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THE ABSTRACT GOURSAT PROBLEM

H. O. FATTORINI

Let D= be a differential monomial in 7 variables. We
try to identify in this paper those closed, densely defined
linear operators A (in a fairly general class of locally convex
spaces) such that the equation (D*—A)S =46 I has a solution;
here S is an operator-valued distribution in 7 variables with
support in the cone of nonnegative coordinates. The results
are applied to the study of the equation (D*— A)U=T, T
a distribution with values in the space where A is defined,
and to the formulation and solution of an ‘‘abstract Goursat
problem”’ that reduces to the abstract Cauchy problem when
n =1,

Throughout this paper E will be a quasi-complete, barreled
(tonnelé) linear topological space over the field C of complex numbers
([1], Ch. II, §4; [2], Ch. III, §1 and §2), A a closed linear operator
with domain D(A) dense in E and range in E. For n an integer
> 1 R denotes n-dimensional Euclidean space endowed with its natural
vector space operations; elements of R will be written s = (s;, -+, S,),
t = (t, +++,t,), etc. We shall also denote R” (resp. R”) the subset
of R™ consisting of elements ¢ = (¢, ++-, t,) with ¢, > 0 (resp. ¢, = 0),
1<k<mn. The symbol Z* stands for the set of all points in R”
with integer coordinates; we also define Z* = Z*N R?, Zr = Z"N R*.
Elements in Z7, Z* will be denoted a = (at,, +++, @), 8= (B ***, Bu)s
ete. Finally, for awe Z» the symbol D* means, as customary, the
differential monomial DxDg2 --. D=, where D, = 0/0t,, 1 <k < n.

The operator A belongs to the class O(a) if there exists a dis-
tribution S, in the =% variables ¢, ---,t, with values continuous
operators from FE into D(A) (that is, a S,e 2'(R";, < (F, D(A)); see
definitions in next section) locally of finite order, with support in
R”, commuting with A (AS(®) = S(®) A for all test functions @ in & (R"))
and satisfying

(1.1) D*—A)S, =0QR1

where 6 is the Dirac measure in R". We relate in 82 the previous
assumption on A with solvability of the equation

1.2) D —-—AU=T

where T is an arbitrary distribution with values in E and support in
some translate of R7; this is done by reduction to the case of one
variable (n = 1) where the results are well known ([3] for the case
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a =1, [4] for & = 1). Section 3 is (mostly) devoted to the study of
the case |a| =a, + +++ + @, = 3, again by reduction to the case of
one variable and—this time—by application of results in [6]. In
particular, it is proved that 6(a) = 6(|a|) for |a| = 3, which provides
a complete identification of these classes (Recall that, according to
[6], especially Theorem 4.1, the class O(a) for a an integer = 3
consists of those continuous, everywhere defined operators A such
that the series
oo tj
M.(t4) = 3, —
i=o (ag)!

2

converges in K for all we E and ¢t = 0 or, equivalently, such that

lim L Aiy = 0

i—ee ()]
for all ue E, t = 0. In §4 the previous results are applied to the
solution of the “usual” Goursat problem, that is, finding ordinary
(smooth) solutions of the equation

(1.3) Dru = Au

in R, the value of the solution and of its normal derivatives up to
a convenient order given in the boundary of R*. A few comments
on nomenclature may be in order. The name “Goursat problem” is
used in current literature mostly in the following context: to find
solutions © = wu(t, &y =+, t,, @, Ty, -++, ¢,) of the partial differential
equation

(1.4) Dy = f

for (¢, +--,t,)e R?, the values of u arbitrarily prescribed in the
boundary of R? (Here @ = (1,1, -+, 1) and f depends on the variables,
on % and on some of its partial derivatives with respect to ¢, «--, ¢,
and 2, +--x,; the order of any of those partials with respect to the
t-variables should be less than %). If one allows only derivatives with
respect to the z-variables to appear in the right-hand side of (1.4)
and f is independent of ¢, --., ¢, and linear in these derivatives then
the equation (1.4) can be written—at least formally—in the form
(1.83). (Note, however, that we do not assume a = (1,1, ---,1) in
(1.3)). In this framework we are able to give an abstract version of
a result of A. Friedman ([7], §9 and [8], Chapter 7) where as in
the case outlined above A is a partial differential operator in the
“space” variables x,, +++, 2, and E itself is a distribution space (note,
incidentally, that the space E in [7] is not a Banach space, which
provides a justification for setting the abstract Goursat problem in
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spaces more general than Banach). Section 5 deals with the case
|| = 2—the case || =1 is just the well-known first-order Cauchy
problem—and completes the results in § 3 by showing that 6((1, 1))=
0(2). A similar, but weaker property is shown for the classes Z(«),
defined with reference to the usual Goursat problem. The last section
is devoted to the case in which £ is a Banach space and relies heavily
on [3], where the case n = 1 was considered. Although the results
for |a| = 3 are merely particular cases of the previous ones for
general F, a better characterization of the class ©((1, 1)) is obtained.

Observe, finally, that when A is a partial differential operator
it is in general possible to define F, as a space of functions or dis-
tributions, in such a way as to obtain a Banach space—then A is
not continuous except for trivial cases—or to allow E to be a more
general space, but rendering A continuous. Treating these two cases
separately would probably allow for some simplification of detail but
would also make for a lengthier exposition and a real loss of generality;
thus, we have adopted a unified point of view.

The present paper can be considered an extension (or continuation)
of [6]; nevertheless, no great familiarity with [6]—except for Theorem
4.1—is required.

2. The Goursat problem for distributions and the classes O(«).
We shall assume D(A), as customary, endowed with the strongest
topology that makes the maps v — % and u— Awu continuous. Under
this topology D(A) is a quasi-complete locally convex linear topological
space. (If E is a Banach space this topology is generated, for
instance, by the norm |u |y, = |u|z + | Au|).

In the following remarks the spaces F, G, --- are quasi-complete
locally convex linear topological spaces. The space .&“(F, G) consists
of all linear continuous operators from F to G endowed with the
topology of uniform convergence on bounded sets of F. If F is
barreled then &°(F,G) is a locally convex, quasi-complete linear
topological space (see [2], Ch. III, 83, No. 7). Moreover, the “equi-
continuity principle” holds in .&7(F, G), that is, the three following
properties are equivalent for a family {B)} < ~(F,G); (a) {B} is
bounded (b) {B,} is equicontinuous (c¢) {B,u} is bounded in G for each
we F ([2], Ch. 111, §3, Théoréme 2).

Modifying slightly a notation of [13] we shall call < (E") the
space of all complex-valued infinitely differentiable functions with
compact support equipped with its usual L. Echwartz topology ([13],
Ch. III). According to [13], p. 49, the space &'(R"; F') of F-valued
distributions (of » variables) is .~ (= (R"); F). Given a=(a,, ---, a,) €
R™ denote by <&,/(R"; F') the subspace of <7'(R"; F) consisting of all
distributions with support in R*(a) = {teR*; t, = a,, 1<k <n}=
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{t+a; t e R"} endowed with the topology that it inherits from <'(R™; F).
If {a,} is a sequence in R" such that N3-_.R%(a.) = @ (for instance
an = (m, m, «--, m)), then we write

IR, F) = UseuZ (R F)

and we assign to =/(R"; F') the inductive limit of the topologies of
the Z,/(R™; F) ([1], Ch. II, § 4). As customary, we write 2'(R*; C)=
Z'(R™) and similarly for other distribution spaces. (For additional
information on the above definitions see [13], [14], [15].)

If 2 is any open subset of R* we shall denote by < (2) the sub-
space of &(R") consisting of all functions @ ¢ & (R") with support
contained in £, endowed with the topology that it inherits from
Z(R"). As for 2™(2) (m an integer = 0), it consists of all func-
tions @ with support in 2 having continuous partials D?@ for all
pe Z? with |p| £ m; a sequence {®,(+)} converges to zero in Z™(2)
if and only if the supports of the @’'s are contained in a fixed compact
subset of 2 and D*®,(-) — 0 uniformly for all p with |p| < m.

