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LIMITS IN CERTAIN CLASSES OF
ABSTRACT ALGEBRAS

GLORIA C. HEWITT

This paper is primarily concerned with the existence of
direct limits in certain classes of Boolean algebras. The
concepts of inverse and direct limits are defined relative to a
class 2ί of abstract algebras. It is assumed that the algebras
in 5ί are of the same type.

It is found that classes which are closed under such con-
structions as the formation of homomorphic images, subalge-
bras, free products and free unions do admit direct and inverse
limits. In fact, the existence of direct limits is closely related
to the existence of free products and dually, the existence of
inverse limits is related to the existence of free unions. Also
there is a relationship between the existence of inverse limits
and direct limits.

The proofs of these observations are omitted because they are
similar in construction to the proofs given for existence theorems in
[ 2 , 3 , 5 ] .

Let SI be a class of abstract algebras. Let A be a directed set
and let X = {Xa\aeA} be a subset of §1. A system <X;/7> con-
sisting of the family X and a family Π of homomorphisms

Trg: Xa —> Xβ for each a < β in A ,

is called a direct system over A if πa

a is the identity map of Xa and
π* = π8

βπ
β

a whenever a < β < δ. A system <XTO; πa\eΛ consisting of
an algebra X* in % and a family of homomorphisms πa: Xa—>X^
such that if a < β, πβπ% = πa is called the direct limit of (X; Πy if
the following extension property is satisfied:

(E) if ga: Xa—> Z is a family of homomorphisms such that if
a < β in A, gβπ% = ga, where Z e2I, then there is a unique homo-
morphism g: X^-^ Z such that ga = gπa for all a in A.

The concepts of inverse system over A and inverse limit are dual to
that of direct system over A and direct limit respectively.

1* Closure properties*

THEOREM 1.1. If $1 is closed under free unions and the for-
mation of subalgebras, then 21 is closed under inverse limits.
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As a converse to this theorem we have the following result.

THEOREM 1.2. Let {Xa \ a e A} be a subset of 2ί. Suppose

( 1 ) % is closed under inverse limits;
(2) Any finite subset of {Xa \ a e A} admits a free union.

Assume that for each β e A, there exist an algebra Xβ e 21 and a
family of homomorphisms haβ: Xβ —> Xa for all a e A with haa onto.
Then {Xa \ a e A} admits a free union.

THEOREM 1.3. / / 21 is closed under free products and the for-
mation of homomorphic images, then 21 is closed under direct limits.

Conversely,

THEOREM 1.4. Let {Xa \ a e A} be a subset of 21. Suppose
(1) 21 is closed under direct limits;
(2 ) Any finite subset of {Xa \ a e A} admits a free product.

Assume that for each β e A, there exist an algebra XβeWί and a
family of homomorphisms haβ: Xa —> Xβ for all ae A with haa one-
to-one. Then {Xa | a e A} admits a free product.

THEOREM 1.5. Suppose 21 is closed under the formation of
homomorphic images, free products of finite subsets, and direct
limits. Then 21 is closed under inverse limits.

Conversely,

THEOREM 1.6. Suppose 21 is closed under isomorphism, the for-
mation of subalgebras, inverse limits and free unions of finite
subsets. Then 21 is closed under direct limits.

We observe here that if 2ί is a class of abstract algebras which
is closed under the formation of homomorphic images, subalgebras,
direct unions and if every algebra of 21 contains a one element sub-
algebra, then every inverse (direct) system in 21 admits an inverse (a
direct) limit. It is easy to see that if the direct union is in 21, then
it is the free union. This fact, together with 1.1, gives that every
inverse system in 21 admits an inverse limit. Sikorski (in [7]) proved
that every subset of 21 has a free product, (see also [2], p. 88). This,
together with 1.3, yields that every direct system in 2ί admits a
direct limit.

2. Direct limits in particular classes* For the results in this
section, we will need the following fact.
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LEMMA 2.1. Let (Xoo) 7ΓayaeΛ be a system having all the properties
of the definition of a direct limit except possibly the uniqueness of
the homomorphism g in (E). Assume that \J{π&[Xa\\aeA\ generates
XTO. Then g is unique.

Conversely, if the class 21 is closed under the formation of
subalgebras and (X^; πayaeΛ is a direct limit, then \J{πa[Xa\\(X€ A)
generates X*.

The proof is omitted since it is like the proof of a corresponding
result in [2], We observe that if the operations are finitary for the
algebras in the above lemma, then actually J J ί ^ t ^ l I a e A} = Xx>.

