
PACIFIC JOURNAL OF MATHEMATICS
Vol. 24, No. 3, 1968

INTEGRALS WHICH ARE CONVEX FUNCTIONALS

R. T. ROCKAFELLAR

This paper examines numerical functionals defined on func-
tion spaces by means of integrals having certain convexity
properties. The functionals are themselves convex, so they
can be analysed in the light of the theory of conjugate convex
functions, which has recently undergone extensive develop-
ment. The results obtained are applicable to Orlicz space
theory and in the study of various extremum problems in
control theory and the calculus of variations.

In everything that follows, let T denote a measure space with a
(7-finite measure dt. Let L be a particular real vector space of measur-
able functions u from T to Rn (for a fixed n). For instance, one could
take L to be the space L*{T) consisting of all Rn-valued measurable
functions u on T such that Φp(u) < + oo, where

Φp(u) = ^φp(u(t))dt a n d φp(x) = (1/p) \x\p, 1 ^ p < + °o

with I I denoting the Euclidean norm on Rn. No matter which L is
chosen, one can regard Φp as a functional from L to (—<̂ °, + <*>].
Then Φp is convex, in consequence of the fact that the function φp is
convex on Rn. (A function F from a real vector space to (-oo, + oo]
is said to be convex if

F(\x + (1 - X)y) ^ XF(x) + (1

always holds when 0 < λ < 1.) Notice that, if φ^ is the convex func-
tion defined by

0 if I x I ^ 1 ,
= lim φp(x) = .

' + oo if I x I > 1 ,
the corresponding integral Φco(u) is finite if and only if u belongs to
the unit ball of the space L~(T) of essentially bounded measurable
functions.

Here we propose to study a much broader class functionals than
the Φp, 1 ^ p ^ oo. These functionals are of the form

If(u) = \ f(t, u(t))dt for ueL ,
JT

where / is a function from T x Rn to (— oo, + oo], such that f(t, x)
is a convex function of x e Rn for each ί e T . Such a function / we
call a convex integrand for convenience.

As a preliminary task, we must come up with conditions on /

525



526 R. T. ROCKAFELLAR

ensuring that various functions such as /(£, u(t)) be measurable in t.
The well-known condition of Caratheodory is no help, because we do
not want to assume that f(t, x) is continuous in x. That would prevent
us from considering most of the cases were / can be infinity-valued.
We have already encountered one such case, namely / = φ^. Generally
speaking, the device of allowing / to have the value + oo has the
effect of constraining u(t) to lie in a certain convex subset of Rn,
depending perhaps on t. Indeed, a necessary condition for If(u) to
be finite is that

u(t)edomft for almost all t ,

where ft denotes the convex function ft(x) — f(t, x). (For any convex
function F, the set of points where F does not have the value + oo
is a convex set, which we call the effective domain of F and denote
by dom.F.)

In order that If(u) be an unambiguous number in (—00, +oo], a
further condition besides measurability, is usually needed, since f(t, x)
is not required to be nonnegative. The important thing, however, is
that If turns out to be a convex function on L when it is well-defined.

The Φp have already been cited as examples of convex functionals
of type If which have received close attention from functional analysts.
If the integrands φp are generalized to those of the form f(t, x) =
N(\x\) where N is a finite nonnegative convex function on the real
line such that N(X) > 0 for λ > 0,

lim N(X)/X = 0 and lim N(X)/X = 00 ,

one gets convex functionals If defining generalized Lp spaces, called
Orlicz spaces. These spaces are very useful in dealing with integral
equations. We refer the reader to [5] for an excellent account.