We shall say that a distribution Te <'(R*; F') has (or is of)
Jfinite order locally, if, given any open bounded set 2 there exists an
integer m (depending in general on £2) such that 7 is a continuous
operator from < (Q)—endowed with the topology of Z™(Q2)—to F. (]14],
p. 83) or, equivalently, such that 7 can be extended to a continuous
operator from <™(2) to F (we design again by 7T the extension).
The space of all such distributions will be denoted <='(R"; F);;
similarly Z/(R" F); = <'(R%; F), N Z/(R*; F). (If F is a Banach,
or more generally a (DF)—space—definition in [15], p. 201—then
(R, F); = 2'(R* F) as shown in [14], p. 85. However, this is
not true in general, as the example in [14], p. 83 shows.)

Distributions that are locally of finite order are (also locally)
derivatives of continuous functions; see [14], Proposition 24, p. 86.
We shall need several times in what follows a result of similar type,
less general but yielding additional information about supports.

THEOREM 2.0. Let Te &'(R%; F); with support im R"(a) for
some a = (@, +++,a,)€ R". Let (b, -++,b,),(c, ~++,¢c,)eR" be such
that b, < a, < ¢, for L <k <mn. Finally, let

Then there exists a co_ntinuous, F-valued function f defined wn Q2 and
with support in 2 N Ri(a) and a pe Z* such that

(2.1) T = D*f
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Proof. Let 2 be any bounded open set containing the closure
of 2, m the integer corresponding to 2’ in the definition of finite
order. Define

m+1 m+-1 m+1
tl + 2 . tn

M= T D s D T T D

for te R, 7(t) = 0 elsewhere; plainly, 7(-) has continuous partial
derivatives of all orders < m in R*. Then, if X(-) is any function
in &7(2') the function s— X(s)np(t — s) belongs to =2™(2') for any ¢;
moreover, the map ¢t — X(+)7(t — (+)) from R™ to =™(2’) is continuous.
Then the F-valued map

f&) = T+ )t — (+))

is continuous in R”*; moreover, if %, < a, for some k the suppo_rt of
X(-)(t — (+)) is disjoint from R?(a), thus f has support in R%(a).
Observe next that, is @ if any function in =(R") we have

|, POft = () .
o the function (in & (R")) defined by

o) = 1s)| (¢t — 9p(e)at

where we have written dt = dt, --- dt, (this follows easily approximat-
ing the integrals involved by means of Riemann sums). Assume
now that X(s) = 1 for se 2 and let ¢ by any function in & (Q), p =
(m+ 2, -+, m+ 2). We have

(D)) = (*1)'p’§Rn(D”<P(t)f(t)dt = T((—1)"7'v) ,

where
V(s) = X(S)Smﬁ(t — 8)D*p(t)dt = (—1)""A(s)P(s) = (—1)"'p(s) .

This shows that D?f = T in 2, as required.

It should be noted that the converse of Theorem 2.0 holds; more
generally, if T is a distribution in <’(R*;, F') and if for every open
bounded set 2 c R" there exists a continuous, F-valued function
defined in 2 and a pe Z” such that (2.1) holds, then Te &’(R"; F),.
The proof is simple.
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We shall say that the Goursat problem for the equation
2.2) D*—-AU=T

(e Z}) is well set if (a) for every Te Z'(R"; E), with support in
some Ri(a),_ae R there exists a unique Ue &7/(R*; D(A)) also with
support in R7%(a) satisfying (2.2); (b) the map

(2.3) T—U=_#T

from /(R E); to </(R"; D(A)) defined by equation (2.2)—which
map, by virtue of (a), is well defined and linear—is continuous.
(Z!/(R"; E); is here assumed to inherit the topology of Z/(R™; E)).

Observe that the uniqueness condition in (a) is only stated in
reference to =7/(R"; D(A)); that is, there may well be, say, nonnull
distributions U in <2'(R"; D(A)) such that (D* — A)U = 0. As for
(b), in view of the definition of the inductive limit topology, it can
be stated as follows: if {7,} is a generalized sequence in Z'(R"; K);
such that the supports of all the 7, are contained in a fixed R*(a)
and 7T,— 0, then the generalized sequence {U,} in <'(R"; D(A4))
provided by (2.2) converges to zero.

Let now @ e & (R"). Define a linear operator from E to D(A) by

(2.4) Sy = (AZ (@ Qu)P), wek.

If {u,} is a generalized sequence in E such that u,— 0, then
0Qu,—0 in <'(R"; E); continuity of _# shows that S.,(®)u, — 0
in D(A). Accordingly, S.®)e < (E, D(A)). Assume now that {®,}
is a generalized sequence in & (R") such that ¢, — 0 and let K be a
bounded set in F. Then {6 @ u; u c K} is a bounded set in &/(R™; E).
Since _# is a continuous operator it takes bounded sets into bounded sets
([2], Ch. III, § 2.8) thus {_# (0 @ u); wc K} is bounded in =/(R"; D(A)).
Using now the fact that < (R") is a barreled space ([13], Ch. III,
Théoréme 2) and the equicontinuity principle formulated at the beginning
of this section we see that {_Z (0 Qu), u € K} is equicontinuous (as a sub-
set of L (= (R"); D(A)). But then lim S(®,)u =lim _Z(0@u)®,) =0
uniformly for w in K, which shows that ¢ — S,(®) is a distribution
in 2'(R";, Z(E, D(A)). It is clear from (2.4) that S, satisfies

(2.5) (D — A)S, =0 1.

On the other hand, if € & is such that supp(®)N B> = @ (where
supp (p) denotes the support of @) S P) = (~Z (0 R u))(P) = 0—this
follows from the fact that, according to (a) supp (Z (6 @ u)) = R*—
and thus supp(S,) & R*. We shall call the distribution S, the pro-
pagator or fundamental solution of the equation (2.2). Observe that,
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if we D(A), U, = AS;u = D*S;u — 0 Qu, U, = S,Au then both dis-
tributions obviously belong to =/(R™; D(A)) and satisfy

(2.6) (D* — AU; = 6 Q u.

Thus U, = U,, which shows that S, and A commute. Collecting all
the results so far proved, one obtains the direct part of

THEOREM 2.1. Assume that the Goursat problem for (3.1) is well
set, and that the propagator S, of (2.2) belongs to 2’ (R"; &~ (K, D(A));.
Then Ae€O(a). Conversely, let AecO(a). Then the Goursat problem
s well set and the propagator S, of (2.2) (which satisfies (2.5) and
then, must coincide with the distribution S, in the definition of the
class O(c)) belongs to <Z'(R™;, .7 (H, D(A));.

For the proof of the remaining half we shall need a few facts
on convolutions of vector-valued distributions. Although they are
very particular cases of results in [15] (especially Proposition 39,
p. 167) an independent presentation seems reasonable, as they can be
established by elementary means (moreover, some of the techniques
sketched will also be used in § 3).

Let Te &2'(R* F) and let ¢ = ¢(s, t) be a function in & (R™) =
(R* x Rr) (the notation is self explanatory). Define an F-valued
function of s by applying T to @(s, -), that is

2.7 ¥(s) = T(P(s, +)) -

Plainly + has compact support. Observe next that, if &; =
0,0, -+, 2,0, -+, 0) (2 in the jth place), 1<j=n, hi'(P(s + ks, +) —
@(s, »)) — D;p(s, -) for each s in the topology of & (R:*). But then
Dy exists and Dyy(s) = T((D;),»(s, ). Iterating this procedure, we
see that  has continuous partial derivatives of all orders and that,
for any qe Z7,

(2.8) (D'p)(s) = T(Dip(s, -)) -

Let now F be barreled, S a distribution in &'(R"; &°(F, G)); such
that supp (S) & R7(a) for some ac R*. Pick ¢ = (¢, -+, ¢,) € R* such
that

(2.9) supp ()2 x 2

where 2 = {t;|t, — a,| <e¢,} and let f be a continuous, .Z7(F, G)-
valued function with support in 2 N R”(a) such that

(2.10) S = D°f in Q

for some pec Z? (the existence of f is assured by Theorem 2.0). Define
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(2.11) S® T)P) = (—D'”'SRnf (8)(DPp)(s)ds

where 4 is the function given by (2.7). A few remarks are now in
order.

