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ADJOINT PRODUCT AND HOM FUNCTORS IN
GENERAL TOPOLOGY

PETER WILKER

The well known natural equivalence [RX S, T'] = [R, T¥],
valid in the category of sets and set mappings, can be derived
in various ways in the category of topological spaces and con-
tinuous maps, provided suitable topologies are introduced on
the product set B X S and on the set of all continuous maps
from S to T. In this paper we will show how to construct
topologies of this kind, The ordinary product topology on
R X S and the compact-open topology on 7% will be given
their proper setting in this context,

Given the category of topological spaces and continuous maps, we
shall write Con (A4, B) for the set of morphisms from space A to space
B, A x B for the product of the carrier sets of A and B. If R, S, T
are three topological spaces, suppose topologies have been fixed on
R x S and on Con (S, T). [R x S, T] and [R, Con (S, T')] will denote
the sets of continuous maps from R x S to T and from R to Con (S, T),
respectively. (No topologies introduced on these sets.)

As in the category of sets and set mappings, there is a naturally
given function @ from [R x S, T] to [R, Con (S, T)] defined by

felR x S, T]; (@f)(r/s) = f(r, s) (reR,se8S).
Its inverse is the function ¥ from [R, Con(S, T)] to [R x S, T1], given by
gel[R, Con (S, T)]; ¥g)(r,s) = g(r/s) (reR,seS).

The problem to be investigated in this paper is the following: what
topologies on B x S and on Con (S, T') will make the couple (@, 7) a
natural equivalence, i.e., will make the functors — xS and Con (S, —)
adjoint functors?

The best known example is probably the use of the product
topology on R x S and of the compact-open topology on Con (S, T),
restricting S to locally compact Hausdorff spaces. Starting from this
standard situation, two lines of attack on the general problem have
been opened in the literature. One can start with the product topology
on R x S and look for conditions on Con (S, T'), or else one starts at
the other end by using the compact-open topology for Con (S, T'), look-
ing for suitable topologies on R x S. (See [1], [2], [3]; the authors
do not use categorical language and their aims are somewhat different
from ours).
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In this paper we shall use a different approach. For the space
Con (S, T) a class K of topologies is chosen generalizing the class of
set-open topologies of [1]. Reguirements for Con (S, T') and for R x S
to be functors and for (@, ¥') to be a natural equivalence will on the
one hand reduce K to a subclass of admissible topologies on Con (S, T')
and will on the other hand force R x S to carry topologies uniquely
determined by the topologies on Con (S, T). (The word “admissible”
is used in its ordinary sense, not as in [1]).

By a suitable choice of topologies a natural equivalence [Rx S, T]=
[R, Con (S, T)] can always be established in more than one way, irre-
spective of the nature of the spaces R, S, T. There is even a minimal
and a maximal nontrivial solution to this problem (given the class K
of topologies on Con (S, T')). This will be the content of §’s 2, 3 and 4.

The remaining part of the paper is concerned with the role of
the compact-open topology on Con (S, T) and of the product topology
on R x S in this context. One of the admisgible topologies on Con (S, T)
is determined by the compact sets of S; it turns out to be equal to
the compact-open topology only in case S satisfies a condition which
does not seem to be easily reducible to familiar properties of topological
spaces, but holds for well-known classes of spaces, e.g., Hausdorff
spaces. Given an admissible topology on Con (S, T') and the correspond-
ing one on R x S, if the latter is required to be the product topology
the space S has to satisfy a local condition related to local compactness.

2. Topologies on Con (S, T) and on R x S. Notation: R,S,T
will always denote topological spaces. Given S, the letter & will be
used to describe the space of open sets of S as well as the correspond-
ing lattice. ¥, ®, ... will be used for filters on &, &, &, &, 57, «+
for families of such filters. If K is any subset of S, §(K) will denote
the filter of all open sets of S containing K; & = () counts as a
filter. Finally, Z will stand for a Sierpinski space, i.e., a space con-
sisting of two points 2, 2z, and with @, {2}, {2, 2.} as its open sets.

Let &% be a family of filters on & containing the filter & itself.
For any €. and any open set U of a space T we define

& U> = {feCon (S, T): f~Ue} .

By requiring the family of all these sets to be an open subbagis one
introduces a topology 7(% ) on Con (S, T). If all filters of & are of
the form F(K), ©(F) will be a set-open topology in the sense of [1].