Possible applications along the lines suggested by the theory of
Orlicz spaces are one motivation for looking at the convex functionals
If in the general case. Another motivation is that such functionals
arise naturally in the calculus of variations. For example, suppose that
T — [0,1], with dt as the ordinary Lebesgue measure. Regarding Rn

as Rk φ Rk, write each vector a; as a pair (y, z), where y and z have k
components. Then If may be interpreted as a functional defined for
pairs of measurable functions from [0,1] to Rk. Now let

J(Q) = If(Q, Q) = \ fit, q(t), q(t))dt ,

where q is a differentiate function from [0,1] to Rk (a curve) and
q = dq/dt. Inasmuch as differentiation is a linear operation, J will be
a convex function on the space of curves q. Problems which involve
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minimizing J can hopefully be tackled therefore by convexity methods,
such as the existence and duality theory in [11], Note that infinite
values of / correspond to constraints on the values of q(t) and q(t)
for the curves q such that J(q) < + °°. Nonclassical convex constrained
minimization problems of this sort abound in control theory. We plan
elsewhere to take up applications of our results to such areas.

The main question treated in this paper is whether the conjugate
of a convex functional If is another such functional Ig. The question
is significant, because the present theory of convex functions is so
extensively concerned with conjugates. The notion of conjugacy, due
to Fenchel [2], may be formulated in a general way as follows. Let
E and J?* be real vector spaces, and let ζx, x*y be a (real) bilinear
function of x e E and x*eE*. Let F be a proper convex function
on E (i.e. a convex function with values in (—<*>, +°o] which is not
identically +<*>). The function F * on # * defined by

F*(£*) = -inf {F(x) - <x, x*> ] x e E}

is called the conjugate of F (with respect to the given pairing of E
and E* by < , •». It is a convex function on E* with values in
(—oo, +oo]. Furthermore, F* is always lower semi-continuous with
respect to the weak topology induced on E* by E. (Lower semi-
continuity means that the set {x* \ F*{x*) <£ μ}, which incidentally is
always convex, is closed for every real μ.) The conjugate of F* is
in turn the function F* on E defined by

F**(x) = - inf {î *(α;*) - <», x*> \ x* e E*} .

In order that F* be proper and F** = F, it is necessary and sufficient
that F itself be lower semi-continuous with respect to the weak
topology induced on £ by £ * . General proofs of these result are
given in [1] and [6].

Two conjugacy contexts will mostly concern us here. In the first
case, E = E* = Rn with ζx, x*y as the ordinary inner product. The
weak topologies are then the ordinary topologies on Rn. In the second
case we take E = L and E* = L*, where L* is any space of Rn-valued
measurable functions, such that the inner product <tt(ί), u*(t)y is sum-
mable as a function of t for every ueL and u*eL*. The pairing is
given by

= \

Any topologies compatible with the duality between E and 2?* could
be invoked in place of the weak topologies, for instance the norm
topologies if E = E* = L\(T).
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Suppose that f(t, x) is a convex integrand which is proper and
lower semi-continuous in x for each t. Define f*(t,x*) by taking con-
jugates in x, i.e. ft* = (ft)* for each t. Then, according to the results
described above, /* is another convex integrand, proper and lower
semi-continuous in its convex argument. We call it the integrand
conjugate to f. The conjugate of the conjugate is the original integrand
/. The principal fact brought out in this paper (Theorem 2) is that
conjugate integrands / and /* usually furnish conjugate functionate
of L and L*. This generalizes the fact that φp is conjugate to φg, and
Φp on Li(T) is conjugate to Φq on Ll(T) (with (1/p) + 1/q) = 1). The
resulting class of "best inequalities" of the type

O, ^*> ̂  If(u) + //.(%*)

is likewise a generalization of certain classical inequalities.

2* Normal integrands and measurability* Before we can pro-
ceed, we must established that various technical constructions result
in functions which are measurable. To this end, some regularity con-
ditions must be imposed. We shall call a convex integrand / normal
if f(t, x) is proper and lower semi-continuous in x for each t, and if
further there exists a countable collection U of measurable functions
u from T to Rn having the following properties:

(a) for each ue U, f(t, u(t)) is measurable in t;
(b) for each t, Ut f] άomft is dense in dom/t> where

Ut = {u(t) \ueU} .

The latter conditions, which seem offhand to be rather complicated,
are automatically satisfied in some notable cases, as we shall now
indicate.

LEMMA 1. Suppose f(t, x) = F(x) for all t9 where F is a lower
semi-continuous proper convex function on Rn. Then f is a normal
convex integrand.

