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THE TRANSCENDENTAL RANK
OF A THEORY

ALISTAIR H. LACHLAN

Morley has associated with each countable complete theory
T an ordinal ar < 2®)*, It is shown that in fact ar < o,
and that this bound is best possible,

We shall use the notation and terminology of Morley [1], where
o, is defined to be the least ordinal « such that for all A e N(T) and
all B> «a, S(4) = Sf(A). As in [1] T denotes a complete theory in
a countable language L, T has an infinite model, and there is a theory ¥
such that T=3*. If Ae N(T) and pe S(4), let »(p) = a if p is
transcendental in rank a and let r(p) be undefined otherwise. Also,
if Ae N(T) and + € F(A) define

(o, A) =1 if Uy=Q
(g, A) = .
v sup{a|pe Uy & r(p) = a} otherwise.

LEMMA. Let Ac N(T), v € F(A), and r(r, A) = a. Then for each
B < « there exists Be N(T), A S B, and ge S(B) such that r(q) = B
and € q.

Proof. Assume the hypothesis and for contradiction that no B and
q exist satisfying the conclusion. Then for every Be N(T), A S B, we
have 55 (Uyp) N Trf(B) = @. Thus for all such B, i53Y(Uy) N (SF+1)(B)—
S#(B)) = @. Suppose ¢’ € Trf*'(B) then for every Ce N(T), BS
C, i3 (¢)NSP+(C) is a set of isolated points in SP*+(C). Thus, if
Jreq, 13 (@)NSHC) is a set of isolated points in S#(C) for all such
C, whence ¢’ € Tr?(B). We conclude that iz (Uy)N Tr**(B) = ¢ for
all Be N(T), A= B. By induction #;5'(Uy)N Tr"(B) = ¢ for all v = 3.
This contradicts the hypothesis and completes the proof of the lemma.

From 2.3(b) and 2.4 of [1] it is possible to choose B in the con-
clusion of the lemma such that x(B — A) = W,; we shall make use of
this fact below.

Before proceeding further we need some more definitions. A
language L, is said to be a simple extension of a language L, if it is
obtained by adjoining W, individual constants to L,. For any language
L’ let F(L') denote the set of formulas of L’ which have no free
variable other than v,. For each ne w let S, denote the set of all
sequences of 0’s and 1’s of length <un; the empty sequence @ is
allowed. For seS, and ¢ <1, sx{i) denotes the member of S,,,
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obtained by juxtaposing ¢ to the right of s. A map +:S,— F(L) is
called admaissible if either n = 0, or n > 0 and for each s€ S,, 0 =< m < n
there exists @ e F(L) such that +(sx{0>) = y(s) &p and (sx{1)) =
+(s) & —®. The main step in our proof is:

PROPOSITION. Let Ae N(T), k(4) < W and new. Let +,:S, —
F(L,) be an admissible map, where L, is a simple extension of L(A),
such that for every a < w, there exists BZe N(T) with A = B; and
L(B;) = L, such that for all se S, r{y.(s), Bf) = a. Then there exists
a language L, .., which is a simple extension of L, and an admissible
MAP Yrpiy 't Sprr — F(Lyy,) extending +, such that for every a < w, there
exists By, € N(T) with A = B¢, and L(B%,,) = L,., such that for all
$€ Spiy, Y(Yuii(s), Biy) = a.

Proof. Form L,., by adjoining a countable number of new
individual constants to L,. Consider a fixed ordinal a < w,. By 2"
applications of the lemma we can find C*e N(T) with By < C* and
L(C*) = L,., such that for each se S, — S,_, there exist py(s), .(s)e
S(C*) both containing +,(s) such that r(p,(s)) = a and r(p,(s)) = « + 1.
For each se S, — S,_, choose @%(s) € py(s) — p.(s). Define *:8S,,, —
F(L,,,) to be the extension of 4, such that for each seS, — S,_,
¥*(s+40D) = 4ra(s) & P*(s) and ¥*(sx{0)) = a(s) &—p*(s). Letting 4., =
* and Bg,, = C* the conclusion of the lemma holds for . Perform
the construction of +* for each a < w,. Since L,,, is countable the
set {v*|a < w,} is countable. Hence there is a cofinal subset I" of
w, such that 4 is independent of v for velI'. Let +,,, be the
common value of 7 for yel'. For each @ < w, let v be the least
member of I” such that a < v and define BZ,, = C7. This completes
the proof of the proposition.