Let &, @ e.&; obviously, <&, U>n<S, Uy =<FNG, Uy, where
FNG® is the intersection (meet) of the filters ¥ and &. Hence there
is no loss of generality by assuming & to contain all finite intersections
of its members; this will be tacitely understood in the sequel.
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Next, look at each €. as a subset of the space & and introduce
a topology on & by requiring .&# to be an open basis.

To determine a topology on R X S we introduce a special notation.
Let AcR x S; for each re R, let ¢r denote the set of all se .S such
that (r,s)e A. The function ¢ from R to the power set of S com-
pletely describes A and we shall write 4 = [4].

Suppose topologies have been defined on & and on Con (S, T') by
means of a family & of filters on &, while R x S carries a topology
yet to be specified. Consider the transformations @ and ¥ introduced
in §1. For @ and ¥ to be natural transformations, the following
conditions are obviously necessary: given fe[R x S, T], g € [R, Con (S,
T)], r € R, the mappings @f: R — Con (S, T), (@f)(r/—): S— T and ¥g:
R x S — T must be continuous. We shall say that @& and ¥ must
preserve continuity.

THEOREM 1. @ and ¥ preserve continuity if and only if the
Sfollowing holds: a subset [¢] of B X S is open in the chosen topology
if and only if ¢ is a continuous map from R to S.

Proof. Assume the conditions on the open sets of R x S. Let
Ubeopenin T, fe[RxS, T}, re R. Define ¢ by [¢] = f~'U. It is easy
to see that for any § € Z, (2f)"KBF, U) =¢"'F and (Of)(r/—))"'U = ¢r.
@ preserves continuity if and only if ¢—'§ is open in R and ¢r is open
in S, which is just our assumption. Similarly, for g ¢ [R, Con (S, T)]
define ¢’ by [¢'] = (¥g)~'U. ¥ preserves continuity if and only if [¢']
isopenin B x S. But ¢'r = (9(r/—))"'U and ¢''F = ¢g~KF, U). Thus,
¢’ is a continuous map from R to & and [¢'] is open by assumption.

Suppose @, ¥ preserve continuity and let T = Z. If [¢] is any
open set of R X S, construct f: R x S— Z by putting f(r, s) = z, for
(r, s) €[], f(r, s) =2, for (r, s) ¢ [¢]. Obviously, fe[RxS, Z]. Choosing
{z,} as the set U and repeating the argument used above we see that
¢ is a continuous map from R to &. Conversely, let ¢: R— & be
continuous. Construct g: R—Con (S, Z) by g(r/s)=z, for s e ¢r, g(r/s) =2,
for s¢ ¢r. We must show g € [R, Con (S, Z)]. Since (g(r/—)) "z} = é7,
we have g(r/—) € Con(S, T). For any Fe.&# and Uopen in Z, g~ (F, UD
can only be equal to @, R or ¢—'F. Hence g is continuous. Repeating
the argument used to show that ¥ preserves continuity we see that
[¢] is open in R x S.

Theorem 1 restricts the system of filters & which may be used
to define a topology on Con (S, T'), because the family of subsets [¢]
of R x S described by Theorem 1 must satisfy the axioms of a to-
pology. Actually, three of these axioms hold for any family .#. The
sets @ and R x S are open in R x S, because they correspond to the
constant functions from R to & with @ and S as values, respectively.
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Let ¢, ¢,: R— & be two continuous functions and define ¢, N¢, by
(6. N go)r = ¢, N @1, the intersection on the right to be taken in S.
Obviously, [¢,]1N][#.] = [6.N¢.], hence ¢, N g, must be continuous. But
this is always the case, since for any filter § of % we have (4, N ¢,)"'F=
reR:grNogre® ={reR:ore and srecF = 67'FNo'F, which
is open in R X S. There remains the union axiom. For any family
¢;: R — &(i € I) of continuous maps define Ug; by (Ug,)r = Ugr(iel).
Because U[g;] = [Ug;], Ug; must be continuous. We investigate this
requirement.

A filter ¥ of & will be called compact, if for any system A;(7el)
of open subsets of S, whenever UA,; e (i eI), there is a finite subset
KcI such that UA; et e K). If ¥ and ® are compact, so is FNGS.
If §§ is of the form $(K), it is a compact filter if and only if K is a
compact subset of S. Filters of this kind will be called compactly
generated.

A family of filters .&# may satisfy the following condition:

(A) For any two open subsets A4, 4, of S and for any §e &, if
A UA, e, there are filters &, G, # such that A4,e¢Q, 4,6,
&, NG, CF.

THEOREM 2. Ugy(tel) is a continuous map from R to &, for any
R, if and only ©f F is a system of compact filters satisfying (A).

