 1= GlaX z [e— XE* for tew, ) .

LEmMA 3.1. We have (3.4) = (3.3). Also, if G(a) = 0 and G(B) =
1, then (3.3) = (3.5) = (3.6).
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Proof. That (3.4) implies (3.3) is obvious. Also, if G(a) =0,
G(B) =1, then

e=| Xdg-x@+| a-@ax,
[@,B) [@,B)
so that
S (1—G)dX:>:-—X(a)—S 1—G)dX,
{t:B) [w,t}
where [a, t} U {¢, B) is a disjoint partition of [«, B); or,
S (1—G)dX:§-~X(t‘)+S Gdx,
[t,B) [w,t)

S (1 —G)dX = & — X(t*) + S Gdx .
»B) [w,t]

(¢

(3.7)

Thus (3.3) implies that
S GdX = X(t) — &, S GdX = X(t) — .
[a,t) [w,t]

With the first inequality in (3.3), this implies (3.5). Thus (3.3) = (3.5).
Also, it is clear from (38.7) that (3.5) and (3.6) are equivalent. Finally,
(3.5) and (3.6) clearly imply (8.3), and the proof of Lemma 3.1 is complete.

Lemma 3.2 will be used in the proof of the sufficiency of the
conditions in Theorem 3.1.

LeEmMMA 3.2. Under the hypotheses of T heorem 3.1, and conditions
(3.2) and (3.3),

S _ PAIXM)- LX) — & = FIXE] — O -

Proof. We observe first that X(a) < & < X(8). This follows from
the inequalities

0=| Gwdxw=x@-| xwdow=x@) ¢,
and

0= g _1— 6@ldX@ = —X@) +§ X dGw) = £ - X(@ .

[ [@

Since X is nondecreasing, there is, for 4 =1, 2, - -+, k, a unique smallest

real number 7; such that X(z7) £ & < Xi(z/). Suppose 7, =7, =
- =< 7,; the proof is similar for other orderings. We have
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|, PAIX@-dIX() - £

=5 | AXOLX® - &1

> S . FIXO14X )

S FX@IAxe + [ S AXO1aX0
-

|

- Sﬁ _ FIXO1X@) -

‘Since fi(x) = fi(xy, +++, %) is nondecreasing in each argument, ¢ =
1,2, +++,k we have, for 141 <j =k, and for 7,.;, =t < 7y,
fi[-Xl(t)7 Y Xk(t)]
= fi[Xl(t)i b X -—z(t), X; (T )9 J+l(TJ+1)7 Ty Xk(z-l:)]
= fz[Xl(t)’ ] J—l(t)7 ":'.7: ) gk] .

It follows that

I Srxenaxe

["j—-l"‘J) i=1

= Eauxo, - X8 81050

["j—p"j) =1

[ PAX@, e Xt &, o ]
[ej—pey)

.d[Xl(t)i M) Xj—l(t)’ Ej’ tt gk]
= f[Xl(Ta_)’ °t% Xa‘—l(TJT)’ gi: M) gk]
"_f[Xi(T;‘-—l)’ R Xj—l(fj——-l)! éj’ M) ék]y j =2, ., k.

“Therefore

[ PAXOL-AXO — 8" < FIXE), -+, X(B)]
- f[Xl(z-;c—)’ °t Xk—l(z';); ‘fk]
+ 3 UIXGE), o Ko@) & oo, &

- f[Xl(Tj——l), M) Xj-z(z'j_—l)y fi—n ) &k]}
= fIX(B] — f) .

‘This completes the proof of Lemma 3.2.
Proof of Theorem 3.1; necessity. Equation (3.2) follows from (3.1)

with f=1 and f=—1. For 1<¢=<k, and a =t < B, set f(x) =
J@y, ---, 2) = [2; — X;(¢)]*. For this function f, (3.1) yields
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S[w,s)[Xi(u) — X)) dG(w) =z [& — X)) .
But
L) 0.8
=] - Gwiaxw,
80 that
S[t,m[l — G dX,(u) = [& — X,¢)]", i=1,2 -k,

{ verifying the first part of (3.6). The verification of the second part
is similar. With Lemma 3.1, this completes the proof of the necessity
of (3.2) and (3.3).

