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FAMILIES OF PARALLELS ASSOCIATED WITH SETS

E. E. RoBKIN and F. A. VALENTINE

There exist sets S in Euclidean space £, which have an
interesting association with a family & of parallel lines.
For instance S and &7 may be so related that each point of
S lies on a member of &7 which intersects S in either a line
segment or a point, There exist compact sets S c E, such
that every finite collection of points in S is contained in some
collection of parallel lines each of which intersects S in a
single point, and yet no infinite family & of parallel lines
exists having the same property and covering S. This paper
contains a theorem which enables one to determine the ex-
istence of a family of parallel lines each of which intersects
S in a line segment or point and which as a family covers S.

Secondly we show that the points, the closed line segments,
the closed convex triangular regions, and the closed convex
sets bounded by parallelograms are the only compact convex
sets B in E; which have the following property. If A is a closed
connected set disjoint from B and if every 3 or fewer points
of A lie on parallel lines intersecting B, then A is covered
by a family of parallel lines each of which intersects B.

Finally, we obtain a theorem of Krasnoselskii type. Intui-
tively, this may be stated as follows. Suppose S is a compact
set in F, and suppose there exists a plane H such that every
n points of S can see H via S along parallel lines, Then all
the points of S can see H via S along parallel lines.

The above results appear in Theorems 3,2, 1 in that order. The
appendix at the end contains the theorems of Helly, Krasnosel’skii
and other results used. Furthermore, the reader is recommended to
consult the compendium “Helly’s theorem and its relatives” by Danzer,
Klee and Griinbaum [1]. In order to proceed logically we adopt the
following notations.

NoTtaTioN. If S is a set in n-dimensional Euclidean space E,,
then closure of S = cl S, interior of S = int S, boundary of S =0bd S,
convex hull of S=convS. If xe E,, yc E,, v = vy, then L(z, y) = line
containing # and y, xy = closed segment joining # and y, intvay =
relative interior of the segment xzy, R(x, %) = ray having x as endpoint
and containing y. The empty set is indicated by 0 and the origin of
E, by @. Set union, intersection and difference are denoted by U, N
and ~ respectively.

Received July 6, 1964. The preparation of this paper was sponsored (in part)
by the National Science Foundation Grants GP 1368 and 1988.

147



148 E. E. ROBKIN and F. A. VALENTINE

Parallels.

TEEOREM 1. Let S be a closed set in n-dimensional Euclidean
space K,.

(a) Suppose there exists a hyperplane H such that SN H 1is
coOmpact.

(b) Suppose for each integer s such that 1 <s=mn and for
each set of distinct points %, Xy, +++, &, ¥ S ~ H there exist points
Yy Yoy ***» Ys tn H such that zy,CS (¢t =1,+--,8) and such that
Ty Ty o+ *y Y, are parallel. (The yy, <+, Y, need not be distinct.)

Then there exists a family & of parallel lines such that for
each point xe€ S ~ H there exists a point ye H such that xyCS and
such that the line L(x,y) belongs to .

Proof. To each x2e S ~ H, let C(x) denote the union of all lines
L(z, y) where ye H such that xy < S. Choose a point ¢ as origin in
E, with @ ¢ H, and let D(x) be that translate of C(x) so that x goes
to @. Define M(x) as follows, when z€ S ~ H,

M(x) = conv (H N D(x)) .

Since H N D(x) # 0, we must have M(x) = 0 for each x€ S~ H. Hy-
pothesis (b) implies that every # or fewer members of the collection
{M(x), s S ~ H} have a point in common. Since the dimension of H
is » — 1, and since the members of {M(x),xe S ~ H} are compact
convex sets in H, Helly’s theorem [2] (see Appendix) for (n — 1)-
dimensional space implies

(1) N M(x)+0.

*€ES~H

Since @ ¢ H, condition (1) implies there exists a line L through @
such that LN M(x) # 0 for each xe S ~ H. We let & denote the
Sfamily of all lines parallel to L and intersecting S. We will prove
that &2 has the desired property stated in the theorem. To do this
choose a point €S ~ H, and let L(x) be the line through z parallel
to L. Let L(zx) N H = y and suppose 2y < S. Since S is closed then
there exists a point weintvay and a closed solid sphere U(u, r) with
center # and radius » such that SN U, r) =0. Let U@w,t) be a

closed solid sphere with center v € xu and radius ¢ with ¢ < #. Define
K(v) as follows,

K(v) = econv{U(u, r) UU(@, t)],ve xu .