Proof. Let D be a countable dense subset of the effective domain
of F (= dom/ί for all ί). (Such a D exists, of course, because dom F
is a nonempty convex set in Rn.) Let U consist of the constant func-
tions on T with values in D. Then conditions (a) and (b) are satisfied
in a trivial way.

LEMMA 2. Suppose f is a convex integrand such that f(t, x) is
measurable in t for each fixed x, and such that, for each t, f(t, x)
is lower semi-continuous in x and has interior points in its effective
domain {x\f(t, x) < +°°}. Then f is a normal convex integrand.
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Proof. Let D be a countable dense subset of Rn, and let U be
the constant functions with values in D. The measurability condition
for normality is satisfied in virtue of the present measurability hypo-
thesis. The density condition is satisfied, because D has a dense inter-
section with the interior of dom/e, and domft is the closure of its
interior by convexity.

COROLLARY. Suppose f is a convex integrand having only finite
values, such that f(t, x) is measurable in t for each x. Then f is a
normal convex integrand.

Proof. Here domft = Rn for every t. The lower semi-continuity
of ft is then automatic, since a finite convex function on an open
convex set in Rn is always continuous.

An intermediate fact about the consequences of normality will
now be deduced.

LEMMA 3. Let fbe a normal convex integrand with conjugate /*.
Then, for every measurable function u* from T to Rn, the function
/*(ί, u*(t)) is measurable in t.

Proof. By definition,

-Pit, u*(t)) = inf {f(t, x) - <x, u*(φ I x e Rn} .

We shall show that, for each t, the infimum can actually be taken
over x e Ut instead, where Ut is the set in the definition of normality.
Since f{t,x) — + ̂  for ίK^dom/f, the question is whether any value
of f(t, x) — ζx, u*{t)y with x e domft can be approximated by one with
xe Ut Π dom/t. Now Utf] dom ft is dense in dom/t by hypothesis.
Furthermore domft, being a nonempty convex set, is the closure of its
relative interior (its interior relative to the affine manifold it generates).
The intersection of Ut with this relative interior must be dense in domft.
According to familiar results about lower semi-continuous convex func-
tions (e.g. in [3], [13]), ft is continuous with respect to the relative
interior of άomft and its values at relative boundary points can be
obtained as limits of the relative interior values. Therefore the values
of f(t,x) for xeάom ft are limits of those for Z7ίΠdom/f, as we
wanted to show. The upshot is that

-/*(ί, u*(t)) = inf {f(t, u(t)) - <u{t), u*(t)>\ueU} .

This formula expresses /* (t, u*(t)) as the pointwise infimum of a collec-
tion of functions on T. Each of the functions in the collection is
measurable, in view of the hypotheses, and the collection is countable.
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The pointwise infimum is consequently another measurable function
on T.

Moreau's proximation mappings, whose properties are elucidated
in [9], will be very useful to us. Here is how they are defined. Let
F be any lower semi-continuous closed proper convex function on Rn.
It can be proved that, for each zeRn, there exist unique vectors x
and x* such that

z = x + x* and F(x) + F*(x*) = <cc, £*> .

We write

x = prox (z I F) and x* — prox (z | JF*) .

The mapping prox ( | F) from Rn into itself is called the proximation
associated with F. It is continuous (a metric contraction as a matter
of fact), and its range is dense in dom F. If F is the indicator func-
tion of a closed convex set K (in other words F(x) = 0 when x e K
and F(x) = +oo when x g K), then prox (s | F) is the point of K near-
est to 2. In general, prox (z \ F) is the unique x for which

achieves its minimum.

LEMMA 4. Let f be a normal convex integrand. Let z be a
measurable function from T to Rn. Then the functions prox (z(t) \ ft)
and prox (z(t) \f*) are measurable in t.