I. Since D?y is continuous and has compact support the set
{(D*y)(s); se R"} is bounded in G. Boundedness of {(D*y)(s)} and
continuity of f imply continuity of the integrand in the right-hand
side of (2.11), thus the integral exists.

II. Let (2,1, »), (2, f, D) both satisfy the conditions (2.9) and
(2.10). By repeated indefinite integration of f, f (if necessary) we
may assume that p = p. Then D?(f — f) =0 in 2, = 21 2; since
supp (f — f) S R"(a), this implies f = 7 in 2,. Accordingly, Definition
(2.11) is independent of f, 2 or p.

ITII. If {®,} converges to zero in < (R*) then, as the supports of
all the ®,’s are contained in a fixed compact in R*, it is clear that
Sy 2 and p in the definition (3.11) can be chosen independently of v;
on the other hand, it follows from (2.8) that D?T(®(s, -))— 0 uniformly
for all p, thus (S® T)(®,)—0 in G. This shows that S@® Te
'(R™; G).

IV. It follows from the form of compact sets in < spaces that
if a set .27 is compact in <7 (R*™) then so is {p(s, *); pe 7%, sc R}}
in &/(R?). This shows that if 7,—0 in <'(R" F) then so does
S® T, in o'(R™; G).

V. It is easy to see that supp(S® 7) < supp (S) x supp (T);
the proof is very similar to that for the scalar case, where S@® T
coincides with the tensor product S T.

Assume now that supp (7)< R"(b) for some be R" and let p¢
Z(R". Denote by & the function in R* = R* x R} defined by
P(s, t) = (s + t), and let Xe <r(R*™) such that X =1 in supp (p) N
(R"(a) x R™(b)). Define

(2.12) (S+T)(9) = (S@ T)(XP) .

It is immediate from V that Definition (2.12) is independent of X.
Moreover if {p,} converges to zero (resp. is bounded) in < (R") and
{T,} is a set in &'(R*; F') such that supp(T,) = R2(a) for all 7, then
X can be chosen independently of v, » and X®,— 0 (resp. {X3,} is
bounded) in ='(R*; F'). Applying this observation with {T,} = {T}
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and @, — 0 and using III we see that SxTe 2’'(R"; G). In a similar
way, it follows from IV that the map

(2.13) T— S«T

from Z/(R™ F) into 2/(R"; G) is continuous. _
Observe now that, since D¥(S@®@ T) = D?@® T for any pecZ?}
(immediate verification) it follows from (2.12) that

(DiS<T)(p) = DUS @ T)(Xp) = (—=1)"(S @ T)(D:(X9))

Noting now that D:(Xp) = XD = X(@) in the subset of R*™ where
X =1 we deduce

(2.14) D*(S=T) = D*S«T .
Finally, it follows from V that
(2.15) supp (SxT') < supp (S) + supp (T) .

We may note at this point the relation between the operations (¢ and
x defined above and the definitions in [15]. According to Proposition
33 (especially equality II. 6; 2) the product S (® T coincides with the
image of the tensor product SR K. Te Z'(R™; L (F, G) @z F) by
the canonical linear map m: Z°(F,G)&.F — G. Likewise, S« T
is the image under the same map of the convolution Sx* Te
F'"(R"; Z(F,?) X, F) (see [15], Proposition 39, especially equality
II. 7; 8; the definitions of the topological tensor products and maps
involved can be found in the first pages of [15]).

These facts can now be applied to our problem as follows. Let
AcO(a), and let S,e &'(R"; &°(E, D(A))) with support in R* and
satisfying

(2.16) (D*— A)S, =6 Q1.

Then, by virtue of (2.13), (2.14), (2.15) and surrounding comments,
S, » T furnishes a solution of (2.2) for any Te &/(E"; E) such that
supp (S, * T) S R*(a) if supp(T) < R*(a). There only remains the
question of uniqueness of this solution; that is, we have to show
that if an Ue &/(R*; D(A)) satisfies

(2.17) (D* — A)U = 0

then U = 0. We observe first that this needs to be shown only in
the case U is a D(A)-valued function, defined in R" and infinitely
differentiable. For, if e &7(R"), u = U = @ is such a function. By
virtue of (2.14) w satisfies (2.17), and it follows from (2.15) that
supp (u) lies in some R%(a). Then % = 0; in particular %(0) = (Ux@)(0) =
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U(p) = 0, where ¢(s) = ¢(—s). But p—thus p—is arbitrary in & (R"),
hence U = 0.

We settle next the case m = 1 (one variable). To this end, let u
be as above; let ¢ € =7 (R) with support in ¢t <0 and define 0 = S, *p.
Again ¢ is an infinitely differentiable function—this time with values
in (F, D(A)). In view of (2.16) it satisfies

(2.18) (D= — A)o(t) = p(t)I .

Define now, for ¢ > 0
v(s) = v(s, t, P) = 3, 09(t — syu=—(a + s)
i=0

where a is such that supp () lies in ¢ = a. A moment’s considera-
tion shows that »(.) is infinitely differentiable: in particular,

v'(s) = ot — syu'(a + s) — "t — syu(a + s) .

Making now use of (2.17), (2.18) and of the fact that o(¢) and A
commute for any t—a simple consequence of the property that S and
A commute—we obtain

(2.19) V'(s) = ot — s)yula + s) .

In particular, v'(s) = 0 for s < ¢. Thus v is constant for s < ¢; as it
vanishes for s < 0, v(s) = 0 for s < ¢. Repeating this reasoning for
any t = 0 we obtain

a—1

a9 (0)u' """ (a +t) =0
0

.,

for ¢t = 0. Since ¢9(0) = (S = @)(0) = SY(p), where P{t) = p(—1),
it is clear that the fact that u is everywhere zero will be a con-
sequence of the following statement:

Let wuy, ++-, #,_, € E. Assume

(2.20) S S9(@u; = 0

for all € &/(R) with support in ¢ = 0. Then
(2.21) Ug = Wy = ooo = Uy, = 0.

Assume this is not true, and call U = 32 S”u;. Since S,
vanishes for ¢ < 0, so does U; on the other hand, (2.20) implies that
U vanishes as well for ¢ > 0. This and the fact that S,—thus U—
is locally of finite order yields: either U = 0 or
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(2.22) U=736%Qu,
k=0

for some m = 0 and v,, ++-, v,,€ K. (See [6], § 8 for a similar reason-
ing.) Making now use of (2.6) we see that U must satisfy (D*—A)U=
>925 09 @ u, which, combined with (2.22) yields

;ﬁ:‘ Sk Ry, — ki o R Av, = ai‘j 89 ® Au;
=0 i=0 7=0

Equating the coefficients of each derivative of ¢ it is plain that
(2.22) implies (2.21).

We now proceed to the case #» > 1. Denote, as in [13], p. 43 by
Y, (0 any complex number) the distribution in <'(R, C) defined by
the function

(ht)(®)
(o)

(h the Heaviside function equal to 1 for ¢ = 0, 0 for ¢ < 0) when
Re p > 0 and extended to all values of p by analytic continuation
(see [13], Ch. II or [9], Ch. I where this distribution is denoted
t:7'/I"(0)). For each p the support of Y, lies in ¢ = 0; moreover, we
have

(2.23) Yo+ Y, =Y, Yi=Y,,, Y,=3.

Let now & = &’/(R"'; E). Define an operator .o in this space
as follows: D(.&7) = &2'(E"; D(A)) and for any Ve D(.%7)

(2.24) V=Y, QY, Q- QY, )+AV

where each Y, acts on the variable ¢, and & is the usual tensor
product of distributions. It is easy to verify that D{.97) is dense
and that .o~ is closed. Take now the solution S, of (2.16) and
define, for p e 7 (RE"™), v € Z(R)

(ZZ@INP) = (D1 ++» Dy S NP @ )
= (Yo, ® - Q Yoo, ) * SllP Q)
(in the last expression we have used the fact—plain from (2.23)—

that Y_,, = ¢™ for any integer m). A moment’s consideration shows
that .7 e 2'(R; D(.%7)). Moreover

(D)) P) = ({((—1)* N D)) ()
= (=1)™(D ++ Di»'SHD MNP Q@ ) = DS(P R v) ,
(7 ) ()N P)
=Y, ® QY ) (Y, ®-®Y,_ )+ ASJP X )
= [(( Yal * Y—cq) ® s ® ( Yan * —a”)) # ASa]((P ® F‘('f) = ASa(@ ® “Jf‘)

(2.25)



62 H. O. FATTORINI

in view of (2.24), (2.25). Then, taking into account that 6e =Z'(R")
can be written 0, Q - ® J,, 4, 2'(R) and that the operator of con-
volution by 6,& +++ ® 0, (= — 1 times) is the identity operator 7~
in & we see that & satisfies

G P =06, .7 .

