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GROUPS WHICH ARE MINIMAL WITH RESPECT TO
NORMALITY BEING INTRANSITIVE

DEREK J. S. ROBINSON

A ZT-group is a group in which normality is transitive and
a minimal non-3-group is a group which is not a -group but
all of whose proper subgroups are 3-groups. In this note all
the finite minimal non-3-groups are determined and it is shown
that this classification also accounts for all the minimal non-
F-groups which are either locally finite or 2-groups.

1. Z-groups and non-T-groups. Let T denote the class of all
groups in which normality is a transitive relation: in other words a
group G belongs to £ if and only if H <] K <] G always implies that
H <] G. I denotes the narrower class of all groups G such that
H<{K<LZG@G implies that H<] L. A group belonging to a class
of groups X is called an X-group and other groups are called non-X-
groups. A minimal mnon-X-group is a non-X-group all of whose
proper subgroups are X-groups.

The problem of determining all the finite minimal non-X-groups
has been studied by several authors when X is the class of abelian,
nilpotent, supersoluble or soluble groups. Our principal object here
is the classification of all the finite minimal non-Z-groups or, what
is obviously the same thing, the finite minimal non-Z-groups. Although
the nature and even the existence of infinite minimal non-Z-groups
is problematic, our classification does account for all minimal non-%-
groups which are locally finite or 2-groups or SI-groups (in the sense
of Kuro§ [5], vol. 2, §57).

The finite minimal non-T-groups. Such groups are all soluble
and it turns out that they fall naturally into seven types, which will
now be listed under four headings, beginning with the primary groups.

I. The primary groups.

(a) The generalized quaternion group of order 16.

(b) <z, y:a*™ =1=y*", x7'yx = y"**"""> where p is any prime,
m >0 and % > 1.

() Lzyy,z:2=1[x,y], 1L =2 =y =2° = [, 2] = [y, 2]> where
p is any prime, m > 0 and n > 0.

II. The nonprimary groups with quaternion subgroups. The
semi-direct product of a quaternion group of order 8 with a cyclic
group of order 3™ (m > 0) which induces an automorphism permuting
cyclically the three maximal subgroups of the quaternion group.

III. The supersoluble, nonprimary groups. Let p and g be
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primes such that p =1 modq and let ¢’ divide » — 1 where f > 0.
{ay x <b) is an elementary abelian p-group of order p* and X = <{z)>
is a cyclic group of order g™ where m = f. Let & be a primitive
¢’ th root of unity in GF(p).

The semi-direct product of <a)> x <b> with X in which x~'ax = a*
and x~'bx = b” where 7 = &% and 0 < k < q.

IV. The nonsupersoluble groups without quaternion subgroups.

(a) Let p and ¢ be distinct primes such that p = 1 modgq and
let F' be the field obtained by adjunction to GF(p) of &, a primitive
gth root of unity. Let A be the additive group of F and let X =
(x> be a cyclic group of order g™ where m > 0.

The semi-direct product of A with X where 2 induces in A the
automorphism a — af (a € A).

(b) Let p and ¢ be primes such that » =1 mod ¢ and let ¢/
be the highest power of ¢ dividing p — 1. A is an elementary
abelian p-group of order p? with basis {a, +--, a,—,} and X = {&)> is
a cyclic group of order q™ where m = f. Let \ be a primitive ¢/~'th
root of unity in GF(p).

The semi-direct product of A with X where x induces in A the
automorphism in which a;—a;., (¢ =0,---,q¢ — 2), and a,_, — al.

Thus our principal result is precisely

THEOREM 1. A finite group ts a minimal non-T-group if and
only if it is of one of the above seven types.

It is easy to verify that each finite minimal non-Z-group is a
2-generator, 3-step soluble group with order divisible by at most 2
primes. Consequently using the local theorem for the class T ([9],
p. 22, Corollary 2) we obtain at once

THEOREM 2. A locally finite group is a ZT-group if and only
if each of its 2-gemerator, 38-step soluble subgroups with order
divisible by at most 2 primes is a T-group.