Proof. Set

g(t, x) = f(t, x) + -ί I x - z(t)
Δ

It is easily verified that g is another normal convex integrand. We
shall be concerned with the conjugate integrand g*(t, a?*). By Moreau's
theory, gf is differentiate at 0 for each t, and V#*(0) = prox (z(t) \ft).
Now, for an arbitrary aeRn,

O, V^*(0)> - lim [g*(t, λα) - g*(t, 0)]/λ .
no

The difference quotient is a measurable function of t for each λ by
Lemma 3 and the normality of g. The limit can be taken over a count-
able sequence in λ, so <α, V#?(0)> is measurable in t. It follows that
prox (z(t) I /ί) is measurable in £, and likewise prox (z(t) \ft*) because

prox (z(t) \f*) = z(t) - prox (z(t)\ft)
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for every t.
We can now prove that normality is preserved when one passes

to the conjugate.

LEMMA 5. If f is a normal convex integrand, then f* is a
normal convex integrand, too.

Proof. We already know from the theory of conjugates that
/*(£, x*) is a lower semi-continuous proper convex function of x* for
each t. The problem is to produce a collection U satisfying condition
(b) of normality (with /* in place of / ) . Condition (a) will then hold
by virtue of Lemma 3. Let D be any countable dense subset of Rn.
Let U consist of the functions of the form u(t) — iprox(z\ft*) with z
ranging over D. Each u e U is measurable by Lemma 4. The set Ut

is the image of D under prox( \f*). Since the proximation is con-
tinuous and its range is dense in άomft*, Ut is dense in dom/t*.

COROLLARY. If f is a normal convex integrand, then f(t, u(t)) is
measurable in t for every measurable function u from T to Rn.

Proof. This is immediate from Lemma 3, since ft — /***.

Our final lemma guarantees the existence of enough measurable
functions for one to minimize a normal convex integrand pointwise in
a measurable fashion.

LEMMA 6. Let f be a normal convex integrand. Let a be a
measurable real-valued function on T such that

inίx f(t, x) < a(t) for every t .

Then there exists a measurable function u from T to Rn such that

f{t, u{t)) ^ a(t) for every t .

Proof. Set Kt = {x\f(t, x) <L a(t)} for each t. According to the
general theory of convex functions on Rn, each Kt is a nonempty
closed convex subset of dom/4 having the same dimension as dom/t,
inasmuch as ft(x) < a(t) for at least one x. Therefore Ut Π Kt is
dense in Kt, where Ut is the set in the definition of the normality of
/. Let g(t, x) = 0 when x e Kt and g(t, x) — + oo when x & Kt. Evi-
dently g is another convex integrand satisfying the normality conditions
with the same collection U as invoked for /. Let u(t) be the point
of Kt nearest to the origin, i.e.

u(t) = prox (0 I gt) for each t .
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This u is a measurable function by Lemma 4 (applied to g), and
/(£, u(t)) ^ a(t) by definition of iΓt.

3* Conjugate convex integrals* The stage is now set for prov-
ing our chief results. We assume throughout that L* is a space of
measurable functions paired with L in the manner described in the in-
troduction. (When L is a Banach space, L* does not have to be its
dual.)

THEOREM 1. Let fbe a normal convex integrand. Suppose there
exists at least one u* e L* such that f*(t, u*(t)) is a summable func-
tion of t. Then

= \ f(t, u{t))dt, ueL ,

is a well-defined convex function on L with values in (-co, +<*>].

Proof. The measurability prerequisite to considering If is ensured
by the corollary to Lemma 5. Let u* be one of the functions in L*
whose existence is provided for in the hypothesis. Since ft and ft*
are conjugate to each other

f(t, u(t)) 2: <u(t), u*(t)> - /*(ί, u*(t))

for every t. The right side is a summable function of t by the
hypothesis. Thus there can be no question of If{u) being — oo: either
f(t, u{t)) is summable or its integral is unambiguously -f- °°. As for
the convexity of //, that is immediate from the inequality

/(ί, Xu(t) + (1 - X)v(t)) £ λ/(ί, u(t)) + (1 - λ)/(ί, v(t)) ,

which holds for every t when 0 < λ < 1 by the convexity of ft.
We shall say that L is decomposable when it satisfies the follow-

ing conditions:
(a) L contains every bounded measurable function from T to Rn

which vanishes outside a set of finite measure;
(b) if u e L and E is a set of finite measure in T, then L contains

χE'U, where χE is the characteristic function of E.
These conditions guarantee that one can alter functions in L arbi-

trarily in a bounded manner on sets of finite measure. (Subtract χE'U
from u, and then add any bounded measurable function vanishing
outside E.) The first condition also implies that the functions in L*
are summable on sets of finite measure. The Lζ(T) are examples of
of spaces decomposable in this sense.