Since S is closed, and since K(u) N S =0, K(x) N S == 0, there exists a
point w € 2u nearest to u such that SNbd K(w)=-0, SN int K(w) = 0.
Choose a point z such that
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2eSNbd K(w) = 0.

Clearly D(z) contains no line L(z,y,) parallel to the line L(x) with
¥, € M(z). This contradicts the statement following (1). Hence zy cC S,
and Theorem 1 has been proved.

In order to express the next theorem easily the following concepts
are used.

DEFINITION 1. A set A has the parallel property P(m) relative to
a set B if every m or fewer points of A all lie on a family of parallel
lines each of which intersects B.

A set A has the parallel property P(A) relative to B if all the
points of A lie on a family & of parallel lines each of which inter-
sects B.

THROREM 2. Let B be a compact convexr set in the FEuclidean
plane KE,. Suppose that each closed conmnected set A in K, which s
disjoint from B and which has property P(3) relative to B also has
the property P(A) relative to B.

Then B 1is either a point, a closed line segment, a closed set
bounded by a triangle or a closed set bounded by a parallelogram.

Proof. Since this theorem characterizes the sets B, the proof
consists of two parts.

Let .oz = {4} denote the collection of all those closed connected sets
A which are disjoint from B and which have property P(8) relative to
B. Flirst, suppose B is either a point, a closed line segment, a closed
triangular region or a closed region bounded by a parallelogram.

Case 1. Suppose bd B is a parallelogram with consecutive vertices
@y, Ayy O3, @, The four lines determined by the four edges of B divide
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the plane FE, into nine parts. Let V(a;) (# =1, 2, 3, 4) denote the un-
bounded open V-shaped region abutting B at a; (4 =1, 2, 3,4), and let
V(a, a;) be the closed unbounded region abutting B along a.a,, ete.
Since A€ .o is connected and disjoint from B, if AN V(a;) # 0,
ANW(a;y) #0, (¢ =1,2,3,4; a; = a,), the set A would not have the
property P(2) relative to B. Hence, it would not have property P(3)
relative to B. Therefore, we may relabel the vertices of B so that

(2) AcCV(ay, a,) U Vi(a,) U V(a, as) .

For xe A, let C(x) denote the union of all rays emanating from «
which intersect B, and let D(x) be that translate of C(x) which sends
2 to the origin @ of E,. Since B is compact and convex, and since
x ¢ B, the set C(x), and hence D(x), is a closed convex cone which is
not all of E,. Let C be the unit circle with center at @ so that
C=la:|=] =1].

Define M(x) as follows,

C N D)= M(x),xc A .
Consider the collection of sets
A = {M(x), xc A} .

Property P(3) implies that there exists a semicircular arc C, of C
such that every two members of _# have a mon-empty connected
intersection with C,. To see this observe that if in (2) we have
AN Vi(a,) # 0, then for each point x€ A N V(a,) we have a connected
intersection

M(x) N M(x%,) N M(x,) + 0

for every pair of points x, 2, in A. If AN V(a,) =0 then either
AcV(a, a,) or AcC V(a, a,), and the above italicized statement is also
still true. (It is instructive to observe that condition P(2) does not
suffice to imply the above italicized sentence.) We may now apply
Helly’s theorem [2] (see Appendix) to the set .# to yield the existence
of a paint e M(x) for all Me _ . Let L be the line determined by
@ and u. For each x€ A, let L(x) denote the line through « parallel
to L. The above facts imply that L(x) N B+ 0, x€ A, by virtue of
the definition of C(x). Hence A has property P(A) relative to B.

Case 2. Suppose B is a closed set bounded by a triangle with
vertices @, a,, a;. As argued in case 1, we may relabel the vertices
so that

AcV(a) U V(ay, a,)
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if Ae ., where V(a,) is the open V-shaped region abutting B at a,,
and where V(a,, a,) similarly abuts B along a,a,. The rest of the
proof is exactly the same as Case 1.