Proof. Let ¢;: R—&S(tel) be a family of continuous maps. For
% e F, define the set F = (Ug¢,)"'F = {reR:U(gr)eF(tel)}. F must
be shown to be open in R.

Assume §§ compact; for each r» ¢ F' there will be a finite subset
K,.cIsuch that U(¢,r) e F(1 e K,). Write F, = {se R: U (¢:8) e F(1 € K,)}.
By definition, FC UF,.(reF). On the other hand, for any se F, we
have U(g,8)C U(¢;8)(t € K,, jeI) and because § is a filter, U(g;s) € g,
i.e., seF. Hence F= UF, and to show F open it will be sufficient
to consider only finite families of continuous maps ¢,. As the general
finite case follows by induction, two functions ¢,, ¢, will suffice.

#, U, is continuous if and only if the set G = (3,U4,)"' = {reR:
éorUgd,reF} is open in R for any Fe #. Assume # to satisfy
condition (A). To any reG there correspond filters &,, .e€. 5 such
that g€ @,, ¢,r € 9,, 8, N Y, CF. We claim G = U (378, N ¢:'9,)(r € G).
By definition, G is contained in the right-hand set. Let s be an ele-
ment of ¢7'®, N ¢, for some re R. Then

$8€@,, ¢,5€9,, 65Ud5€9,NG,.CF,

hence seG. This proves equality and shows G to be open.
For the converse, let $e.&# and let A,(ieI) be a family of open
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sets of S such that UA; e (i eI). Consider the space R = &', equipped
with the product topology and write «;: R — &(¢ € I) for the canonical
projections. An open basis of R consists of finite intersections of sets
7;7'®, where & c . &#. The functions 7; are continuous. By hypothesis,
the same is true for Un;(4el). Thus the set H = {ucR:U(ru)eF
(teI)} is open in R and each point of H belongs to a basic open set
contained in H.

Define a ¢ R by ma = A; for all iel. Then aec H and there are
a finite set JcI as well as filters ;e & such that ae N7;7'9,CH
(jed). This implies w,ae H; for all jeJ. Define beR by n;b = A;
(jed),ndb = @(el—J). Forjed, ;b = ma, thus be N7;'H;. Since
Nn;7'9; is a subset of H,be H and Unb = UA;eBF(tel,jeJ). This
shows & to be compact.

Finally, let I be the set {1, 2}, otherwise using the same notation
as above. The element ac R =& x &, defined by ma = 4, 1,0 = A4,
will again satisfy aen'9, N7 9, H for two appropriately chosen
filters 9., 9. .F; thus 4,9, 4,€9,. Let the set C be a member
of £.N Y. and consider the element ce R, defined by 7. = e = C.
Because cen9,N7H,cH, we have mecUme = CeF. Since this
holds for any such C, ,NH.CF and &# satisfies condition (A).

A system of compact filters satisfying (A) will be called an ad-
joining system. Suppose all filters of a system & are compactly
generated. Our next theorem describes condition (A) in this case.

For any subset X of S define X* to be the intersection of all
open sets containing X. Obviously, (X,UX,)* = XU X}; if K is
compact in S, the same is true for K*, because any open cover of
K* is also an open cover of K, hence contains a finite subcover which
must be above K*.

We shall call a compact set K for which K = K*, fully compact.
All compact sets of a topological space are fully compact if and only
if the space is T..

Let §(K) be a compactly generated filter; it is an immediate conse-
quence of our definition that F(K)=%(K*). Moreover, F(K¥) NFK )=
FUK,UK,)*) and & = F(D) = F(D*). One may therefore assume that
the compact sets generating the filters of the given family & are
all fully compact.

We need one more fact, easily seen to hold: if K and L are com-
pact sets in S, then F(K)HF(L) if and only if L*CK*.

THEOREM 3. Let F# be a family of compactly generated filters
on &, and let & denote the family of fully compact sets of S which
generate the filters of #. Then F satisfies condition (A) if and
only if the following holds: if A,, A, are open sets of S and if Ke&
1s such that KCA,UA,, there are K, K,e® with K,CA, K,CA,,
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KcK,UK,.

Theorem 3 is an immediate consequence of the facts established
above.

3. Functorial requirements. Given an adjoining system .&# on
&, Theorems 1 and 2 show that & uniquely determines topologies
on Con (S, T) as well as on R x S such that @ and ¥ preserve con-
tinuity. (@, ¥) determine a natural equivalence between [R x S, T]
and [R, Con (S, T)] if, given the space S,Con(S, T) and R x S are
(object mappings of) functors in T and R, respectively. This will
now be shown.