THEOREM 2. Suppose L and L* are decomposable. Let f be a
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normal convex integrand such that f(t, u(t)) is summable in t for at
least one ueL, and f*(t, u*(t)) is summable in t for at least one
%*eL*. Then If on L and If* on L* are proper convex functions
conjugate to each other.

Proof. If and If* are well-defined and convex by Theorem 1 and
Lemma 5, and they are proper by the hypothesis. For any x* in Rn

we have

f(t, x) + /*(ί, x*) ^ <x, £*>

by conjugacy. Hence, for any ueL and u*eL*,

If(u) + I^(u*) = \ fit, u(t))dt + ( /*(ί, u*(t))dt
JT JT

^ ( <u{t), u*(t)>dt = <u, u*> .
JT

It follows that

If*(u*) ^ sup {(u, u*y — If(u) I u e L}

= -inf {If(u) - <u, u*}\ueL} = (If)*(u*) .

Verification of the opposite inequality will establish that //* is the
conjugate of //. Fix any w* e L* and any β < If*(u*). Select any
real summable function μ on T such that

μ(t) < f*(t, u*{t)) for all ί, and ί μ(t)dt > β .
JT

Since by conjugacy

/*(ί, x*) = - inf {/(ί, x) - <a>, x*> I x e Λ } ,

we have

-/i(ί) > inf {/(ί, a?) - <a?, w*(ί)> | a; e Rn)

for all ί. We now apply Lemma 6 to a(t) = — /i(ί) and g, where

g(t, x) = f{t, x) - <x, u*(t)> .

(The normality of / carries over to g.) The function u we obtain
from Lemma 6 satisfies

-μ(t) ^ f(t, u(t)) - <uit), u*it)> .

Since T is o -finite by our underlying assumption, we can choose an
increasing sequence of measurable sets Ek of finite measure with
union T, such that the u(t) we have constructed is bounded in teEk

for each k. Let ΰ be any particular function in L for which the in-
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tegrand in If is summable. (Such a function exists by hypothesis.)
For each k let

u(t) if t e Ek ,

ΰ(t) if teEί,

where E£ denotes the complement of Ek in T. These functions uk

belong to L by the decomposability hypothesis. For each k we have

( μ(t)dt ^ ί [<u(t), u*(t)> - f(t, u(t))]dt

[ -
)εk

The boundedness assumption on Ek is used here to ensure that
<(uk(t), u*(t)y be summable, so that

= <uk, u*y - if(uk)

unambiguously. The integral over Ek in the calculation above can
be made arbitrarily small by choosing k sufficiently large. On the
other hand

lim ( μ(t)dt = \ μ(t)dt > β
k-*oo jEk JT

by our assumptions. Thus

- If{uk) > β

when k is large, implying that (If)*(u*) > β. Inasmuch as β was any
number less than //*, we may now conclude that If*(u*) — (J/)*(^*).
The fact that If = {If*)* follows dually.

COROLLARY. Suppose that L and L* are decomposable, and that
T is of finite measure. Let f be of the form f(t, x) — F{x), where
F is a lower semi-continuous proper convex function on Rn. Then If

on L and If* on L* are conjugate to each other.

Proof. Such an / is normal by Lemma 1. The existence of
summable function for If and //* is elementary in this case. Namely,
take any x for which F(x) is finite, and let u be the constant
function whose sole value is x. Since T is of finite measure, u is
summable. By decomposability (b), ueL. Similary for If*. The
hypothesis of Theorem 2 is therefore satisfied.

The next theorem furnishes a different way of establishing the
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conjugacy of If* and If in certain situations. It also yields a continuity
property.