The basis for the determination of the finite minimal non-%-
groups is the following result (R), which was obtained in a previous
paper ([11], Th. 1). A finite group is said to satisfy the p-normalizer
condition if every subgroup of a Sylow p-subgroup is normal in the
normalizer of that Sylow p-subgroup.

R) A finite group which satisfies the p-normalizer condition
for all primes p is a soluble T-group.!

—mnormalizer condition is equivalent to the property that every cyclic

p-subgroup is pronormal ([11], p. 936), so (R) may be restated in terms of pro-
normality. A special case of this form of (R) was later given by Peng in [7].
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Notation. If X and Y are subgroups of a group, C,(Y) and
N,(Y) are respectively the centralizer and normalizer of Y in X.
{S> is the subgroup generated by the subset S. If S and T are
subsets, S” is the subgroup generated by all the conjugates s* = ¢~'st,
and [S, T'] is the subgroup generated by all the commutators [s, ] =
s7it7ist = s7'st, (se S, te T).

2. Proof of Theorem 1. The verification of the fact that
each of the above seven types of groups is a minimal non-Z-group is
routine and details will not be given. Notice that it is sufficient to
verify that in each case the group is not a T-group but every maximal
subgroup is a Z-group: this is in view of a theorem of Gaschiitz
according to which a finite soluble ¥-group is a T-group ([2]). We
proceed now to determine the structure of finite minimal non-Z-groups.

The primary case. Let G be a finite minimal non-T-group and
assume that G is a p-group where p is a prime. Then every proper
subgroup of G is either abelian or hamiltonian. Now the finite
minimal nonabelian groups have been determined by Miller and
Moreno ([6]) and, in somewhat greater detail, by Rédei ([8]). The
p-groups among these are of three kinds, namely type I(b), type I(c)
and the quaternion group of order 8, which is, of course, ineligible
in our case.

Thus we can suppose that G has a nonabelian maximal subgroup
A. Clearly p = 2 and A is a normal hamiltonian subgroup of index
2 in G: let

A=Q x FE

where @ is a quaternion group of order 8 and E is an elementary
abelian 2-group. For any xe G\A,

G =<z, A> and *c A.

Clearly Q' x E<] G, so <x,Q x E> is a cyclic extension of an ele-
mentary abelian 2-group. Since @ does not have this structure,
(2, Q x E>#G and {z,Q X E>e¥; but Q x E is an elementary
abelian 2-group, so

[E,2] =1 and E < G.

Of course A/E = @ and z induces in A/E an automorphism of order
1, 2 or 4, so » must leave invariant at least one of tE), {(jE) and
{kE>, where {iy, {j> and <{k) are the three maximal subgroups of @
and the usual relations * = j* = k% 15 =k, jk =1 and kv = j hold.

Suppose first that *°¢ Q" x E. If, say, 2* = 7¢ where ec E, let
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1* =1e, j* =je and k* = k: then Q* = (4%, 75, k*>=Q and A=
Q* X E, so we may assume that x* =+7¢. Now 2z certainly leaves
(iE) invariant: if « also leaves {jE) invariant, then 2* = 7 centralises
JE, which is not the case. Hence x leaves {1E) invariant and inter-
changes {jE> and <kE). Since x* =14, we can suppose that for
example

J* =k7'e and k* = je

for some ecE. If e=#1, |G|=16.|E|>16. Let H =<xj, ).
Since <7, e> <]G and (xj) = a’k~'ej = 1%, |H| =4 x 2 x 2 =16 and
hence HeX. Therefore (xj)! = xj'e<zjy and i~ = () = xj’,
which implies that ¢ = 1. By this contradiction ¢ =1 and j° = k™
and k* =j. Let K =<x,j): then &/ = akj = i~ = 2™, and 2* =
and 2®* = 1. Hence K is a generalized quaternion group of order 16.
Since K¢Z%, G= K. If on the other hand j5° = ke and k* = j'e
where ec F, a similar argument shows that ¢ =1 and j° = k and
k* =77'. Hence 2/ =2* and (x77")* =1, by a simple calculation.
The group L = {a? xj~"> is therefore a dihedral group of order 8.
Hence G = L, which is impossible since G has order = 16.