After the (simple) verification that & and .& commute, this
means that % c¢@(w,). Let now Ue Z/(R"; D(A)) satisfy (2.17).
Define Z € &'(R; D(.&7)) again by the formula

(Z (¥)NP) = (Dir +++ DinnZZ (@ Q)

pe D(R""), e Z(R). Plainly supp (%) lies in ¢t = a for some a;
moreover, a few manipulations similar to the ones above show that
7/ satisfies

' — U =0.

By the uniqueness property, already proved for » =1, % =0 (it
should be pointed out that, although & = <'(R*'; E) may not be
barreled, this property was not used in the proof for the case n=1).
Taking now into account the definition of % and the fact (proved in
[13], Ch. IV, Théoréme III) that {p @ v; Pe F(R*™), v Z(R)} is
dense in &7(R") we see that Dn ... D»11U = 0; taking advantage of
the fact that Ue 2/(R"; D(A)) to convolute with ¥V, ® -+ Q Y., _
we obtain U = 0, as desired. This ends the proof of Theorem 2.1.

1

3. The case |a|=3. If B=(By, *++, B ¥ = (7, +++, 7, are
elements of Z* we shall write, for the sake of brevity, 8+ v =
(181 + Yy e, Bt 77»)! /6)' = :81' A n!’ BJ = (Blj) Yy Bn.?) for _7'€Z+;
we will also write 1 =(1,1, ---,1) when there is no danger of
confusion.

Given a e Z? we define the class @(a) & < (E, E) as follows;
A e ®(a) if and only if it is continuous, everywhere defined and

(3.1) lim " Adu = 0
i (ag)!

for all we F, » > 0. As it will be immediately seen, @(«) depends
only on |a|=a, + -+ + a,.

LEMMA 4.1. For every ac Z*, ®(a) = O(|a|).

Proof. Clearly

(! =(alnl, 7=1,
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thus
O(a) = (| )
for any @e Z*. On the other hand, according to Stirling’s asymptotic

formula ([10], formula 8.327),

6s @ I Tens + 1) = (2m)"" TI (a5 e~+(1 + of1)
= (2m)5 57 (L + o(1)

as j — co. Another application of Stirling’s formula yields

(3.3)  (lal)l = |alsl(alj) = 2r)"(| a]g) e~ (1 + o(1))

as j > . Combining (3.2) and (3.3) we see that there exists a con-
stant o > 0 such that

(ag)! > o/(|ag)!
for 7 large enough, which proves that
2 al) s ola),

thus ending the demonstration of the lemma.
We remark that, if 0 < a < B(a, Be Z.),

(a) S 9(B) -

The reverse inclusion is in general false, as the example in [6],
§ 5 shows. If E is a Banach space, however, we plainly have @(a)=
&~ (E, E) for any aec Z7.

THEOREM 3.2. Let aecZ? |a|=38. Then O(a) = 0(a) (in
particular, O(a) & L (E, E)). Moreover, S,—the solution in
'(R*; £ (E, D(A)); of

(3.4) (D" — A)S, =0 QI

commuting with A and with support in R™—coincides there with a
L (B, E)-valued entire function.

Proof. Assume Aec®(|a|) = &(a). It is a consequence of (3.1)
that, for any r > 0 the set {ri((aj)!)'4A%u,7 = 1, 2, ---} is bounded in
E for any we E. But then it follows from the equi-continuity prin-
ciple in §2 that {ri((aj)!)'4%,5 =1, 2, ---} is bounded in <~(E, E).
Due to the arbitrariness of » this means that
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(3.5) lim " _ A5 = 0
i (ag)!

in the topology of <~(E, E). After some simple manipulations we
see that (3.5) implies that the series

(3.6) g& mA u
is convergent in <(E, E), uniformly for { on compact subsets of C,
thus it defines an entire function B({) with values in <~ (E, E).

Let now t = (t, +--,t,)e R* for SeZ! write &% = titfz «.. tin,
Define S,(t) = t*'B(t%) if te R, = 0 elsewhere. Making use of the
distributions Y, (see preceding section) it is clear that S,, as an
element of &'(R"; <~ (FE, E)) can be written

(3.7) S, = z (Vi @ - QY. ) @ 4

where the series, by virtue of the comments following (8.6) is con-
vergent in &'(R"; &~ (E, F)) and can thus be differentiated term by
term any number of times. Doing this, using formula (2.23) and
the possibility of writing 6 =6, ® --- ® 8, (n times), 6, the Dirac
measure in K, we obtain after a simple computation

(3.8) (D*— A)S, =6 Q1.

On the other hand it is plain from (3.7) that S, and A commute.
Thus

(3.9) d(a) S O(a)

(observe that (3.8) has actually been proved for all e Z7, a result
of some interest for |a| < 3 as well). We now proceed to the proof
of the reverse inclusion for |a| = 3. Let T be a distribution in some
' (R F) (I’ as in §2 an arbitrary quasi-complete locally convex
linear topological space) with support in some R”(a). We shall obtain
by means of T a new distribution T e <(R; F)—which might be
called the “autoconvolution” of T—as follows. Let @e¢ &(R) and
define

(3.10) T(p) = T(Lp)
where
@(tly ."7tn):¢(tl+ e +t'n)

and X is any function in <7(R") which equals 1 in R?(a)N supp (d).
Exactly in the same way as in the definition of convolution in §2 it
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can be shown that (8.10) is independent of the particular X used,
that T belongs in fact to </(R; F) and that, for any peZ7,
pe Z(R)

(3.11) D"* T(p) = D*T(XP) .

Observe that in the case T coincides with a (say, continuous) func-
tion in s, < b then T is as well a continuous function in ¢ < b
given by the formula
(3.12) T(t) = _1__8 T(s)do
1/7& Is)=t

where do is the element of (hyper) area of the hyperplane > s, = t.

Assume then that AeO(a). Let S, be the distribution in
(R, & (E, D(A)) satisfying (3.8) and commuting with A and let
Sia = S.. Plainly S, e 2'(R; < (E, D(A)), commutes with A and
its support is contained in ¢ = 0. Moreover, it follows easily from
its definition that S, is locally of finite order if S, is. Applying
the (evidently linear) transformation ~ to both sides of the equality
(3.8) and making use of the simple fact that § = 6, we obtain

(D — A)S,, =0.R1.
This shows that 4 € &(|«a|); in general,
(3.13) O(a) S O(|a|)

(observe again that (3.13) has been established for all e Z}; an
application for |a| = 2 will be found in §5). Returning to the case
|| = 8 note that (3.13) and Theorem 2.1 imply that the Goursat (or
Cauchy) problem for

(D — AU =T

is well set. Making use of the results in [6] (specifically, of Theorem
4.1), we readily obtain that Ac©(|a|), which ends the proof of
Theorem 3.2.

REMARK 3.3. It should be noted that some of the results in this
section admit of extensions to differential operators more general than
the monomial D*. We limit ourselves to sketch one of them. Let
m =3 be an integer, P a homogenous differential polynomial of
degree m, that is

P =3 -na,D"
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where the (complex) coefficients a, are constant and

Da=mle # 0 .

Assume that there exists a solution Se &'(R"; <2 (K, D(A)); of the
equation

(P-A)S=0Q1

with support in R and commuting with A. Then Ac®(m). The
proof, as the one for the particular case P = D* is based on formula
(3.11).