THEOREM 3. Let T be of finite measure. Suppose that L* is
decomposable, and that L is actually Lζ(T). Let fbe a normal convex
integrand satisfying the following condition: there exists some ae L
and ε > 0 such that, for each xeRn with \ x | < ε, the function
f(t, a(t) + x) is finite and bounded in t. Then If on L and If* on L*
are convex functions conjugate to each other. Moreover, If is con-
tinuous at a in the norm topology of L — LZ(T).

Proof. Replacing / by g if necessary, where

g(t, x) = f(t, a(t) + α?) - f(t, a(t))

(evidently another normal convex integrand), we can reduce everything
to the case where a(t) = 0 and f(t, 0) = 0. Then If(0) = 0. We must
show that // is norm-continuous at 0, and that f*(t, u*(t)) is summable
in t for some u*eL*. The conjugacy of //• and If* will then follow
from the last theorem. Define

F(x) = sup {f(t, x) 11 e T} .

As a pointwise supremum of lower semi-continuous convex functions
on Rn, F is itself lower semi-continuous and convex. By hypothesis,
F(x) is finite on the open convex set {x | | x | < ε}. As is well-known
a finite convex function on a finite-dimensional open convex set is
automatically continuous. Hence F is continuous when | x | < ε. Fix
a positive δ less than ε, and let

k = max {F(x) | | x | ^ δ} < + oo .

Now F(0) = 0, so that we have F(x) ^ (k/δ) | x | when | x | <̂  δ by
convexity. (Consider the values of F along the line segment from 0
to ax, where a = δ/\x\.) Hence for every t

f(t, x) ^ (k/δ) I x I when | x | ^ δ .

This inequality also implies that f(t, x) Ξ> — (k/δ) \ x | for every x.
(To verify this, one expresses 0 as a convex combination of x and μx,
where μ — —δ/\x\, namely 0 = Xx + (1 — X)μx with X — —μ/(l — μ).
Then by the convexity of /

0 = f(t, 0) ^ Xf(t, x) + (1 - λ)/(ί, μx)

^ Xf(t, x) + (1 - X)(k/δ) I μx I

= -(μ/(l - μ))[f(t,x) + (k/δ)\x\] .

The first inequality has been applied here to μx, which is permissible
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because | μx \ = δ by the choice of μ. One concludes that f(t, x) +
(k/δ) I x I is always non-negative.) In particular, therefore

I f(t, α) I ̂  (Λ /δ) I a; | when | x | ^ δ .

It ueL satisfies \\u\\ ̂  δ, where || || is the LZ(T) norm, then

\f(t, u(t)) \dt ^ (k/δ) \\u || meas T < + oo .

Thus //(%) is well-defined when \\u\\ <£ δ, and it approaches 0 = 1/(0)
as ||% || approaches 0. This establishes the continuity. We must still
construct a w*eL* for which f*(t, u*(t)) is summable. It suffices to
find such a u* in L~(Γ), for L* contains L™(T) in consequence of the
hypothesis that L* is decomposable and T is of finite measure. Let

ΰ(t) = prox(0|/ t) .

The measurability of ΰ is asserted by Lemma 4. For each t, u(t) is
the point which minimizes f(t, x) + 1/2 | x |2 on Rn. Since the minimand
vanishes at x = 0,

0 ^ /(ί, w(ί)) + i-1 w(ί) |2 ^

It follows that \ΰ(t)\ ^ 2Λ/5 for all t, so ΰeL~(T). It now follows
further that

0 ^ /(ί, %(ί)) ^ -(fc/δ)

so /(ί, w(ί)) is bounded in ί (and hence summable). Now take

u*(t) - -w(ί) = 0 - prox (0 \ft) = prox (01/,*) .

Again u*eL~(T). According to the basic property of proximations,

/(*, ΰ(t)) + /*(ί, w*(ί)) = <ti(t), u*(t)>

for every ί. The first and last terms in this equation yield summable
functions, so we can conclude that f*(t, u*(t)) is summable, too.