Sufficiency. Set Q) = (@), ++ -, Qu(t)) = SM G(w) dX(u) for a =
t < B. Then by (3.5) we have Q(t*)= [X(t*) — £]* for @ <t < 6.
Since f can be approximated uniformly in I by polynomials with
nondecreasing increments, there is no loss in generality in assuming that
‘the partial derivatives fi(x), 7 =1, 2, --+, k, exist and are nondecreasing
in each argument. We then have, for 1 =1,2, .-« k,

[ FIX®14Q0) = FIX@QE) - | @® drixe)
= FIXO1QE) — | [X(®) — €l drLX(t)]
= rIX@dx6 - &,
smcee
QB) = [X(8) — & = [X(6) — &'
by (8.7). Therefore
[ FIXO160) = F1XO1 - | 60 rXe]l-dxe
= FIX@)] - | _reixel-dew)
= FIXE) - | PrIX@)-dXE) — & = 1)
by Lemma 8.2. This completes the proof of the theorem.

In each of the following corollaries, Corollary 3.1 and Corollary
3.2, it is assumed that X is a nondecreasing map, continuous from the
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right, from [«, B) into a k-dimensional interval I containing the origin
0=(0,---,0); that f is a continuous function from I into the reals
which has nondecreasing increments; that G is a real-valued funection of
bounded variation on [«, B), continuous from the left, and that G(8) = 1.

COROLLARY 3.1. If X(a)=0=(0, ---,0), of f(0) <0, if G(a) =
0, and if (3.8) holds, then

3.1) Sw,ﬁ)f[X(t)] dG(t) = f[g[m)X(t) dG(t)] .
The case k = 1 of this corollary appears in [1].
Proof. Set Gi(t) = G(t) fort > a, G(a) = 0. Then by Theorem 3.1,

S [w,s)f[X(t)] dG(t) = f[S [oa,s)X(t) dGl(t)] :
But

S X(t) dGi(t) = S X(t) dG(¢)
[@,B) [@,B)

since X(a) = 0. Also

[ rixendce =ro6@ + | sixendce

and (3.1) follows.

COROLLARY 3.2. If either
(i) G(a) =0 or
(ii) X(a) =0, f(0) =0, and f
(iii) 0GR =1 forast<p,
then

(3.1) |, rx@nace = | x@aco)].

Proof. By Lemma 3.1, (iii) implies (3.3) so that under hypotheses
(i) and (iii), (3.1) is immediate from Theorem 3.1. If (ii) and (iii) hold,
choose a* < «, set X*(a*) =0, X*(t) = X(t) for «a =t < B, and let
X* be linear for a* =t < a. Set G*(a*) =0, G*(t) = G(a) for a* <
t=a G*(t) =G({) for a =t < B. Then G*B) =1, G*(a*) =0, and
0=G*=<1. From Lemma 3.1 and Theorem 3.1 it follows that

| fxrerace = x:waero).

[e
But
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X[ X0 dG(t) = S[M,B)X(t) dG(t) ,

and

S[w,,mf [X*@®)]dG*(t) = F0)GHa) + S[w,B)f[X(t)] dG(t) ,
Since f(0) < 0 and G(a) = 0, conclusion (3.1) follows.

REMARKS ON COROLLARY 3.2. The case k=1 of Corollary 3.2
appears in [1] with the hypothesis X(«) = 0. With a change of variable
in Corollary 3.2 we obtain the following theorem.

Let Y be a monincreasing map, continuous from the left, from
0, 1] into I < R*, with Y(1) = 0. Let H be continuous from the right
and of bounded variation on (0,1], and suppose H(0) = 0, H(t) = 0 on

(0, 1], S |dH(t)| > 0. If f is continuous with nondecreasing incre-
ments on I, and if f(0) <0, then

S(o.ﬂf(Y) dH/S(o,l]‘ dH]| gJD(S(o,x]YdI-I/S |dH D )

(0,11
It suffices to set X(£) = Y(L — t), G(t) = 1 — [H(l —t) / SO dH(t)]
{0, 1) in Corollary 8.2. Cases £ =1 and % = 2 of this latter theorem,
for discrete and for continuous H, appear in [2], with additional
hypotheses: for k =1, that f’ is convex; and for k = 2, that the first
partial derivatives are convex along positively oriented lines.
Ciesielski points out (in the two-dimensional case) that setting
S(@, x,) = xx, yields a generalization of an inequality of Chebyshev
[3, page 43]: if Y,, Y, are nonincreasing, nonnegative and continuous
Sfrom the left on (0,1), if H is continuous from the right and of
bounded variation on (0,1], and if H(0) =0, H(t) = 0 on (0, 1], then