Case 3. Suppose B is a closed segment a,a,. If Ae.®/ then A
either lies on L(a, a,) or in one of the open half-spaces bounded by
L(a,, a,). The proof is either trivial or exactly the same as Case 1,
or, for that matter, as Theorem 1.

Case 4. If B is a point, then A must lie on a line through B,
and the conclusion is trivial.

This completes the first part of the proof.

(I) Secondly, to complete the characterization, suppose B is a
compact convex set which is neither a point, a line segment, a tri-
angular region or a set bounded by a parallelogram.

We will prove that for such a set B there exists a closed connected
set A, disjoint from B, which has property P(3) relative to B, and which
does not have property P(A) relative to B. In order to construct A we
use the familiar concept of “exposed point.”

DEFINITION 2. A point % in the boundary of a convex set SC E,
is an exposed point of S if there exists a line L of support to S at =
such that SN L = .

To construet A, let x,@, be a diameter of the set B described in
the italicized statement (I). The points z,, ¥, are exposed points of B
since the line L, through z; (# = 1, 2) and perpendicular to %, is such
that L, NB=12; (4 =1,2). Let H be one of the open half-planes
bounded by L(x,, x,) such that HN B # 0, since B& L(x, ®,). It is a
well-known elementary fact that B contains at least one exposed point
in H. If B contains one and only one exposed point in each of the open
half-planes H and E, ~ cl H, then B is a quadrilateral. (We have
excluded the case of a parallelogram, here.) On the other hand, if B
contains only one exposed point in H and none in E, ~ ¢l H then B is
bounded by a ¢riangle, which is also excluded here. For the moment,
suppose A contains at least two exposed points x, and «x, in H. With-
out loss of generality, suppose x,, x,, 2, £, occur on bd B in that order
as illustrated in Figure 2. (In Fig. 2, the dotted lines and curves,
except for the points z,, x,, ,, , miss B.)
Let L(x,) (¢ = 3,4) be two lines such that BN L(x;) = ;. Observe that

conv(x;, Uz, Uz, Ux,)C B

There exist points x;; (4,7 =1,2,3, 4,7 < j) such that
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Lxs) L(x2)

Y13

Fig. 2,

€y = Lw) N L(x;) (0 <J,%,5=1,2,3,4,,7) #(1,2) .

To construct the set A, illustrated in Figure 2, extend the segment
Zasly; O X5y and .2, to 2,5, so that

L(wy, You) N Ly, ) N H #
L, yis) N L(®yy ) N H~0 .

Recall that xz,€ H, x,€ H. Furthermore, replace a segment ab of .2,
with midpoint x, by a semicircular are C, with endpoints ¢ and b and
with C; N B = 0. Introduce a corresponding arc C, at x, (see Fig. 2).
The set A defined as follows

A= (ylaa) uC,U (bsy) U (55¢) U C, U (dy,y)

is illustrated in Figure 2. We may choose the ares C, and C, suf-
ficiently small so that A clearly has property P(3). To see this observe
first that A ~ C, has property P(2). Hence, to see that A has property
P(3) one merely has to demonstrate that if xeC, ye A, z€ A, the triple
{x, v, 2} has property P(3) relative to B. However, clearly the set A
does not have property P(A) relative to B. This completes the proof
when B in statement (I) has two exposed points in H. The only case
remaining in this part of the proof is that in which B is a quadri-
lateral which is not a parallelogram. So to complete the proof suppose
B is such a quadrilateral. In this case there must exist some two
vertices of B, say x, and x,, such that the other two vertices x, and
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x, of B are interior to a strip bounded by two parallel line L(x,) and
L(xz,) at «, and w, respectively such that x, and 2, lie on the same
side of L(x, x,). Hence, we have a situation which is essentially the
same as in Figure 2 (perpendicularity was not essential), and the same
construction can be carried out to yield a set A having property P(3)
relative to B but not P(4). This completes the proof.