Let T, T’ be topological spaces, p: T— T’ a continuous map. As
usual, the morphism mapping C(p): Con (S, T')— Con (S, T") of the functor
Con (S, —) will be defined by C(p)f = »f, for any feCon(S,T). It must
be shown that C(p) is continuous with respect to the topologies defined
on Con (S,T) and on Con (S, T’). For U’ open in T’ and for F e .&# we
have C(p)<{F, U"> = <G, p~ U’ >, which implies continuity of C(p).

Similarly, let R, R’, ¢: R— R’ be given, ¢ continuous. The mor-
phism mapping P(g): R X S— R’ x S of the functor — xS is defined
by P(q)(r, s) = (qr, s), for any (r,s)eR x S. We show that P(q) is
continuous with respect to the topologies chosen for R x S and R’ x S.
Let [¢'] be open in R’ x S and define ¢: R— S by ¢ = ¢'q. It is easy
to see that P(q)~'[¢'] = [4#], which is open in R x S by Theorem 2.

The variety of adjoining systems for a given space S depends of
course on the nature of this space. To obtain a categorically significant
simultaneous choice of adjoining systems & (S) for each space S we
now require Con (S, T') and R x S to be functors in S as well. To
investigate this requirement we have to define two operations on sys-
tems & and list their properties.

Let &# be a family of filters on & and let ;e #,tel. In
general, U@:(tel) will not be a filter. We want to adjoin to & all
unions of its members which are themselves filters. Hence we define
'Z to be the family of all filters on & which can be written as un-
ions of filters belonging to &#. If all filters of &% are compact, the
same holds for .7, and if & satisfies condition (A) of §2, so does
Z. Consequently, if & is adjoining, then & is also adjoining. &#
can actually be larger than .&#. The following example will incident-
ally prove the existence of compact, not compactly generated filters.

Let the space S consist of the set of natural numbers N together
with an element w¢ N. Write S, =N, S,=N-1{0,1,2, ---, n — 1}
(n = 1). Open sets of S shall be the sets S,, {w}, S,U{w} and the
empty set. Write F(n) for the filter generated by the compact set
{n} on S(neN). Then F = UF(n)(neN) is a filter, as is easily seen.
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If it were compactly generated by a fully compact set KcS, the
intersection of all its members would be K. But this intersection is
the empty set @, while § = F(Q) =S, since {w}¢F. Hence for
F = {§(n):ne N}, & is properly contained in 7.

THEOREM 4. Let F#, & be two (not mecessarily adjoining) fa-
‘milies of filters on a space S, and let ©(F, T), ©(<&, T) be the cor-
responding topologies on the space Con (S, T). Writing 0 < 7, if the
topology T is finer than the topology o, we have ©(<, T) £ ©(F, T)
Sfor all T if and only if & . F.

COROLLARY. ©(%#, T) = (%, T) for all T.

Proof. Let T = Z, a Sierpinsgki space, and let & e <. The set
<@, {z,}> is not empty, since the constant function f: S — Z with value
2, belongs to it. On the other hand <@, {z,}> = Con (S, Z) if and only
if & =6©&. Suppose & # & and assume (%, Z) < ©(F, Z). Then
LS, {z})> = ULF:, (=)@ el), where §; e #. We want to show & = U ;.
For Ae®, define feCon (S, Z) by fa = z(ac A), fa = z,(aeS — A).
Because fed{@®, {z,}>, there is an ¢el such that fed$, {2}>, which
implies AeP; and &G UZ,. By a similar argument, UF,C®. This
‘proves & C.F.

The converse is an easy consequence of the definitions. The
corollary is implied by the fact that .&# is a basis for the topology
o, T).

Let S, S’ be two topological spaces and let ¢: S — S’ be continuous.
For any filter ¥ on & define the subset ¢'F of & by ¢'F = {A' €&":
q'A’eF). ¢'F is a filter on &, and if § is compact, so is ¢'F; this
follows easily from the algebraic properties of ¢~'. If § = F(K), then
G4'BFK) = F(@K); if, therefore, § is compactly generated, so is ¢'§.

Given a family & of filters on &, let us write ¢’ for the
family of filters ¢'§, e #. If & satisfies condition (A) of §2, the
same is true for ¢'#. This again is an immediate consequence of the
definitions. Together with the facts noted above we have: if & is
:an adjoining system, then ¢’ is also adjoining.