THEOREM 2.2. Let 21 be a class of algebras of type tc with
finitary operations. Assume 31 is closed under the formation of
subalgebras. Let <X; Π.y be a direct system over A in 31. Suppose
every algebra La satisfies a sentence of the form

VxlyR(x, y) ,

where R(x, y) is some conjunction of identities. Then if <X«,; τrayaeΛ

is the direct limit of (L; 7Γ>, L^ also satisfies this sentence.

Proof. By Lemma 2.1, \J{πa[La] I α e A} = L«. We notice t h a t

for any finite set of elements xu ---,xn in L β , there exist an aeA

and elements ylf ,yn in La such t h a t τza{Vi) = %% for all i — 1, , n.

Moreover, if R(x, y) for x and y in Lai then R(πa(x), πa(y))m

Let L and U be lattices containing 0 and 1. For a lattice
homomorphism h: L—+L', assume, that h(0) — 0 and h(l) — 1.

COROLLARY 2.3. Let 21 be the class of all lattices and let 93 be
the class of complemented lattices. Let <XTO; τraya€A be the direct
limit in 21 of a direct system ζL; Πy over A in SB. Then ζL^; πayaeΛ

is the direct limit of <L; Πy in S3.

Proof. Let a,βeA. Choose δ > a,β. Then

πa(0a) = 7Γδτri.(Oα,) = ττδ(Oδ) = πδπ
δ

β(Oβ) = πβ(0β) .

It follows that L^ has a zero element. Similarly L^ has a unit
element. Thus every La and L^ belong to the class (£ of lattices
which contain 0 and 1. Moreover, <XTO; πay&eΛ is the direct limit of
<L; Πy in (£. Every La satisfies the sentence Vxly(xVy = 1 and
x A y = 0). By Theorem 2.2, L^ satisfies this sentence and thus is
in S3.
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COROLLARY 2.4. Let SI be a class of lattices which contains the
class 33 of relatively complemented lattices. Assume that SI is closed
under the formation of sublattices. Let ζL; Tiy be a direct system
over A in 33. Then if (L^; πayaβΛ is the direct limit of <X; Πy in
SI, <Xoo; πayaeΛ is the direct limit of <X; /Γ> in 33.

Proof. Every La satisfies the sentence VaVbVxlyφ Λ x Λ y = a
and a V x V y — b). Hence by Theorem 2.2, L^ satisfies this sentence
and thus is in 33.

For the remainder of this section, we consider the existence of
direct limits in certain classes of Boolean algebras. A Boolean algebra
is a complemented distributive lattice. Let ί be a Boolean algebra
and let X(B) be the set of all prime ideals of B. X(B) can be
topologized in such a way that the set F(B) of all both open and
closed sets in X(B) forms a base for the topology. Moreover, F(B)
is a field of sets which is isomorphic to B. If π is homomorphism
of B into a Boolean algebra C, then π-\M] is a prime ideal of B,
where M is a prime ideal of C. Thus π induces a continuous mapping
π*:X(C) — X(B) by letting π*(M) = π~\M]. In fact, if UeF(B),
(TΓ*)-^?/] = iπhr\U) where i and h are the isomorphisms mapping C
onto F(C) and B onto F(B) respectively.

It can be shown that π* is one-to-one if and only if π is onto
and π* is onto if and only if π is one-to-one.

X(B) is called the Stone space of B. For a more detailed dis-
cussion of this concept, see [6].

THEOREM 2.5. Let X be any abstract algebra with finitary
operations. Suppose Y = {Xa | a e A} is a family of subalgebras of
X which is directed by inclusion and such that X = U«e^« Let
SI be a class of algebras with finitary operations which contains X
and Xa for all a e A. A is directed by a < β if and only if
Xa c Xβ. For a < β, let πa and πβ

a be the inclusion maps of Xa

into X and Xa into Xβ respectively. Then (Y; Πy is a direct
system over A and ζX; πayaeA is the direct limit of ζY\ Πy, where
Π = {7rg I a < β}.

Proof. Since a < β < δ implies I α c l ^ c l δ , it follows that
τr|τrg = πl. Thus, ζY; Πy is a direct system over A. Obviously
πβπ

β

a = πa (a < β). Since

X = \JaβA Xa, X = \J{Ka[Xa] \ CC β A} .