THEOREM 4. Let T be of finite measure. Let f(t, x) be a finite
convex function of x for each t and a bounded measurable function
of t for each x. Then If is a well-defined finite convex function on
L™(T) which is everywhere continuous with respect to the uniform
norm. Moreover, the conjugate (If)* of If on Lζ(T)*, the space of
all linear function as on L~(T) continuous with respect to the uniform
norm, is given by //sK in the following sense: if v e Lζ(T)* is of the
form
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dt, U*e Un{T) ,V(u) = \

one has (If)*(v) — //*(%), whereas otherwise one has (If)*(v) = + oo.
Proof. We note that / is a normal convex integrand by the

corollary to Lemma 2. The finiteness and continuity of // are as-
serted by Theorem 3. Fix any veLζ(T)* such that (If)*(v) < + oo.
We shall show that v corresponds to some u* e Ln(T) as above,
whence it will follow from Theorem 3 that

(If)*(v) = sup,{φ) - If{v)} = If*(u*) .

For each measurable £ c T , let μ(E) denote the unique vector in Rn

such that

ζx, μ(E)y = v(x-χE) for every x e Rn ,

where x χE is the function which has the value x on E but the
value 0 elsewhere on T. Then μ is a finitely additive set function.
We have

= \ f{t, x)dt + [ /(ί, O)dt + (If)*(v)

^ F(x) meas E + a ,

where

F(x) = sup {/(ί, a?) I ί e T} < + oo ,

a = max {0, F(0) meas T} + (7/)*(v) < + oo .

The function F is convex, and hence continuous, so that the quantity

k(r) = sup {F(x) I | x \ g r}

is finite for every r > 0. For every measurable Ecz T and every
r > 0, we have

r I μ(E) I = sup{< x, μ(E) > \ \ x \ ̂  r}

^ k(r) meas E + α < + oo .

It follows that, given any e > 0, there exists a δ > 0 such that meas
E < d implies | μ(E) \ < ε. Thus μ is absolutely continuous with
respect to dt, and μ must be countably additive. By the Radon-
Nikodym Theorem, there exists some w*eLJ,(Γ) such that

for every xeRn and every measurable E. The formula
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= [ <u(t),u*(t)>dt
T

then holds for every u which is a linear combination of functions of
the form x χE, and since such linear combinations are dense in L~(T)
the formula must actually hold for every ueLζ(T) by continuity.

COROLLARY 1. Under the hypothesis of Theorem 4, the convex set

{u* e Li(T) I (If*)(u*) + <a, u*> + a £ 0}

is weakly compact (with respect to the pairing between Un{T) and
Ln(T)) for any aeL~(T) and any real number a.

Proof. Since If norm-continuous, the set

{v e L~{T)* I (If)*(v) + v(a) + a ^ 0}

is weak* compact in L~(T)* for any a and a, according to a theorem
proved independently by Moreau [7] and the author [12, Theorem 7A],

COROLLARY 2. Let D be a subspace of Lζ(T) supplied with a
locally convex topology at least as strong os the uniform norm
topology, and let D* be the space of continuous linear functionals
on D. Suppose that no nonzero linear functional on Lζ(T) of the
form

\ <u(t),u*(t)ydt , u*eLx

n(T) ,
r

vanishes throughout D. Then, under the hypothesis of Theorem 4,
// is a continuous finite convex function on D, and the conjugate
(//)* of If on D* is given by If*, in the sense that if v e D* corresponds
to some u* eLi(T) as above one has (If)*(v) — If*(u*), whereas other-
wise (If)*(v) = + oo.

Proof. Let / be the convex functional on ΰ * such that J{v) =
If*^*) ifv corresponds to a u* e Li(T), whereas otherwise J(v) = + oo.
This J is well-defined, in view of the hypothesis about linear func-
tionals which vanish on D, and the conjugate of J on D with respect
to the natural pairing of D and D*, is just the restriction of If to
D. By Corollary 1, the convex sets

{veD* \J(v) ^ μ} , μeR ,

are compact in the weak topology on β* induced by D, so that J is
lower semi-continuous in this topology. It follows that J= J** = (7/)*.

REMARK. Corollary 2 is applicable, of course, to various situations
where T has topological or differentiate structure, and D is a space
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of continuous or differentiable functions on T (with D* a correspond-
ing space of measures of distributions).
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