Returning to the investigation of the functorial requirements, let
T be a fixed topological space and consider Con (S, T') as the object
mapping of the (contravariant) functor Con (—, 7). For a continuous
q: S — 8, define the morphism mapping D(q): Con (S’, T) — Con (S, T')
by D@Q)f’ = f'q (f"€Con(S’, T)). The topologies on the two spaces
Con (S, T') and Con (S’, T') are assumed to be given by adjoining systems
& and # ', respectively. D(q) must be continuous, i.e., for each
Fe.# and for each open subset Uc T, the set D(q)~<¥, U> has to
be open in Con (8’, T'). It is easy to see that D(q)"KF, U> = {¢'F, U,
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which is a basic open set of the topology defined by ¢’ on Con (S’, T).
Thus, this topology must be coarser than the given one. Conversely,
if this is true, D(q) will be continuous. Theorem 4 now implies

THEOREM 5. If for each space Con (S, T), T fixed, a topology ts
defined by the choice of anm adjoining system 7 (S) on the corre-
sponding space S, then Con (—, T) together with the mapping D is
a functor if and only if for each continuous map q: S — S’ the re-
lation q' .5 (S)yc.7 (S') holds.

We shall describe this relation briefly by “.& (S) is functorial”.

If adjoining systems have been chosen according to Theorem 5,
then R x S with the topology induced by .&# (S) is algo, for fixed R,
(the object mapping of) a functor. For any continuous ¢q: S — S’ de-
fine the morphism mapping Q(¢): R x S— R x S’ by Q(q)(r, s) = (r, ¢s)
((r, s)e R x S). @Q(q) is continuous. To see this, let [¢'] be open in
R x S, where ¢': R— &'. The inverse ¢' of ¢ induces a mapping
¢ @ — &; define ¢: R—6 by ¢ =q7'¢'. Then Q(q)7'[¢'] = [¢], as
is easy to see. For any Fe.&# (S), we have ¢7'§ = ¢ (¢'F). By as-
sumption, ¢'$% is open in the space & with respect to the topology
given by & (S’). This shows ¢~'F to be open in &, ¢ to be continuous,
[#] to be open in R x S and finally Q(q) to be continuous.

4. Minimal and maximal adjoining systems. Let the variable
E range over the finite subsets of a topological space S. By & we
shall denote the family of all filters F(E). & is adjoining: every
F(E) is compactly generated, and if A, B are open sets in S with
AUBeR(E) for some E, then AcFANE), BeFBNE), FIANE)N
FBNE)=F(AUBNE) = FE). It is also easy to see that & (S)
is functorial: for any continuous ¢: S — S, ¢/'§E) = F(eE), hence
qE(S)cE(S)cz ().

Before stating the next theorem we need a preliminary discussion.
Let S, S’ be two topological spaces. Given a point ¢t € S’, write ¢, for
the congtant map ¢,: S — S’ with value ¢t. If ¥ is a filter on &, then
q.% = F({t}), provided F + &; otherwise, ¢/& = &'. This follows from
QA = S(te A'cS), q7tA' = O(tg A').

Consider the system of filters .9~ on &, consisting of the filter
S = F() alone. It is a trivial fact that .7~ is adjoining and .7 (S)
is functorial. One can prove a slightly stronger result: if & (S) is
functorial and & (S,) = .7 (S,) for some space S,, then .& (S) = .7 (S)
for all spaces S. Let te S, (we exclude the empty space); for any
space S, consider the constant function ¢,:S— S,. Since & (S) is
functorial, we must have ¢, & (S)c.7 (S,) = .7 (S,), hence ¢F = &,
for all e .7 (S). By our discussion above, this forces § = & and
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Z (S) = 7 (S). Of course, the choice of .7 (S) leads to a trivial
solution of our original problem: Con (S, T') carries the indiscrete, R x S
the discrete topology.

THEOREM 6. & (S) is a minimal adjoining system for any space
S, in the following sense: if # (S) ts a functorial choice of adjoin-
ing systems different from 7 (S), then & (S)c.Z (S).

Proof. Given S, let s e S and consider the constant map ¢,: S—S.
By assumption, there is a filter Fe . # (S) with § =+ &. Since ¢;F =
K({s}), Theorem 5 implies F({s}) eF and ¥ 7.

The topology induced by & on Con (S, T) is equal to the subspace
topology with respect to the space T° of all functions from S to T,
carrying the ordinary product topology. In keeping with the term
“set-open” a name sometimes used for this topology is “point-open”;
it is called p-topology in [3], usually also the topology of pointwise
convergence.