REMARK 3.4. The Goursat problem (for partial differential opera-
tors) was studied by A. Friedman in [7], §6 and [8], Chapter 7.
Specifically, he considers the problem of existence and uniqueness of
solutions v = w(t, ) = u(t, +--, t,, X, **+, %,) of the partial differential
equation

(3.14) Diu(z, t) = PGD.)ult, o)

(P a polinomial with constant coefficients, 1 = (1,1, -+, 1)) in R? or,
more generally, in a subset of R, the values of % having been
prescribed in the boundary of R?, that is

(3.15) w(ti) = 7)) »

where we have set &) = (¢, -+, tiy, 0, Loy, +oo, ), (E) =
(ty, =y tomyy bigy ** 5 t)y 1<k <m and 7, ---, 1, are given in advance
(see the next §4 for the relation between this type of problem and
the abstract Goursat problem). Here u—as a “function” of z—is a
distribution in a W’ space (see definitions in [7], especially § 1). An
abstract version of (3.14) is also considered, although the definition
of solution is different from ours. There is a result in [7], however,
that is related to Theorem 3.2. In fact, a condition that insures
solvability of (8.14), (3.15) ([7], condition 6.19) is seen not to hold,
except for trivial cases when #n, the number of variables, is = 3; on
the other hand, uniqueness of solutions of (3.14), (3.15) and continuous
dependence on the 7,’s are established under conditions more general
than the ones demanded for existence. (See the remarks in [7], p.
885.)

4. The strong Goursat problem. We relate in this section the
preceding results with the “usual” Goursat problem, i.e., that of
solving the homogenous equation D*u(t) = Au{t) in R", the values of
all derivatives D’u with g, <a,—1, 1<k <n having been prescribed
at the boundary of R».
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A few more definitions and notations will now be necessary. If
B=(Biy *+*,Bu) ¥ = (7, +++,7,) are elements of Z? we write 8 <7
if /<7, +, Bu =< ¥,. As in the previous section, 1 = (1,1, ---, 1)
when there is no danger of confusion. Finally, for any given ae Z7,
F as in §82 and 3, C“(R"; F) denotes the space of all F-valued
functions w(-) defined in R? and having there continuous partial
dl_erivatives Déy(t) for 0 < 8 < a (we note that, at the boundary of
R the derivatives involving the “perpendicular” variable are one-
sided).

Let ae Z7. The operator A is said to belong to the class Z(«a)
if it belongs to ©(a) and, in addition, the solution of

(4.1) (D — A)S, =01

commuting with A and with support in RB” coincides there with a
F(E, E)-valued function ¢ — S,(t) such that, for each ue E S,(-)uec
C“(Rr; E) (note that we do mot assume S,(-) to belong to
C(R"; #(E, E))). Clearly

(4.2) E(a) < 6(a)

for all @e Z7. On the other hand, it was shown in § 3 that, when
la| = 8 any solution of (4.1) in /(R <~ (&, D(A)); commuting
with A and with support in R* must of necessity be an <~ (E, E)-
valued holomorphic function there. Accordingly,

2(e) = 6()

for || = 3. Thus the previous definition of Z(a) introduces some-
thing new only in the three cases a =1,2, (1,1). The first two
cases (one variable) correspond to the Cauchy problem and can
essentially be read off from the results in [4], [5], thus will not be
treated here. As for the case |a|= 3—as pointed out in § 3—the
class Z{(a) = ©{«) is perhaps too restricted to include (say, differential)
operators of interest in practice. Nevertheless a sketch of the
available results is included at the end of the present section, after
the caze o = (1, 1) has been treated in detail and then applied to a
problem considered by Friedman in [7] and [8].

We begin by stating a well-known result which will be applied
in the sequel.

LEMMA 4.0. Let @ be a closed operator in X with domain
D(®), f(+) a function defined in the domain J in R, with valuss in
D(Q) and such that f(+), Qf(+) are continuous and integrabls in J.

Mmf:LMWeM@aM
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Qf = SJQf(t)dt -

The proof can be immediately achieved by approximating the two
integrals involved by Riemann sums and using the closedness of Q.

Let 7,7, be two functions defined in B.,. We shall say that
the pair {7,, 7.} is compatible if

(4-3) 771(0) = 772(0)

THEOREM 4.1. Assume Ae 5((1, 1)).

(a) Let {9, 7.} be a compatible pair of functions in CV(R.; E)
such that 1,(t.), 7(t), 0.(t.), 7i(t.) belong to D(A) for all t,t, = 0.
Assume, moreover, that An|(-), Any(:) are continuous in R.. Then
there exists a strong solution wu(t) = u(t, t,) of

(4.4) D, Du(t) — Au(t) = 0

(that is, a we C'“(R:; E) such that u(t)e D(A) and satisfying (4.4)
everywhere in R%) such that

(4-5) ?l/(tl, O) = 771(t1) ’ %(0, tz) = 772(t2)

for t, t, = 0.

(b) Let {u,(-)} be a generalized sequence of strong solutions of
(4.4) such that u,(-, 0), Du,(+, 0), u, (0, <), Dy, (0, +) — 0 uniformly on
compacts of R.. Then u,(-)— 0 uniformly on compacts of R>.

Proof. Let {®,} be a “i-sequence” in < (R"), that is a sequence
such that ¢, = 0, S@nds =1, diam supp(®,) —0 and let (,)(s) =

@,(t — s). Since S,—as a distribution—commutes with A we have,
for any te R%, uwe D(A)

Ag(svn)tSauds - S(@n)tSaAuds .

Letting now n — c and using the smoothness of S, and the closed-
ness of A we obtain that S,(-)—which will be called simply S(-)
from now on—commutes with A4 as a function, i.e., S(t)ue D(A) for
ue D(A), te R and

(4.6) AS(tyu = S(t)Au .

Equality (4.6) can actually be extended for all te R*, again because
of the facts that S(-)e C‘©"(R%; E) and that A is closed.

We need now to compute the values of S at the boundary of
R:. To this end, we write the equation
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D.D,Su — ASu = (5, ® ) Qu

satisfied by Su (u an element of D(A), ¢, the 1-dimensional Dirac
measure) in the form

4.1 D.Dj[Su — (R Qh) x ASu] = (0, & 9,) Q w ,

where £ is the Heaviside function. Convoluting both sides of (4.7)
by hQh=Y,Q Y, and making use of (2.23) we obtain

(4.8) Su—(hQ@h)xASu = (LhQh) Qu .

Now, since both sides of (4.8) are continuous functions of ¢ in R:—
the left-hand side because of (4.6) and preceding comments—the
equality must hold pointwise, which clearly implies S(¢,, 0)u=S(0, t,)u=
u; since D(A) is dense in FE,

(4.9) S(t, 0) = 8(0, 2,) = I

for ¢, t, = 0.
We define a function % in R% by the formula

ult, t,) = S(t,, t)7.(0) + S"S(tl — s, t7(s)ds,
(4.10) jz
+ S Sty £, — 8)74(s.)ds, -

It is easy to show that u(:) is continuous in R?; equality (4.9) and
the compatibility condition (4.3) imply that «(:) satisfies the initial
conditions (4.5). Observe next that making use of (4.10) and of
Lemma 4.0 we obtain that wu(t)e D(A) for all te B> and Au(-) is
continuous in R2.

It is plain that # is none other than the convolution of S by
the distribution

(411) T=(0.Q0)QN0) + 70 + 0. Qne 'R E),

(where we have identified #;, », with the distributions they define)
and, consequently, u—extended to the complement of R by setting it
equal to zero there—satisfies

(4.12) (DD, — Au =T

in the sense of distributions. A reasoning rather similar to the one
yielding (4.7) applies now to show that

u = (hQh)=(4u) + (hQ h) & 7:(0)
+ (7 = 7:0) @~ + h&Q(1: — 7:(0))
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which immediately shows that u(-)e C‘“"(R%; E). Since supp (T) is
contained in the boundary of R:, u must satisfy (4.4) in R%—thus
in B% which ends the proof of (a) in Theorem 4.1. We shall prove
(b) by showing that the formula (4.10) is valid for any strong
solution v(-) of (4.4)—with %,(¢t,) = v(¢,, 0), 7:(t,) = v(0, t,)—even if the
assumptions on %, 7, in (a) are not satisfied. ILet then v be a strong
solution of (4.4). Extend it to the complement of R% as being zero
there. A short computation shows that v satisfies (4.12) in the
sense of distributions, with 7 given by (4.11). But it has been
shown during the proof of (a) that u—defined by (4.10) in R% and
extended in the same way as v to R’—satisfies the same equation,
also in the sense of distributions. By uniqueness of solutions of the
Goursat problem (Theorem 2.1) w = v as distributions; since both u
and v are continuous functions in R>, wu(t) = v(t) for all tecR:.
Clearly, formula (4.10) yields (b), which ends the proof of Theorem 4.1.