Suppose now that x*€ Q" x E. Assume that x interchanges {(JE
and <kE> and let z = xj: then 2> = 2’kj = © mod Q' X E, s0 #2¢ Q' X E,
while G = <z, A>. Hence G is a generalized quaternion group of order
16. Thus we can assume that x fixes each of <tE), <{jE), and
(kE>. Suppose for example that i* = i7'e, j°* =jf and k* = kg
where e, f,ge E and efg = 1. Set u = xk: then 7* = 1e, j* = jf and
k* = kg while G =<u, A> and %’ = 2’k’9e @ x E. Hence we may
assume that 7° = ve, j° = jf and k* = kg where efg = 1. It is im-
mediate that <x,7,e> # G, so that <{z,4,e>eT and * = teci).
Therefore ¢ = 1 and similarly f = g = 1; hence [@, 2] = 1. If 2*°=1,
G =<x> X @ x E, which is hamiltonian. Hence 2>+ 1 and con-
sequently (x7)? = x¢~' differs from both %7 and 2%°  Therefore
{xi,jye% and G = {xi,j>. However Q = (Q N<xi))i>, so Q N<wi)y
has order 4 and 27c@. Hence xc @ and therefore this case cannot
arise.

The nonprimary case. Let G be a minimal non-Z-group of com-
posite order. By the result (R) there is a prime p and a Sylow
p-subgroup P of G with a subgroup which is not normal in N, (P).
Since every subgroup of P is subnormal in N,(P), N4 «P) =G and
P < G. By the Schur-Zassenhaus Theorem P has a complement in
G, say X. Since 1< P< @G, both P and X belong to T and, of
course, they have relatively prime orders. Hence by Lemma 5.2.2.
of [9] there is an element & in X with prime power order ¢™ which
does not induce a power automorphism in P, i.e., which does not
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leave every subgroup of P invariant. <z, P>¢Z%, so G = <x, P> and
X = &),
Suppose that P is hamiltonian—so p = 2—and that

P=Qx FE

where @ is a quaternion group of order 8 and E is an elementary
abelian 2-group. Since {z, @' X E) # @G, it follows that

(B, o] =1.

Once again let <i), {j> and <k)> be the three maximal subgroups of
Q. Since x has odd order, it cannot centralize P/E. Moreover P/E = Q
and x has prime power order ¢™, so ¢ =3 and x permutes {iE>,
{JE) and <kE) cyclically. If for example

©* = 77", 7° = k7'f and k® = ig
where ¢, f,ge E and e¢fg =1, let ¢* = ¢, j* =5 and k* = k~*. Then
P = k*, j*k* = i and k*i* = j*
and
(1*)* = j*e, (§*)" = k*f and (k*)* = i*g.
Thus we may assume that
v = je, j° = kf and k* = 19 .

Since efg = 1, @ = {if, jg, ke> = Q and @ is (x)-invariant: therefore
=z, @) is of type II. Since <z, Q>¢Z, G = <=, Q).

From now on we suppose that P 1is abelian. The first point to
notice is that P is elementary abelian. For let P, be the subgroup
generated by all elements of order »p in P and assume that P, = P.
Then <z, P,> # G, so {x, P,)e€Z. Therefore x induces a power auto-
morphism in P,. Hence there is a positive integer r», relatively prime
to p, such that a®* = a" for all ae P (see [2], p. 88). Let a be the
automorphism of P induced by 2 and let 8 be the automorphism of
P in which a —a’. Then aB~ is an automorphism of P fixing each
element of order p; consequently «B~' has order equal to a power of
p, say p’. Obviously a8 = Ba, so a” = 8**e{F). But a has order
prime to p, so «c<B> and « is a power automorphism of P, which
is impossible.