The topology on R x S corresponding to & can be described in
different ways. Suppose 7: R — PBS is a mapping from R to the power
set of S, s: S— PR a mapping from S to the power set of R. We
shall call r, s reciprocal, if for any veS, s(v) = {uc R:ver(u)}, or
equivalently, if for any e R, r(u) = {v € S: u € s(v)}. Obviously, to each
r there corresponds exactly one reciprocal s, and conversely. If r
maps R to points of S, s is simply the inverse mapping .

Suppose r is a map from R to &, the space of open subsets of S.
We shall call » and its reciprocal s, topologically reciprocal, if the
same is true for s, i.e., if s maps S into 3R, the space of open sets
of R.

The topology on R x S, induced by the adjoining system & (S),
can now be described as follows: a subset [¢] of R x S is open in
this topology if and only if ¢ and its reciprocal + are topologically
reciprocal.

The filters F({s})(s € S) constitute an open subbasis for the topology
given by & on &. Because [¢] is open if and only if ¢: R—& is
continuous, [¢] will be open if and only if ¢—'F({s}) = {re R:se¢r} =
4rs is open in R. This is exactly what we have claimed.

Another description of the topology on R x S has been given by
R. Brown (see [2]), who also briefly comments on its connection with
the point-open topology on Con (S, T'). ([2], Remark 1.15).

To obtain maximal adjoining systems, we first show how to con-
struct new systems out of a family of given ones. Let .# ;(tcI) be
a family of adjoining systems on a space &. Define U* & (i€ 1) as the
set of all filters which can be written as finite intersections of filters be-
longing to U ;. By a straightforward application of the definitions
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involved one proves easily: U*.& (€ I) is an adjoining system; if all
filters belonging to U.& ; are compactly generated, the same holds
for the filters of U* & ..

This construction allows to define two distinguished adjoining
systems on any space &. The first one is the system _#, obtained
by applying our construction to the family of all adjoining systems
on &. _#Z is of course the maximal adjoining system on &; further-
more, 7 (S) is functorial.

The second distinguished system will be denoted by .97; it is
constructed from all adjoining systems consisting of compactly gener-
ated filters only. Since & is such a system, .9 is not empty. .27 (S)
is functorial: for any continuous ¢: S — S’ and any compactly generated
filter F(K) we have ¢'F(K) = F(¢K); ¢K is compact.

Note that other adjoining systems satisfying the functorial re-
quirement can be obtained by cardinality arguments. Consider for
instance, on a space &, the family of all adjoining systems of com-
pactly generated filters, where for each such filter a generator may
be found with cardinality <m, m a fixed infinite cardinal. Application
of our construction to this family yields an adjoining and functorial
system 97,(S) for each space S.

5. The compact-open topology. The compact-open topology on
a space Con (S, T) is defined by the system .2, of all compactly gener-
ated filters on &. .2, need not be adjoining, as will be shown pres-
ently; hence the compact-open topology does not always provide a
solution to our problem. However, due to the importance of this
topology for the theory of function spaces an investigation of spaces
S for which the compact-open topology on Con (S, T') is induced, for
any T, by some adjoining system is indicated.

Let # be such a system. According to Theorem 4, we have
Z = %, conversely, a system .&# satisfying this equality defines,
for any T, the compact-open topology on Con (S, T).

THEOREM 7. If Z = %%, for some adjoining system Z on S,
the space S satisfies:

D) If K is a compact subset, and if A, A, are open subsets
of S such that KC A, UA,, there are compact sets K, K, in S with
K cA, K,cA,, KcK UK,.

Conversely, if (D) holds, the adjoining system 2% defined in
§4 equals 2543

Proof. Suppose % = .7, and let K, A,, A, satisfy the hypothesis
of condition (D). Then A,UA,eF(K) and F(K) e #. Since Z is
adjoining, there exist filters ¥, $.€ # with 4, €F, 4.€F. FNF.C
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XHK). F., J. being members of 57, there are compact sets L,;, L;
(iel,jed) such that §, = UBLy), §. = UFL.)te,jed). AP,
implies L,cA,, where L, is one of the sets L,; similarly, L,CA,.
Furthermore, N = U(F(Lu) NF(L:y)) = UF(Ly:U Lyy), thus F(L,U
L,)cF(K). As was shown in §2, the latter relation is equivalent to
KcK*cLfULf. By letting K, = L}¥, K, = L} we have established
the first part of the theorem.

Suppose (D) holds in a space S; then it also holds if “compact”
is replaced by “fully compact”. Theorem 38 now shows .2, to be
adjoining. Obviously, 5%, = 2#¢

Examples of spaces satisfying (D) are easily provided: discrete,
indiscrete and pseudo-finite spaces (all compact sets finite; see [4] or
[5]) are instances in case. We give a sufficient condition for (D) to
hold, which covers some important classes of spaces.