REMARK 4.2. Let A be a closed operator in E such that R(x; 4)=
(W — A)™ exists and is continuous for some e C. Assume (a), (b)
in Theorem 4.1 are satisfied. Then it is possible to show that
AeEF((1,1)), which is a sort of converse of that theorem. The
proof—long but simple—runs much like the one for the Cauchy
problem (% = 1) given in [11] and is therefore omitted. We only
note that the propagator S(-) is constructed as follows: for we D(A),
te B> define

S(tyu = u(t)

where u(-) is the solution of (4.4) with w(¢, 0) = (0, t,) = v and
extend S(-) to all of E by continuity.

REMARK 4.3. The results for the case a = (1, 1) can be extended
to any «a = (a,, +++, @,), |a| = 3. This extension, however, seems of
limited interest, since for these values of a the classes E(a) = 0(a)=
@(c) are probably too restricted to include any (say, differential)
operator of interest in applications. The “initial values” of a solution
are now a family @={7,,} of functions defined in B**, 0<8=<a—1,
1<k <n (the family @ consists of = [[;-.«, functions); we try to
solve

(4.13) Doult) — Auft) = 0
in R, with initial conditions
(4.14) Du(tH) = 15,6((8))

for te R", 0<B8<a—1, where we have set, for any t=(¢, &, +++, t,) €
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R, <t>k = (tu coy by 0, tk+_1y ey ‘tn)r (t)k = (tu sooy bty Cprry 0, tn) €
R and where w(-)e C“(R?; E), (the condition u(t)e D(4) is void
since D(A) = E). We shall assume that @ = {%;,} is such that there
exists a ueC(R"; E) satisfying (4.14). This can be assured by
means of intrinsic conditions on the family @ that reduce to differ-
entiability requirements and to the compatibility condition (4.8) when
a = (1,1). (For instance, when a = (1,1, ---,1) @ consists of =
functions 7, 7, +++, 7, defined in R?™; then the assumption above
reduces to 7, CY(R*; E) for 1 < k < n,

(4.15) DL@)w5) = 75850k

for 1<j<k=mn). Let 0 denote the extension of v to all of R",
— PN

(0(t) = 0 if te R*), and let D*v be D*v similarly extended. Finally,

let Te &'(R™; F) be the distribution—with support in the boundary

of R?—defined by

P
T=D*%— D .

Then it is easy to see that T depends only on the functions in &—
and their derivatives—and not on v. Define now

(4.16) u(t) = (Sa* T)(t)

te R*. A simple computation basically similar to the one for the
case « = (1, 1) shows that u(-) is a solution of (4.13)-(4.14). Unique-
ness and continuous dependence on initial conditions follow also in
the same way; part (b) of Theorem 4.1 reads now

(b’) Let {u.(-)} be a generalized sequence of strong solutions of
(4.11) such that

Dy ({+>;) —0

uniformly on compacts of R» for s <a —e,, j=1,2, -+, n. Then
u,(+) — 0 uniformly on compacts of R”.

The proof of (b’) is based, as it was the case for (b), on formula
(4.16), which can directly be shown to hold for any solution of (4.13)-
(4.14).

Note, finally, that an analogous of Remark 4.2 holds as well for
the case |a| = 3.

5. The case |a| = 2. The only possible choices for a are here
a=(1,1)(n=2) or ¢ =2(n =1). The main result in this section is

THEOREM 5.1. 6O((1, 1)) = 6(2), E((1, 1)) 2 Z(2).
The proof is a consequence of the following
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AUXILIARY LEMMA 5.2. Let f(-) be an F-valued function, defined
and twice continuously differentiable in [—a, a], a > 0. Define

(5.1) u(ty, ) = _72?81_1(1 — P)RARAt ) ) -

Then w s defined and has continwous partial derivatives Dy, Dyu,
D, D in

(5.2) H(a) = {(t, t,) € R; t,t, < a*/4} ;

wm particular,

(5.3) DlDzu(tl, t2) = 725-811(1 _ 7]2)—1/2f/r(2(tlt2)1/27])d77 .

Proof. Let (t,t,)e H(a) and assume in addition that ¢, > 0.
Differentiating (5.1) under the integral sign—which is permissible—
we obtain

1/2(C1
Dut, t) = 2(L£)"|" @ - menresy ndr
(5.4) 4 0

= 2k (1 - ety iy
where we have used the fact that [(1 — %*)'*] = —(1 — #»®)~"*1 and
integrated by parts the first integral. Since u is symmetric in ¢, ¢,
D,u(t, t,) can be obtained by interchanging these variables in (5.4).
Differentiating now the first integral in (5.4) with respect to ¢,
integrating by parts one of the integrals in the same way as before
and using the equality (1 —»*)~2 = (1 — )" + (1 — 7*)~"*1* we obtain
(5.3). It is clear from (5.3) and from the second integral in (5.4)
that D, D,u, D,D,u exist and are continuous even when ¢t, = 0,
as claimed.

REMARK 5.3. It should be pointed out that Lemma 5.2 remains
valid if the assumption of continuity of f” is replaced by piecewise
continuity. The proof is essentially the same. This will be used
later in the proof of the inclusion Z(2) & Z((1, 1)).

Proof of Theorem 5.1. It was proved in §3 (see (3.13)) that
O(a) = O(|a|) for any a e Z7; in particular

6((1, 1)) £ 6(2) .
To prove the reverse inclusion, let A€ ©(2) and let

S.e 2'(R; £ (E, D(A)),
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be a solution of
(5.5) Sy —AS, =6, Q1

commuting with A and with support in ¢=0. Let now f,(-),
n =12 +++ be continuous (K, D(A))-valued functions defined (say)
in (—n, n) and such that

(5.6) S2 — fy(bp(n))

in (—mn, n) for some p(n)eZ,, n=1,2, --- (the existence of such a
sequence is assured by the fact that S, is of finite order locally).
By integrating f,—and thus raising p(n)—we may plainly suppose
that f, is twice continuously differentiable in (—m, n), that p(1) <
p(2) < --- and that each p(n) is odd. By Theorem 2.0 we may also
assume that f,(t) = 0 for ¢ < 0 for all n.

Consider now the equation (5.5) in (—mn,n). Integrating both
sides p(n) times—that is, convoluting with Y,,—we obtain

(R(t)t)r ™~ 7
(p(n) — 1)!

in the sense of distributions and, a fortiori, in the ordinary sense
(all the functions involved in (5.7) are continuous). Let now wu,(t, t.),
n =12 +-- be the function defined in H(n) by (5.1) (with f = f,)
and extended to its complement by setting wu, = 0 there. For
@ e Z(R?) define

(5.7 () — Afu(t) =

(5.8) S(p) = (D1 Di™u,)(P)

where the derivatives are understood in the sense of distributions, n
is such that

(5.9) supp (P) N R% < H(n)

and gq(n) = 1/2(p(n) + 1). To see that the preseription (5.8) is in-
dependent of =, let m, n (say, m > n) both satisfy (5.6). Since

S2 ny(n)) = fwzp(m))
in (—n, n),
W =1,

where j = p(m) — p(n) is an even number, 5 = 2k. Consequently, in
view of the definition of ,, u,, and of Lemma 5.2 (applied repeatedly
if necessary)

(5.10) DtDtw,, = u,
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in H(n) U€ R in the sense of distributions (Z indicates complement).
Applying DI Di™ to both sides of (5.10) we obtain

D;I(")ng)un — Dc[](’rn)Dg(m)um

in H(n) UZR* as desired. It is evident from the definition of
the topology of < (R?) that S—as defined by (5.8)—belongs to
(R, £(E, D(A4)); it is also plain that it has support in R%, com-
mutes with 4 and is locally of finite order. Finally, we go back to
(5.7), to the definition of u, and to Lemma 5.2. According to them

(5.11) D.Dau, — Au, = K, (h(t)6)"™ = (h(t) )" ']
in H(n) U Z R", where

_ 2r™ ! 2\ —1/24p (1) —1
Kn—mgo(l“v) 7 an

. 2p(n —1 1

= o025 77) = G =

(see [10], formulas 4 and 5 in 8.384). Consequently, (5.11) can be
written

(D.D, — Ayu, = (qu) X Yq(n)) QI.