Since P is an elementary abelian p-group, it may be regarded as
a module over &2 the group algebra of X over GF(p). From now
on P will be written additively.

Assume first of all that P is reducible. By Maschke’s Theorem
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P is a direct sum of irreducible modules P, ---, P, where &k > 1.
Suppose that k& > 2. <z, P, --- @ P,> is a proper subgroup of G
so it belongs to £ and 2z induces in P, --- @ P, an automorphism
a— aw for some integer wu. Similarly x induces in P, --- P P,_,
an automorphism a — av for some integer ». These automorphisms
must agree on P, so # = v mod p and hence x leaves every subgroup
of P invariant. By this contradiction & = 2. Clearly each P; is cyclic
as an additive group and p = 2. Let ¢ be the order of the auto-
morphism of P induced by x. If P, = {a) and P, = <b), then

ax = a& and bx = by

where & and 7 are distinct ¢/th roots of unity in GF(p), at least one,
say &, being primitive. Then 0< f<m and ¢/ |p — 1. Since
{x*, Py # G, a" induces a power automorphism in P and

Eq:an

If =1, £ is a primitive gth root of unity in GF(p) and G is of
type III with f =1 and k = ¢ — 1. Suppose 7 # 1, so that & and 7
both have order ¢/. Then % = & for some integer » = 1 modg’.
Now &2 =7"=¢" so r=1 mod ¢/~ and we can assume that » =
1+ kg’~* where 0 < k < q. Hence G is again of type III.

Suppose now that P is an irreducible .<#-module and let 0 == a € P.
Then P = a7 and the map r — ar (re %) is a homomorphism of
7 (regarded as a right <#-module) onto P: its kernel K is a maximal
ideal of .27 and #/K = P. F = &#/K is a finite field extension of
GF(p) obtained by adjoining & =2 4+ K. Clearly & is a primitive
¢’th root of unity over GF(p), where ¢~ is the order of the auto-
morphism induced in P by x. Let G* be the semi-direct product of
the additive group of F' with X, where 2 induces the automorphism
b—b& (be F). Clearly G = G*, so we can identify G with G*.

Since (2% P> # G, «° induces a power automorphism in P and
A = &7 belongs to GF(p). If » =1, then f =1, & is a primitive gth
root of unity over GF(p) and p = 1 mod q. Hence G is of type IVa.
Assume that A = 1, so f > 1, A is a primitive ¢/~'th root of unity
in GF(p) and p = 1 mod q. Suppose that N = %* where 7 belongs to
GF(p). Then & and 7 are elements of the same order in F. Hence
£edny and ¢ belongs to GF(p). However this implies that » induces
a power automorphism in P. Hence A is not the ¢th power of any
element of GF(p); thus the polynomial #? — A is irreducible over
GF(p) (see [12], p. 179) and must therefore be the minimal polynomial
of &, Let a,=a¢, v=0,1,.--,q — 1: then {a,a, ---,a,_,} is a
basis for P over GF(p) and P has order p?. Also a;x = a,.,, © =
0,---,¢— 2, and e, = ax. Finally {\)> is the g-component of the
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multiplicative group of GF(p), so ¢/~' is the highest power of ¢
dividing p — 1 and G is of type IVbh.

3. Infinite minimal non-Z-groups. Whether there are any
infinite minimal non-T-groups we have not been able to decide: the
following result represents our conclusions on this subject.

THEOREM 3. Let G be a minimal non-I-group and suppose that
G has a series whose factors are either locally finite or 2-groups
and whose terms are either ascendant or descendant in G. Then G
is finite.