We shall use the following notation: 7T;(¢ =1, 2, 3, 4, 5) denotes
the usual separation axioms, where for 7= 2 we do not assume T..
A space is called a KC space (according to [5]), if every compact set
is closed; it will be called a K*C space if every fully compact set is
closed. This is equivalent to: if K is compact, 4 open, and if KCA,
then Kc A (where K is the closure of K). Finally, a space will be
said to be KT, if every compact subspace is a T, space.

THEOREM 8. Any KT, space satisfies condition (D). If the space
s a K*C space, KT, is equivalent to (D).

Proof. Let K be a compact subset, A,, A, open subsets of a KT,
space S, such that KcA4,UA,. The sets K — A,, K — A4, are closed
subsets of the subspace K and (K — A)N(K — 4,) = @. By assump-
tion, there are open sets B,, B, in S such that K — A,cB,, K — A,CB,,
KnBNB,= @. Writing K, = K — B, K, = K — B,, we have K,CA,,
K,cA, and K,UK, = K. The sets K,, K, being closed in the compact
subspace K, they are compact in S.

Let S be a K*C space satisfying (D), and let K be a compact sub-
space of S. If C,, C, are closed disjoint subsets of K, write D,, D, for
their complements in S. Because K< D, U D, and D,, D, are open, there
are compact sets L,, L, in S with L,cD,, L,cD, KcL, UL, By as-
sumption, L,cD,, L,cD,. Writing M,, M, for the complements of L., L,
in S, we have C,cM,, C,cM,, KhM,NM, = @». Hence K is a T, space.

It is easy to see that T, T; and T; spaces are KT, spaces and thus
satisfy (D). This is trivial for T;. Any subspace of a T,(T,) space is
itself T,(T); as is well known, a compact T,(T;) space is also a T, space.

We shall see in the next section that (D) holds also in locally
compact spaces.

On the other hand, neither T, (or the stronger KC) nor compactness



280 PETER WILKER

imply (D). Consider the space Q*, the one-point-compactification of
the space @ of rationals. QT is a compact KC space (see e.g., [5]),
hence also T, and K*C. By Theorem 8, Q*+ will satisfy (D) only if
it is a T, space. Because T, and 7, imply T, @ would have to be
a Hausdorff space, which it is not.

6. The product topology. The topology induced on the space
R x S by an adjoining system on & need not be the product topology.
In this section we give necessary and sufficient condition in order
that a given adjoining system induces the product topology on R x S,
for any R.

Let § be a filter on & and let Fy(tel) be the family of its
members. We write §° for the set (NF,)(¢tel). (X° denotes the
interior of X in the space S). If & = F(K) is compactly generated,
then §° = K*°.

Let R, S be two topological spaces, A an open subset of R, B an
open subset of S. We define a mapping (4, B): R—& by (4, B)r = B
(red), ¥v(A, Br = @(re R — A). Obviously, with the notation of §2,
[v(4, B)] = A X B. Let § be any filter on &. It is easy to see that
(A, B)™'% is equal either to A or to @ or to R. Hence (A4, B) is
continuous for all A, B and A x B is open no matter what adjoining
system is chosen on & to determine a topology on R x S. This shows
that any such topology is finer than the product topology.

Since the family of sets A X B is an open basis for the product
topology on R X S, an adjoining system on & determines this topology
if and only if to any continuous map ¢: R — & there correspond open
sets A,CR, B,cS(iel) such that [¢] = U[v(4;, B)](zel).

THEOREM 9. An adjoining system F on & induces the product
topology on R x S, for any R, if and only if any open set ACS
satisfies A = UF’, where F runs through all filters of F containing
A as an element.

Proof. The condition is necessary. Let R be the space & with
the topology given by #. We claim: the family of sets [v(F, B)]
(Fe .7 B open in S) is an open basis for the product topology on
& x S. Indeed, an open set in & is given by A = UF,;(F, € F, )
and [+, B)] = U[¥(F;, B)lGeJ). Consider the identical mapping
&: & —©&. Since ¢ is continuous, [¢] is open in & x S and there exist
filters ;€ & and open sets B;CS(iel) such that [e] = U[v(Fi Bi)l
(1eI), or equivalently, ¢ = U+ (F;, B;) (according to the notation in-
troduced in §2). For any open ACS we have cA = A = U(F;, B)A =
UB;(i e, j € J(A)), where the subset J(A) I is determined by 7 J(A)
if and only if Ae;. Hence for any ¢el and any Ae$; we have
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B;C A and consequently B,c%:. Fix an open AcCS and consider the
index set J(A). Then Fic A for all j e JJ(A), hence UF,cA4, but also
A= UB;c U’ This proves A = Ug5 and also 4 = UF", as stated
in the theorem.