There exist further results related to property P(m) and these will
be presented in a subsequent paper. It should be mentioned that if in
the hypothesis of Theorem 2 we replace P(3) by P(2) then B must be
etther a point or a line segment. Also it is easy to prove that if B is
a compact strictly convex body in £, and if m is a prescribed integer,
there exists a compact connected set A which is disjoint from B, which
has property P(m) relative to B but which does not have property P(4)
relative to B.

THEOREM 3. Let S be a closed conmnected set tn the Euclidean
plane E,. Suppose there exist two points a and b in S such that
the following holds. If x, and x, are points in S then there exist
some two parallel lines, denoted by L, and L,, such that L;N S = x;
and such that L;Nab== 0 (1 =1, 2).

Then there exists a family <P of parallel lines in K, such that
each point of S is contained in a member of P which intersects S
in either a line segment or a point.

Proof. If xeS, by hypothesis there exists a line L(x) through
2 such that

(4) SN L(x)=x,abN L(x) = 0.

For ze S, let C(x) denote the union of all possible lines L(x) satis-
fying (4). We will prove first that C(x) is a two-napped cone, each
nappe of which is convex, although it need not be closed. To prove
this, we consider two cases.

First, suppose x ¢ ab. Suppose L,(x), L{x) are two lines in C(x)
through z. Choose an arbitrary line L(x) through « such that L(x)
intersects ab between ab N L(x) and ab N L,(x). We will show that
Lx) NS ==, so that L(x)c C(x). The proof is indirect. Suppose a
point y exists such that ye SN L(x), y = 2. By hypothesis, there
exists a line L(y) through vy such that SN L(y) = v, ab N L(y) # 0.
(See Fig. 3. In this figure, the dotted lines, except for the points z
and y, miss the set S.) Since L(y) Nintv ab # 0, L(z) N intv ab # 0,
it is a simple matter to verify that the deletion from K, ~ S of an
appropriate ray of L(y) together with an appropriate ray from L.(x)
or L.(x) separates the plane into two disjoint open parts, one of which
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Fig. 3,

contains @ and the other of which contains b. However, this violates
the fact that S is connected. Hence, we have a contradiction so that
SNL(x) = . Hence, when 2 ¢ ab, the set C(z) is a two-napped cone,
each nappe of which is convex.

Secondly, suppose zc SN ab. The proof follows the same pattern
as in the case z ¢ ab, (see Fig. 8). The obvious details are made self-
evident there.

To complete the proof, choose an origin @ in K, so that ¢ ¢ L(a, b).
Let D(x) be that translate of C(z) so that = goes to @. Consider the
collection .7, defined as follows

A = {M(x) = L(a, b) N cl D(x), xe S} .

We have shown that every two members of _# have at least one
point in common. Furthermore, if ¢ L(a, b), then M(x) is a compact
interval. If xcab the set M(x) may be unbounded (although closed
and convex), however, this will cause no difficulty because if S cab,
then M,es M(x) = 0 follows trivially, and if S ab Helly’s theorem
[2] can be used to yield the existence of a point % such that

A DSM(x).

Let L be the line determined by the two points % and @, since @ #=u.
Let &7 denote the set of all lines in E, which are parallel to I and
which intersect S. We will prove that & is a family as described in
Theorem 8, and the proof is indirect. To do this, for e S let L(x)
denote that line through « which belongs to <& so that L(x) and L
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are parallel. Suppose a point x € S exists such that SN L(x) is not
connected. Since S is closed if SN L(x) is not connected there exist
points ¢ and d in L(x) such that ¢eS,de S, ¢#d, SNintved = 0.
The segment c¢d is usually called a cross-cut of the complement of S.
Since S is conmnected, there exists a component K of the complement
of S such that the removal of intv ¢d from K yields two disjoint parts
of K, at least one of which is bounded (see Fig. 4) which we denote
by K.

Fig, 4.

There exist points ¥ € bd K, with y ¢ L(c, d), sufficiently close to L(x) such
that the L(y)e &” parallel to L(x) intersects K, and also intersects
bd K in a nonconnected set. Since ¢l C(y) is the closure of a nonempty
two-napped cone, each nappe of which is convex, there exists a line
L(y) c C(y) through y, sufficiently close to L(y) (in terms of angles),
such that L,(y) N S # y, a contradiction (see Fig. 4). Hence, we have
proved that &7 is a desired family, and the proof is complete.