Differentiating ¢(n) times with respect to each variable and using
(5.8) we see that S satisfies

(5.12) (DD, — A)S = (0. Q0) QT

in H(n) U R%; as n is arbitrary (5.12) holds in R?, which shows
that A e 6((1, 1)).

The proof that Z(2) < £((1, 1)) runs much along the same lines:
in fact, let S, in (5.5) be a .&7(K, E)-valued function such that
Sy(-yue CY(R,; E) for all ue E. Then one can choose p(n) in (5.6)

t
to be equal to 1 for all n, f(t) = SSz(s)ds for =0, f(t) =0 for
t < 0. Accordingly, formula (5.8) can be written

2112y

S = D1D2%S1 1 - 7;2>—1/25 s
Applying the preceding formula to an ue E, taking advantage of

the fact that S,(-)ueC® and of Lemma 5.2 (see also Remark 5.3)
we obtain

S(t,, tyu = _S (1 — 7)1 =Sy(2(tit) 2 n)udy

for any ¢, %, = 0; therefore S is strongly continuous there and
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AeE((1,1)). This ends the proof of Theorem 5.1.

REMARK 5.4. It is not in general true—except for obvious
exceptional cases like dim E < co—that Z((1, 1)) = Z(2). To examine
this question we study in detail the case where E = H is a Hilbert
space and A is a mormal, possibly unbounded operator in H. We
shall make some use in what follows of the functional calculus for
these operators; although only the self adjoint case is examined in
detail in [12] the results to be used can be extended easily to normal
operators.

For any 7 = 0 we define

k(M) = k(n; A) = ess. sup {| L(n\) |; N € o(A)}
where the essential supremum is taken with respect to the spectral

resolution {P(-)} of A and I, is the Bessel function

(5.13) JJM:=§;Z%?C%Yn

([10], formula 8.447.1); since no assumption is made for the time
being on o¢(A), we admit the value +c for k. Some information
about how 0(A4) must be to insure finiteness of £ can be obtained
from asymptotic developments for I,(\). In fact, it follows from [10],
formula 8.451.1 that, as |\ | — o

(5.14) IO = (2m0) (e = e ) (1 + o(1))

where the +(—) sign is to be used in the upper (lower) half-plane
and the branch of the square root is the one discontinuous in the
negative real axis. According to (5.14), there exist positive constants
K, K,, K, such that

K | L\ | = 77 [ [ Rer ™8 < Ky [ I(gn) | + K,
for, say, |7n| = 1. Then, if we define
E(7) = ess.sup {| N [e" R\ e g(A), [N] = 1}
for » = 0 we have
Kik(n) = 77"k () = Kok (1) + K,
for » = 1. Since, on the other hand,
() = K1)

for » < 7" we see that k(-) is bounded on compacts of » = 0 if and
only if £(n) < 4+ for all » = 0.
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THEOREM 5.5. Let H, A be as above. Then AecZE((1, 1)) if and
only if

(5.15) E(M) < + o
for all = 0.

Proof. Assume (5.15) holds. For ¢, ¢, = 0 let

f(tu by N) = 0(2(t1t2>‘4)u2)

where, by virtue of the definition (5.13) of I, the choice of branch
of the square root is immaterial. Define

(5.16) Sty t) = fitu ty 4) = | fity tu MP@Y) .

By virtue of (5.15) and [12], Chapter IX, § 128 S(¢, t,) is a bounded
operator in H; more precisely,

(6.17) [ S(¢,, t.) | = ess. sup {| f(t,, t; M) s M e 0(A)} = £(2(tit.)'") -

The second equality in (5.17), the facts that £ is bounded on compacts
of =0 and that f is continuous in R2 for ) fixed yield, by a
simple application of the Lebesgue dominated convergence theorem
that S(-) is strongly continuous in RZ.

We apply now the results of §3 (in £ = R) to the function f.
According to them,

(5.18) (DD, — Mf(+,N) =0

where ¢ is the Dirac measure in R® (here we have set f = 0 outside
of R%). But then we obtain by applying (5.18) to an arbitrary test
function @ € &(R"), integrating the result with respect to P(-) and
making use of Fubini’s theorem that S—extended to the outside of
R> Dby setting S = 0 there—satisfies

(5.19) (DD, — A)S =R 1.

We have thus shown that Ae Z((1, 1)) (the fact S commutes with 4
is trivial). Conversely, assume A € Z((1, 1)) and let S Dbe the strongly
continuous, (K, E)-valued function with support in R, commuting
with A and satisfying (5.19). We can still define S(¢, t,) for ¢, ¢, =0
by means of (5.16); this time, S(¢, t,) will only be a closed, densely
defined operator ([12], Chapter IX, § 127); for every ¢, t,=0 D(S(¢,, t.))
contains the subspace F generated by all elements of the form

P(e)u ,
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where e is any bounded Borel set in the complex plane, % any
element of H. Now, since for u € F the domain of integration in
(5.16) is bounded, it can be proved with arguments similar to the
ones used above that if wc F then S(:)ueC‘“V(R%; H) and satisfies

(D\D, — A)Su =0 QRQ u .

By uniqueness of solutions of the Goursat problem (Theorem 2.1) we
must have

(5.20) Su = Su

as distributions, and a fortiori pointwise in R> for any ue F. But
F is dense in H, thus (5.20) implies that S(¢, ¢,) is bounded for all
(t, t)e R:. Applying the results in [12], Chapter IX, § 128 combined
with the second equality in (5.17) we see that k(y)—thus £(p)—is
finite for all » = 0 which ends the proof of Theorem 5.5.

To give now an example of an operator that belongs to Z((1, 1))
but not to Z(2) is simple. In fact, let A be, say, any normal operator
whose spectrum o(A) consists of the region

(5.21) Q2 = {\; | Ren'? | < max (0, log log | [V2)}

(we may take, for instance, H = L*(2) with respect to ordinary
Lebesgue measure in the plane, A the operator of “multiplication by
the variable”). Then, if » = 0,

£(n) = sup{(log [N )" [N [T [N = 1} < oo

which shows that Ae Z((1, 1)). Assume now A 5(2). According to
[4], Remark 5.7 and Theorem 5.9 ¢(A) must be contained in a region
of the form

(A [ ReN'” | = )

for some w < <. But Q2 cannot be described in this way, thus
A¢ E(2).

It might be pointed out that in some cases of interest the
implication A€ 5((1,1))= A< 5(2) holds. For instance, assume that
A is an everywhere defined and continuous member of O((1, 1)), (see
81 for comments on this) and let Se &2'(R* < (E, E)); be the
solution of (5.19) with support in R*>. Finally, let f be a continuous,
(FE, E)-valued function defined in, say, | .| < a, a > 0, and satisfying
there

S = DrDpf

for some p = (p, p.)€Z:. By Theorem 2.0 we may assume that
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f =0 in R, the complement of R.. Reasoning as in the comments
preceding and following (5.7) we see that we may assume f to
belong to C‘“" in |¢,]| < @ and that we must then have

(5.22) DD f(t) = Af(t) + PGBy
(2, — Di(p. — !

in |t,| < a. But since Ae ¥ (E, E), (5.22) implies that D,D,fe C"?
in the intersection of R and |¢,| < a; reasoning in this way repeatedly
we see that f has continuous partials of any order there, and thus
the same is true of S. Since one can argue likewise for any a > 0,
S has continuous partials of any order in all of B> (in particular, 4
belongs to Z((1,1))). We now go back to §3; according to the
results there, if S is the distribution defined from S by the formula
(3.11) then Se 2 (R; &~ (E, E)), has its support in ¢ > 0 and satisfies

~

S" - AS=0,R1I.
But, according to the comments following (3.11) if S is a function, S
is given by the formula (8.12) which in our case takes the form
S@) = StS(t s s)ds, t=0.
0
This clearly shows that A e Z(2).