Here the term “series” is used in the sense of P. Hall ([4]). A
sertes in a group G is a set of subgroups {4,, V,:0e€ 23} where Y is
a linearly ordered set and the following properties hold: V, <] 4,,
4, < V. if 0 < 7 and every nontrivial element of G belongs to some
A\V, (c.f. “normal system” in Kuro§ [5], § 56).

We precede the proof with two observations about a minimal
non-T-group G. Such a group s necessarily finitely generated, since
otherwise every finitely generated subgroup of G belongs to £ and
G belongs to £ by the local theorem for the class T. Also every
subnormal subgroup H of G has subnormal index <2: for if H +# @,
then HY G and H <| H° < G.

Proof of Theorem 3. (a) Assume first that G is a soluble
minimal non-Z-group. Then G is finitely generated and every sub-
normal subgroup of G has subnormal index <2, so by Theorem A. of
[10] G has a normal finite subgroup with nilpotent factor group. If
G is infinite, by elementary results about finitely generated nilpotent
groups G has an infinite cyclic factor group, say G/N. Then G =
{x, N) where 2« has infinite order. If ¢>1, <a’, N>+ G and
Lz, N>eZ. Now (&%, N) is finitely generated— either because it has
finite index in G or because G satisfies the maximal condition on
subgroups—and a finitely generated soluble T-group is finite or abelian
([9], Th. 3.3.1). Hence [2', N] =1 for all 4 > 1 and thus [z, N] =
1. Letae Nand y = xa. Then G = {y, N> and by the same argument
1 = [y, N] = [a, N]. This implies that G is abelian, which is impos-
sible. Hence G is finite.

(b) Let G be a minimal non-T-group which also a 2-group and
suppose that G is infinite. Let G; be the subgroup generated by all
elements in G with order dividing 2°. Suppose that G, is soluble
and let ¢ and b be elements of order 2*' not in G;,. The group
F = <{aG,;, bG;> is generated by two involutions, so it is a dihedral
2-group and in particular is soluble. If F¢&Z, then F = G/G; by
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minimality of G and this implies that G is soluble. If each FeZ,
then each F is abelian and therefore G;,,/G; is abelian and G,,, is
soluble. Hence by induction on j each G; is soluble. But G is
finitely generated, so G = G; for some j and G is soluble. By (a) G
is finite.

This argument shows also that a T-group which is a 2-group is
soluble (and hence, by Theorem 6.1.1 of [9], is either abelian or
hamiltonian)

(¢) Finally let G be as described in the statement of the theorem
and let {4,, V,: 02X} be the series in G. If «x,---,2, is a set of
nontrivial generators for G, then x;e€4,\V,, for some o;€2 and if
o =max{o, +--,0,}, V,<4,=G. Let N= 7V, so that N<]G and
G/N is either locally finite or a 2-group. A factor group of G is
either a Z-group or a minimal non-T-group. Therefore from the
information obtained in (b) and the fact that G is finitely generated
we conclude that G/N is finite. Finite Z-groups and finite minimal
non-Z-groups are soluble, so G/N is soluble and G > G'.

Let X be a finitely generated subgroup of G’. Since X # G,
XeZ and therefore X” = X' = D say, since soluble Z-groups are
metabelian ([9], Th. 2.3.1). Suppose that D = 1. By intersecting
the given series in G with D, term by term, we obtain a series in
D of the same type. Now since XeZ and each term of the series
in D is ascendant or descendant in D and hence in X, it follows
easily that each term is normal in X. Also X/D is a finitely generated
metabelian T-group, so it is either finite or abelian and in either
case is certainly finitely presented. Therefore by a well-known prin-
ciple D = af --- a¥ for some finite subset {a, ---, a,} (see for example
[3], p. 421). In precisely the same way as for G we can show that
D > D’. By this contradiction D =1 and every finitely generated
subgroup of G’ is metabelian. Hence G is soluble and the result

follows by (a).
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