S YledHS |dH|gS YldHS Y,dH .
(0,1] (0,11 (0,11

(0,1]

COROLLARY 3.3. Let f be a continuous map from a k-dimensional
nterval I containing the origin imto the reals, with mondecreasing
wncrements, such that f(0) <0. Let m be a positive integer, and
let 1=zh=h=+--=2h,=0. Let a;e¢l,j=1,2 -+, m, with
(1""’1)>a1;a2§"'gamg(ov"°,0)' Then

@) S, (D af@) 2 7 5 (~Dhe ]

For inequality (3.1) becomes (8.8) if « =0,8 =1, if G has saltus
(=1y7h;atl —j/m, (7 =1,2,+++,m) with G1) = 1, and if X(1 — j/m) =
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aj(j = 11 27 ”'ym)‘

The one-dimensional case appears in [1], and was proved independently
by Olkin [5]. For references to earlier special cases by Szego,.
Weinberger, and Bellman, cf. [5].

4. An inequality of Levin and Steckin.

THEOREM 4.1. Let I denote an interval in R* let X be a
nondecreasing map from [a, B) into I, continuous from the right.
Let H be continuous from the left and of bounded variation on [a, B),
with Ha) = 0. Then,

(4.1) |, JIX®14H® = 0

for every continuous function f from I into R with nondecreasing
increments, if and only if

(4.2) HpB)=0,

(4.3) S[M’B)H(u) dX(u) =0,

and

(4.4) S[w’ﬂﬂ(u) dXw) =0 for [a t)cle,B).

Proof of mecessity. The validity of (4.1) for f =1 and for f = —
implies (4.2). Further, (4.1) for f(z) = x;, where x = (2, ++-, ), and.
for f(x) = —w;(j=1,2 -+, k), implies S[w X ;(u) dH(u) —0,j =
1,2, .-+, k, or, equivalently, S[ Hw)dX(u) =0, which is (4.3).
Inequahty (4.4) results from (4.1) after integration by parts, on setting,
for fixed 7 (4 =1,2, -+, k) and fixed t, @ < t < B, f(x) = [X,;(t*) — =,]*
or [X;(t7) — =,]*.

Proof of suffictency. Since, as remarked in § 2, f may be approx-
imated uniformly on I by functions with continuous nonnegative second

partial derivatives, we may assume that the second partials f;; exist
and are continuous and nonnegative. We then have

[ JIX®1aH® = | HO)7AXO-4X0
= -2 | rixe)Ho axi0
=52 rixeraxo| Hwaxw,

i=11=1
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by (4.2) and (4.3). But by (4.4) each term in the last sum is nonnegative,.
so that (4.1) is verified.

The one-dimensional (k¥ = 1) version of Theorem 4.1 appears as.
Theorem D.1 in [4], and indeed the proof of Theorem 4.1 is the natural
extension of the proof given in [4].

Sufficiency in the one-dimensional (kK = 1) version of Theorem 3.1
was proved in [1] as a consequence of Theorem 249 in [3]; it is exhibited
below for continuous X as a consequence also of Levin and Steckin’s.
Theorem D.1 (Theorem 4.1 above, with £ =1). Choose = so that

X(t)=¢€= Sm B)X(t) dG(t). Set H(t) = G(t)fora =t < 7, H(t) = G(t) — L
for t <t <[B. Then H(a) =0, H(B) = 0. Also

S H(u) dX(u) = S G(u) dX () — S dX(u)
[@,B) [@,B) [t:B)
=X(B)—&—[X(B) — X(2)]=0;

and
S[ H@) dX@) = S[ G(u) dX(u) 2 0
if ¢« <t <7, while
S Hw) dX(w) = S Gl(w) d X (w) — S dX(u)
[@,t} [o,t} [z,¢}
= | 6w dX@) — [X¢*) — & =)0
for t <t < B. From (4.1) it then follows that

[ sixolane = sixe1d60 - 5@ 2 0,

which is (3.1).
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