6. The Banach space case. The method used here is merely
an adaptation of the one used by Chazarain in [3] for the case of
one variable. Recall that a logarithmic region A = A(o, T, ®) in the
complex plane C is any subset of C defined by an inequality of the
type

Rex = max (o log | Im\| + 7, ®)
where o, 7, @ are real constants, o > 0.
THEOREM 6.1. Let ave Z*, and assume that K is a Banach space.

Then AcO(a) of and only of RO A) = (W — A)™" exists for N in
some logarithmic region A and

(6.1) LBV A) = p(In])
there, where p{+) is a polynomial.

Before proceeding to the proof a few comments may be useful.
Observe first that if m > 2 the set {\";1e 4}, 4 any logarithmic

region contains a neighborhood of -, thus the conclusion of Theorem
6.1 simply means that A is bounded—which is, of course, in accordance
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with Theorem 3.2. Second, the condition that S, should be of finite
order locally in the definition of the class ©(«) is now void; in fact,
since E—thus D(A)—is a Banach space, so is <“(F, D(A)); then,
according to [13], Corollaire 2, p. 85 every distribution with values
in &~ (K, D(A)) is of finite order locally. Finally, Theorem 6.1 could
be fairly easily read out from the results in the preceding section
and those in [3]; however, to deduce them anew seems justified not
only by the importance of the particular case considered but also
because substantial simplifications become available.

Proof of  Theorem  6.1. Assume AeOB(a); let S,e
FG'(R*; < (E, D(A)) be the solution of

(6.2) (D — A)S, =0T

commuting with A and with support in R». Given ac R let f be
a continuous function in [¢,]| < a,, p€ Z* such that

(6.3) S, = Drf

in |¢,| < a;. Applying Theorem 2.0 we may suppose that f =0 in
ZR". Let now @¢ <7(R*) with support in |t,| < a, and such that

Pi(t) = e~ p(1)

where » = (A, --+,\,) is an element of C”, n-dimensional unitary
space and (A, t) = \i + +++ + N, t,. Plainly ¢, ¢ (R for all xe C™.
Now define

(6.4) R(\) = S(®a)

Then R(\)e <~ (K, D{(A)) and commutes with A. Observe next that
we have

(8.5) D pi(t) = 3\ Ky(D'em M) Drp)(t) = 3 Ks(—N)'e“ " (D'p)(t)

where the summation is extended over all 8, ve Z” such that g+ v =

— (% e oo &, 1 11
o, and K; = < [:?1> < Bn> (in the second sum we have used the

notation g’ for the product pfr--. pln, p = (g, ---, tt,)eC* Con-
sequently (and on the basis of (6.2)) R(\) satisfies

(6.6) I — ARN) =1 — M)

where now

(6.7) M(\) = S(2) s ) = DPa(t) — (=1 P(2) -

Observe now that, by virtue of (6.3) we can write (after some
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integrations by parts)
MOy = ([(—1)" Do At

The partial D, can be explicitly computed by using an expression
of the type of (6.5); the result will be a sum each of whose terms
will have the form

(6.8) K)\fe~ 40 Drgp(t)

where 8,v7€Z?, B+ v =a+ p. Note that in the expression (6.7)
for 4-;—developed by means of (6.5)—we always have v = 0; there-
fore the same is true of each of the terms (6.8), which means that
DPyry(t) = 0 for |¢,| < b,. Accordingly, if |Ren,| =¢>0

6.9) MO S K| Doty | de = K JT | ny[eeoveerss

for appropriate constants K’, K””. Now let o be any positive number
less than 1. Some simple manipulations show that there exists a
logarithmic region 4 such that if N,e4, 1 <k < n, then the right-
hand side of (6.9) does not surpass o. Accordingly, |M(\)| < o for
M. €4. But this implies that I — M(\) has a bounded inverse
(I — M\)™" = 35.M(\)" there. Since M(\) commutes with A (im-
mediate consequence of the corresponding property for S, and of the
definition of M()\), so does (I — M(\))~'. Post multiplying (6.6) by it
we obtain

T — ARG — M) = I

which, together with the commutativity property just mentioned
implies R(A\)(1 — M(\)™ = R(\*; A) for n,€ A. Observe now that

(6.10) I —= MM =1 -0

for N, e 4. As for R(\), a bound for its norm can be obtained much
in the same way as (6.9) was obtained. In fact, combining (6.3) and
(6.4) we can write

RO = |[(- D)7 Do) it
Developing now D*®; according to (6.5) we obtain
[ROV| < KT P

for a suitable constant K. Combining this with (6.10) we see that
for vyed, x=(\, +++, N,), RO\ A) exists and
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[BOv; A) | = K(1 = 0)7 T[N [™

If we now take N, = -+ =\, = v e 4, the conclusion of Theorem 6.1
follows.

Assume now that A is such that R(\'¢'; A) exists for )\ in a
logarithmic region A and satisfies (6.1) there. If |a| > 2 it was
already observed that A must belong to £ (F, F)= @(a), thus
Theorem 3.2 applies to show that A€ &(«a). Let then |a| < 2; there
are only three such cases, namely a =1, a« =2, a = (1,1). Since
the first two cases correspond to the Cauchy problem (and are, besides,
treated in detail in [3]) we only consider the last. It was proved in
[3] that if R(\% A) exists for A in a logarithmic region 4 and (6.1)
holds, then A € ©(2). According then to the results in § 5—in particular,
Theorem 5.1—A belongs as well to ©((1,1)). This ends the proof of
Theorem 2.1.

REMARK 6.2. It is possible to give a fairly explicit expression
for S(®), pe & (R") in the present case. We do it in detail only
for ¢ = (1, 1), the extension to other values of a being simple.

Assume A€ 0O((1,1)). It was proved during the course of the
demonstration of Theorem 6.1 that there exists a logarithmic region
A = A(o, 7, ) such that, if \, N,€4 then R(\\,; A) exists and
satisfies there

(6.11) [ BOMAz; A) | = p(IN ]y [N ])
(¢, +) a polynomial in two wvariables. Let @€ &(R) and denote by
#(\), ve C* its Laplace transform

B0 = Sme‘“’@(t)dt.

Integrating by parts repeatedly we obtain, for any g8 = (8, 8. € Z2,

O\ = (—_Xlﬁ—)!-ﬁ—lge‘“’Dﬁq)(t)dt .

Accordingly there exists for any such B a constant K = K(B) such
that
(6.12) 1H0)] < KTT (L + | [)y-remsneis

k=1

where a = (a,a,) is such that supp () & —R>(—a). Let now I', be
(say) the contours Re:, = max (o log |Im\,| + 7/, @), k=1,2 with
' > 17, @ > w and define
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(6.13) S(@) = SR(xIxz; A)PON)dndA,

the integral over I', x I',, I', oriented clockwise with respect to 4.
With the help of (6.11) and (6.12)—for convenient B—it is easy to
see that the prescription (6.13) defines a distribution in &'(R"; < (E, E))
commuting with A. Moreover, if supp(®)c € R%, we can write
® = @, + @, where @, has support in ¢, < 0, @, in ¢, < 0. This means
that we can choose a, < 0 in the estimates (6.12) for @, and then,
“sliding towards +co” the contour I", in (6.13), S(®) = 0. In the
same way, S(.) = 0, thus S(p) = 0.

Accordingly, supp (S) & R:. Finally, it follows from the formulas

DD2() = MAB() 5 MR A) = I + AR 4)

and from some elementary manipulations with (6.12) that S belongs
in fact to @'(R* <~ (E, D(A)) and that it is a (and then the unique)
solution of

(DD, — A)S=0Q1.

The author is indebted to the referee for several improvements
in the presentation of this paper.
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