If ha:Xa—>Z, where ZeSI, is a family of homomorphisms such that
hβπξ = ha, then hβ \x = ha for a < β. Define h: X-+Z as follows: for



LIMITS IN CERTAIN CLASSES OF ABSTRACT ALGEBRAS 113

xeX, choose aoeA such that x e Xao; let h(x) = haQ(x). If xeXaf)Xβ,
choose δ e A such that a < δ and β < δ. Then xeXs and ha(x) =
hι(x) = hβ(x) since /^|Xo> = ha and h\Xβ= hβ. This implies /ι is well
defined. Let x0, , xn be a sequence of elements of X. Then

hOn<xo, •••,<> = Λ«0»Oo, •••,<>

= 0%<>α(£0), , K(xn)> = On<h(xo), , / φ j > ,

where α is such that x0, , xne Xa. Thus h is a homomorphism.
If xeXa, then 7rα(#) = a; and h(x) = ha(x) implies hπa = Λ«. By 2.1,
h is unique. Hence <(X; πayaeΛ is the direct limit of (Y;

COROLLARY 2.6. Let B be any Boolean algebra. Let 93 be a class
of Boolean algebras which contains B and the set B — {βa \ a e A} of
all finite subalgebras of B. Let < , 7rg, and πa be defined as in 2.5.
Then A is directed by < and <Έ; /Γ> is a direct system over A.
Moreover, <7?; ττayaeΛ is the direct limit of <7?;

Proof. For a, βeA, let C be the subalgebra of B generated by
Ba U Bβ. Then C is finite and Ba aC,Bβc: C. Hence B is directed
by inclusion. Since for each beB, the subalgebra generated by {6}
is finite, B — \JaeΛ Ba. Hence the result follows from 2.5.

Let B be a Boolean algebra. An element beB is an atom if
the ideal generated by —b (that is, the set of all aeB such that
a Λ b — 0) is maximal ideal. B is said to be atomic provided that
for each element a Φ 0 (ae B), there is an atom b < a. Observe that
every finite Boolean algebra is complete and atomic.

THEOREM 2.7. Let B, B and S3 be as in 2.6. Suppose that the
class 33 contains the class (£ of all complete, atomic Boolean algebras.
Then ζB; Πy does not admit a direct limit in © if B is not in K.

Proof. Suppose there is a C e K and mappings πa: Ba—*C such
that ζC; πayaeΛ is the direct limit of <ΊB; Πy. Then there is a unique
homomorphism i:B-^C such that iπa = πa. Let Bo = {0,1}. Then
X(i?0) contains one point, say #0. For all #eX(I?), define hίx:X(B0)—+
X(Ba) by /^Oo) = π*(x) for each α e A. There exist unique homo-
morphisms hx: C —> Bo and hx: B-^BQ such that A^ra = Λαa; and hxπa =
Λαa;. Also ^ΐτrα = Λ̂ TΓ̂  = feαa. implies hxi — hx by the uniqueness of hx.

( 1 ) {π%\aeA} separates points.
Let x Φ y be in X(B). Considering x and y as prime ideals of B, there
is a 6 G 5 such that 6 is in x and 6 is not in y. There is an aeA
such that πa(b) = b. This implies δ e π " 1 ^ ] and 6 is not in π~x[y].
However, π*(x) = π-^x] and π*(y) = π^[τ/]. Hence πί(a?) ^ π*(y).
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( 2 ) π* is onto.
Let xa 6 X(Ba). Since π* is onto, there is x e X(B) such that π*{x) = xa.
Thus h*z(x0) = αα. Now 7τJ/^ = ftίx. Hence π*(h*(xQ)) = /24(x0) = «̂ and
πj is onto. This implies πa is one-to-one and hence i is one-to-one.

( 3 ) If yeX(C), there exists a; e X(B) such that Λ*(x0) = y.
Let y e X(C). Define £*: JSΓ(β0) — X(C) by £*(^0) = y. Then π*(y) -
π*i(y)_= hai*iy)(x0). Thus πίfe* = feαi*(y). By the uniqueness of hiHy)J

Al — rii^y).

( 4 ) i* is one-to-one.
Let x Φ y be in X(C). By (3), there exist xux2eX(B) such that
/^(Xo) = x and Λ£2(α;0) = T/. NOW X1 Φ X2. If i*{x) = ΐ*(τ/), π j ^ ) = τrj(^2)
for all α since

π*(xx) = h*Xl(x0) = πϊhϊfa) = ττji*(α;) = n%i*(y) = πίh*2(x0) = πΐ(x2) .

By (1) this is impossible. Hence i*(x) Φ i*(y).
(2) and (4) imply that i is an isomorphism and hence B is iso-

morphic to C.