The hypotheses of Theorem 3 do not imply that a family &7 neces-
sarily exists such that each x € S is contained in a member of &# which
intersects S in just the point 2. In fact the following is true.

There exists a compact set S C E, such that every finite collection
of points %, T+, L, 40 S 48 contained in some collection of parallel
lines Ly, Ly, +++, L, such that L,NS=2;, ¢ =1, ---, n), and yet no
Jfamily <P of parallel lines exist such that each point of S is con-
tained in o member of P which intersects S in just one point.

We exhibit such a set S as follows.

ExAaMPLE. Let (x,, ;) denote rectangular coordinates of a point
p; in E,. We define the sequence of points {p;, ¢ =1,2,--+} in E, as
follows,
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(%an—1) yzy’p—l) = <27’I/1— 1’ O) ,

) = (377 51)

(5)

so that (@, ) = (1, 0), (2, ¥2) = (1, 1), (25, ) = (1/8, 0), ete. Define S
as follows

S =cl L;, DiDi+1

so that S is the increasing limit of a sequence of zig-zag polygonal
paths. Beginning at (1, 0), the odd segments are vertical, and the even
segments have finite positive slope. Observe that

lim Yoz — Youo1 lim 2n — 1 — o

= Lopg — Lopi Kiaad

so that the even segments have slopes approaching . It is a simple
matter to verify this set S has the property described in the above
italicized statement because of (5) and because %, = ¥,, (n = 1,2, ---).

For the concluding result we need the following concepts used by
Horn and Valentine [4].

DEFINITION 3. The set B is a set of visibility for a set S in E,
if for each point 2 € S there exists some point y € B such that a2y < S.

DEFINITION 4. A set SC K, is said to be an L, set if each pair
of points in S can be joined by a polygonal arc consisting of at most
two line segments.

Horn and Valentine [4] proved that a simply connected compact
L, set in E, is expressible as the union of convex sets every two of
which have a point in common. No simple characterization of non-
simply connected compact L, sets has ever been given. The following
theorem is a step in that direction.

THEOREM 4. Let S be a compact L, set in E, (see Definition 3),

(a) then each hyperplane in E, has a translate which inter-
sects S in a set of wvisibility for S,

(b) also each (n — 2)-dimensional flat is contained +n a hyper-
plane which intersects S im o set of visibility for S.

Proof. TFor each point x € S, let S(x) denote the set of all points
y such that zy < S. Also define C(z) to be

C(x) = conv S(x) .
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Since S is compact, the set C(x) is compact. Since every two members
of the collection {C(x), x € S} have a point in common, a theorem of
Klee [6] implies that each hyperplane H’ has a translate H which
intersects every C(x), x€ S. Since S(x) is the union of rays having «
in common, the fact H N C(x) # 0 implies H N S(x) = 0. Hence, for
each point € S, there exists a point y € H N S such that xy c S. This
establishes (a). In the same manner a theorem of Horn [3] implies
that each (n — 2)-dimensional flat is contained in a hyperplane which
intersects every C(x), x € S, and the remainder of the prcof of (b) is
identical to that given for (a).

Appendix

THEOREM (Helly [2]). Let & be a family of compact convex sets
wn K, containing at least n + 1 members. If every n + 1 members of

Z have a point vn common, then all of the members of Z have a
point tn COmMMmon.

THEOREM (Krasnosel’skii [5]). Let S be a compact connected set
iwn H,. Suppose that for every m + 1 points x;€S(t =1, -+, n + 1)
there exists at least one point ye S such that zycS @G =1, -+, n).
Then there exists a point p € S such that xp C S for each point xe S.

THEOREM. Let & be a family of bounded closed convex sets in
o Euclidean space E. Suppose F contains at least n members.
Suppose every n members of F have a point in common.

(Klee) Then every flat of deficiency m — 1 has a translate which
intersects every member of F.

(Horn) Ewery flat of deficiency n 1is conlained in a flat of de-
ficiency m — 1 which intersects every member of 7.
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