Let S, denote the set of all finite sequences of 0’s and 1’s. A
sequence <s;»;., of members of S, is called regular if s, = @ and for
all 1 < w,s;;, is either $+(0> or s;x(1>. Now let Ae N(T) with
£(A) < W and let peS(4) with r(p) = ®,. Choose @ e F(A) such
that U,NS“(4) = {p}. Let L, be L(A) and define +,:S, — F(L,) by
(@) = @ then @, is admissible. Apply the proposition repeatedly to
form L,, L,, -+ and +,, ¥, ---. Let L, = U,.,L, and let 4 = lim, ., 4,
where + maps S, into F(L,). By the compactness theorem there
exists Be N(T) such that A < B, k(B) = W,, L(B) = L,, and such that
if {s;)i<s is a regular sequence in S, then {y(s;)|? < w} & ¢ for some
qe S(B). Let seS, then it is clear that the basic open set Uy, of
S(B) has power 2%, Also, since £(B) = W,, for every a S**'(B) — S*(B)
is countable. Thus Uy, NS*(B) # @ for all a < w,. Since S*(B) is
closed and decreasing with «, Uy, N S“(B) + @. It follows immedia-
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tely that x(U;,N S“y(B)) = W, where U, denotes the basic open set of
S(B) determined by . From 2.3(b) of [1] ¢%x(S*«(B)) = S“«(A4). Since
155(U;) = U, it follows that i}5'(p) = U,NS*(B). But this contradicts
7(p) = w, because U;N S*(B) having power = W, is not a set of isolated
points.

Since Tr*(A) # @ for some finite Ae N(T) if for any Ae N(T),
we have shown that Tr*(4) = @ for every Ae N(T). It follows
easily that S°(A) = S“i(4) for every B > w, and every Ae N(T).
Thus «a, < w, and our main theorem is proved.

We shall now construct a theory 7 such that a, = @,.' In
Example IIT of §2 of [1] Morley showed how to construct a theory
T; for any B < w, such that a;, = + 1 and such that L(T)) =
{R,|n < w} where each R, is a unary relation symbol. For g < w,
let A; be a model of T,. Suppose without loss that the sets |[A;|,
B < w,, are pairwise disjoint and each disjoint from ®,. Now let A
be the relational system such that |A| = @, U;<., | 4;| and define rela-
tions R4, R#, R, --- as follows: for all =, ye|A|

Ri(x, y) =—xcw, &yc|A,|
and
Ri(y) = Vx(zcw, &yec R;).

If T is the theory of the system A then it is easy to see that a, = w,.

In fact a, can have as its value any ordinal <w, other than 0.
From the examples to be found above it is sufficient to treat the case
in which g is a limit ordinal <®,. Let {8, .<., be a strictly increasing
sequence with limit 8. Let T* be the theory with the same language
as T, above such that if A is any model of 7% and F, G are disjoint
finite subsets of w then

N{R:ne F}INN{|A| — Ri|neG}+ @ .

Choose axioms +ry, 4, +-- for T* which are all existential, this is easy
to do. For each » modify the theory 7, to obtain a theory T, whose
transcendental rank is 8, + 1 and which has ~, ¥, * -, ¥,_, amongst
its theorems. For each n < @ let A, be a model of T,. Suppose
that the sets [A,|, » < w, are pairwise disjoint and disjoint from .
Now let A be the relational system such that |A| = 0w UU.<0o | 4.
with relations R“, R{, R, --- defined by

Ri(x,y) =—ccw&ye|A,|
and
Ri(y) = Va(xew&ye R;*).

L The referee informs me that similar examples have been found independently by
several people.
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If T is the theory of the system A then it is easy to see that a, = 3.
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