COROLLARY 2.8. Let 23 be a class of Boolean algebras such that
( 1 ) 25 contains all finite Boolean algebras;
( 2 ) S3 does not contain all Boolean algebras;
( 3 ) any algebra isomorphic to an algebra of 23 is in 23.

Then 23 is not closed under direct limits.

Proof. Let <B; /7> and <B; πayaeΛ be as in 2.6 with B not in 23.
Then, following the proof of 2.7, if there is an algebra CeSS and
homomorphisms πa: Ba—>C such that ζC; fc^aQA is the direct limit of
ζB; Πy, C is isomorphic to B. This is contrary to (3) and the
assumption that B is not in 23.

THEOREM 2.9. Let 23 be a class of Boolean algebras which
contains the two element Boolean algebra, Bo. Let (B; Πy be a
direct system over A. Suppose

( 1 ) there exists a family of homomorphisms πa;Ba—>B, where
B G 23, such that if a < β, πβπ

β

a = πa;
( 2 ) \J{πa[Ba\ I a e A} generates B;
( 3 ) if ga: Ba —» Bo is a family of homomorphisms such that if

a< β, gβπ
β

a = ga, then there exists a unique homomorphism g: B—+Bo

such that gπa = ga.
Then ζB; πayaeA is the direct limit of <ΊB; /Γ>.

Proof. Suppose ha: Ba —> C, where C e 23, is a family of homo-
morphisms such that if a < β, hβπ% = ha. Let X(B0) = {x0}. For
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ceX(C), let g*c:X(B0)-+X(Ba) be defined by g*c(Xo) = h*(c). Then
for every ceX(C) we have a family of homomorphisms gac: Ba-^ Bo.
Since πf#* c(x0) = π^h$(c) = K{c) = g*0(xQ), it follows t h a t gβeπζ = gac.

By (3), there is a unique homomorphism gc:B—>B0 such that gcπa —
gae. Define μ*: X(C) -> X(B) by μ*(c) = g*(x0). Now

π%μ*(c) = π*g*(x0) = gte{xQ) = /&*(c) .

Thus μττα = ftα. Since U ί ^ t ^ l I ̂  e A} generates 5 , U ί ^ ^ ^ t ^ l I α G ̂ -1
generates f a s a Boolean algebra, where i: B—> F and ίa: Ba-+Fa are
the isomorphisms of B and Ba onto the field of all both open and closed
subsets of X(B) and X(Ba) respectively. Hence {iπai-\Fa\ \ a e A} is a
subbasis for the topology. Let UaeFa. Then {π*)-λ[Ua\ = iπJ-^Ua).
Therefore, (μ^lίπJ-^U^] = (μη-^π^lUa] = (K)ΛUΛ is open in
X(C). Thus μ* is continuous. By 2.1, μ:B—>C is unique. Hence
<Ί3; πayaeΛ is the direct limit of <5; /7>.

COROLLARY 2.10. Let %$ be a class of Boolean algebras which con-
tains the two element Boolean algebra. Let <7?; /Γ> be a direct system
over A. Suppose 33 satisfies (1) and (3) of 2.9. Assume also that 3B
is closed under the formation of subalgebras. Then <7?; τcayaeΛ is the
direct limit of <J5; /7> if and only if \J{πa[Ba] \ a e A} generates B.

Proof. Immediate from 2.1 and 2.9.

REFERENCES

1. G. Birkhoff, Lattice Theory, Amer. Soc. Colloquium Publications, Vol. 25, rev.
ed., New York, 1949.
2. D. J. Christensen, and R. S. Pierce, Free products of a-dίstrίbutive Boolean algebras,
Math. Scand. 7 (1959), 81-105.
3. S. Eilenberg, and N. Steenrod, Foundations of Algebraic Topology, Princeton
University Press, Princeton, N. J., 1952.
4. Franklin Haimo, Some limits of Boolean algebras, Proc. Amer. Math. Soc. 2
(1951), 556-576.
5. G. C , Hewitt, The existence of free unions in classes of abstract algebras, Proc.
Amer. Math. Soc. 14 (1963), 417-422.
6. R. Sikorski, Boolean Algebras, Springer.Verlag, Berlin, 1960.
7. , Products of abstract algebras, Fund. Math. 39 (1952), 211-228.

Received May 23, 1966. This paper is a part of the author's doctoral disser-
tation submitted to the University of Washington.

UNIVERSITY OF MONTANA