The condition is sufficient. Let R be any topological space, ¢: R—&
a continuous map. For any Fe. &, define ¢(¥) = v(67'F, F). By
definition, for re R, ¢(F)r = F° if ¢reF, otherwise ¢(F)r = @. Tak-
ing the union of all the sets ¢(F)r for all F e &, r fixed, one obtains
Us(F)r = UG’, where @ runs through all filters of .&# containing
ér. By assumption, this is equal to ¢r and we have ¢ = UdE) =
U (™', FNE e .5 ). Hence [¢] is open in the product topology on
R x 8.

We shall call a space S satisfying the condition of Theorem 9,
locally .. The reason for this terminology is the following: let A
be open in S, » a point of A. The condition is satisfied if and only
if there is a filter e & containing A and such that pe F°'CA.

If & consists of compactly generated filters and if (%) is the
set of its fully compact generators, S is locally & if and only if for
any open AcCS and any point pe A there is Ke&(% ) such that
peK'cKCA, i.e., if and only if &(£) is a local neighborhood base
for each point of S. If &(& ) is the family of all fully compact sets
of S, this is just (a version of) local compactness, as is eagily seen.

As was shown above, the product topology on R x S is always
coarser than any topology induced by an adjoining system. This re-
mark leads to.

THEOREM 10. Let & be a family of compact filters on &S and
let the space S be locally #. Then Z consists of all compact filters
on & and is adjoining; in fact, Z equals the maximal adjoining
system _# on S.

Proof. Let © be any compact filter on & and let Ae@®. By as-
sumption, A = UE’, where § runs through all filters of & containing
A. Since ® is compact, there is a finite number of such filters, say
Xy o+ vy Fa such that FU--- UF,e®. Consider § = FN -+ NFas it
is easy to check that 9 D% U --- UF,. Consequently, $°c ® and H®.
For any Ac® we have found a filter $(4) e &# with Ae H(4)G;
hence ® = UH(A)(Ac®) and Ge 7.

To prove # = _#, we show that & is adjoining, i.e., satisfies
condition (A) of §2. Let e .#, 4, B open in S, AUBec$ . Writing,
as above, A = U®, B= U9 (4 c®c &, Be Hec . ) we can find filters
&(A), H(B) e & with AeG(A), Be $(B), B(A)°UH(B) e F. The latter
relation implies &(4) N H(B)CF, as is easily seen by using the formula
UL c(GBNH).
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COROLLARY. If S 1is locally compact (im the semse inmtroduced
above, i.e., locally %), then 2%, = _# and the compact-open topology
on Con (S, T) corresponds to the product topology on R x S.

This corollary together with Theorem 7 implies that a locally
compact space satisfies condition (D) of Theorem 7. This fact can of
course be shown directly.

We shall now give an example of a space S which is not locally
& for any system of compact filters. By our results the product
topology on R x S will not, in general, be induced by any adjoining
system on &.

Let S be an uncountable set with the countable topology (a set
is closed if and only if it is at most countable or the whole space).
As is well known, the resulting space is pseudo-finite (compact = finite).
We want to show that every compact filter § on & is compactly
generated.

Let K be the intersection of all members of ¥ and suppose KC A,
where A is open in S. We shall prove Ae$. A is either cofinite or
cocountable. In the first case, let A=S — {v, ---, v,}. For each
tw1=Z1<mn, there is F;e® with v;¢ F;. Then Fin.--NF,CS —
v, -+, v,} = A and AeE. Inthe second case, let A =S — V, where
V = {v, v, +--}. For each natural ¢, there is again F; € § with v, ¢ F\.
We use, for any %, the notation V; = {v,, ---, v;}, 4, = AU V,. Obvious-
ly, F.NF,N---NF,cS — V,;, which implies S — V;€%. The union
of all A; is equal to S and therefore belongs to the filter $§. Since
% is compact, there is a finite number of sets A; whose union is a
member of . As is easily seen, this union is equal to some A;.
Then A;N(S — V) e; but 4,N(S — V;,) = A.

Our result implies § = F(K), thus § is compactly generated. It
is now evident that S cannot be locally # for any system of compact
filters .#, for this would imply the existence of finite open sets on S.

The author wishes to dedicate this paper to Professor Hugo
Hadwiger of the University of Bern on the occasion of his sixtieth
birthday.
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