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C-COMPACT AND FUNCTIONALLY COMPACT SPACES

G. Goss AND G. VIGLINO

In the first section of this note a question posed by G.
Viglino is resolved by constructing a C-compact space which
is not seminormal. In the second section some characteriza-
tions of C-compact and functionally compact spaces are
introduced. In the final section, embedding theorems of
spaces into C-compact and functionally compact spaces are
noted.

1* A Counterexample*

DEFINITIONS, (a) A Hausdorff space X is absolutely closed if given
an open cover 7" of X, then there exists a finite number of elements
of %" say Vi9 l^i^n, with X c Cl JJ?=i V,.

(b) A Hausdorff space (X, r) is C-compact if given a closed set
Q of X and a τ-open cover °F of Q, then there exists a finite number
of elements of %" say Vi9 1 ^ i ^ n, with Q c Clx JJ?=ι Vt.

(c) An open set V is regular if V = F°.
(d) A space X is seminormal if given a closed subset C of I

and an open set V containing G, then there exists a regular open
set R with C c J J c F.

G. Viglino has shown that a seminormal absolutely closed space is
C-compact, and posed the question as to whether or not the converse
holds [5]. The following is an example of a C-compact space which
is not seminormal. An example has also been obtained by T. Lominac,
Abstract #682-54-33.

EXAMPLE. Let Z represent the set of positive integers. Let

_ 1 37 w p Z> II i f i \ψι

2n — 1 m / l J lV2w m / l

Topologize X as follows. Partition Z into infinitely many infinite
equivalence classes, {ZJr=i, and let {Zf}7=1 be a partition of Z1 into
infinitely many infinite equivalent classes. Let Φ denote a bisection
from {(l/(2n - 1), 1/m) | n, m e Z) to ^\{1}. Let a neighborhood system
for the points of the form (l/(2i - 1), 0) be composed of all sets of the
form ϊ7(8i_lfo;W = F U F where V = {(l/(2i - 1), 0)} U {(l/(2i - 1), 1/m) |
•m ̂  &} and F = {(l/(2n - 1), 1/m)\meZ{ and rc ^ k} U
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seU.tZi^αii!.-!),!/.] and h ^ k} for some keZ. Let a system for
(l/(2i - 1), 1/J) be the sets

U { ( T T Γ , 4
(2ί-i,j ,k) IV 2^ — 1 J, 4)1 U K^- " -Jn l\2?ι s

s e z'«n«-».ιm and n Ξ>Ξ> k\

for some keZ. The points (l/2n, — 1/m) are to be open, and a
neighborhood system for the points of the form (l/2i, 0) consists of
sets of the form U<2i,o:*> = V{J F where V = {(l/2i, 0)} U {(l/2i, - 1/m) |
m ^ k} and i*7 = {(l/2n, - 1/m) \meZ[ and w ^ &} for some J G Z .
Finally, let a system for the point co be composed of those sets of the
form X\T, where T = {(1/n, 0)\neZ}{J JJ?=i (U (2.-1,0,,) U U<2ί.o;*>) for fceZ.

An argument similar to that given in Example 1 of [4] may be
used to show that X is a C-compact topological space. To show X
is not seminormal we use the following characterization: X is semi-
normal if and only if given any closed subset C of X and any closed
subset D disjoint from C, then there exists an open set U with
C c Cl U and Cl U (~]D - 0 [5].

Let C = {(l/(2n - 1), 0) |n e Z}, D = {(lβn, 0) | n e Z) U {^}, and U
any open set with C a ClU. lϊ U (£ {(l/2n, - 1/m)\m,neZ} then
clearly Cl U Π D Φ 0. If infinitely many elements of U are contained
in {(l/2i, - 1/m) \meZ} for some ί, then (l/2i, 0) e Cl U. On the other
hand, if U c {(1/2 ,̂ - 1/m) |m,weZ} and Ϊ7 Π {(l/2ΐ, - 1/m) \meZ} is
finite for each ieZ, then 00 e ClU. Hence X is not C-compact.

2* Characterizations of C-compact and functionally compact
spaces*

DEFINITIONS. (a) A Hausdorff space X is functionally compact
if for every open filter <2S in X such that the intersection A of the
elements of ^ equals the intersection of the closure of the elements
of W, then 'ίU is the neighborhood filter of A.

(b) A closed subset C of a space X is regular closed if for any
«τ £ C there exists an open neighborhood ' Ux with Cl Ux Π C = 0 .

(c) Let S" be a subset of a space X. An open cover {Ua}aeA

of S will be said to be a regular cover if X\Uα6^ Ua is a regular
closed set.

(d) A space X is regular seminormal if given a regular closed
set C of X and an open set V containing C, then there exists a
regular open set R with C c R c F.

THEOREM 1. TAβ following properties are equivalent.
( i ) X is functionally compact.
(ii) Every continuous function from X into any Hausdorff space

is closed.
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(iii) Given a regular closed subset C of X, an open cover & of
X\C, and an open neighborhood U of C, then there exist O{ e .CF, 1 <I
i^n, such that X = U U Clx\Jΐ-i Oiβ

(iv) Given an open regular cover & of any closed set C, then
there exist 0* e ^ , 1 ̂  i <Ξ n such that C c Clx (J?=i 0;.

(v) X is absolutely closed and regular seminormal.

Proof. The equivalence of (i) and (ii) has been shown by Dickman
and Zame [1]. The statement that (i) and (iii) are equivalent is in
[3]. (iii) =^ (iv). Let & — {Oa}aeA be a regular open cover for the
closed set C. Then D = X\\JaeAθa is regular closed, ^ is a cover
of X\D, and X\C is an open neighborhood of D. Hence there exist
Oi e .*&, 1 £ i ^ n, such that X = (X\C) (J Clx \JU 0,; that is, C c Clx

{Ji=10i. A similar argument shows (iv)=>(iii).
(iii) => (v). That X is absolutely closed may be seen by choosing

in (iii) the empty set for both C and U. We show X is regular
seminormal. Consider a regular closed set C and open set V containing
C. For each x e X\C choose a neighborhood Ux with ClUx(λC — 0 .
By (iii) there exist Uxv 1 ̂  ί <L n, with C c X\Clx (JJU Oi c F, and
clearly X\Clx U?=1 0̂  is regular open.

(v) =>(iii) Let an open cover & of X\C be given where C is
regular closed. Let U be a neighborhood of C Choose a regular
open set iϋ and 0; e . ^ , 1 ̂  i g π, such that C c J? c U and X = Cl
U?=i Oi. Since R is a regular open set we have Cl R\R c Cϊ (Jtw=i Ot-
so that X = U U Cl (J?=i 0,-.

DEEINITION (e). A Hausdorff space (X, r) is rim C-compact (rim
functionally compact) if there exists a neighborhood system for each
point of X consisting of open sets, V, with the property that given
a closed set Q of Cl V\V and a τ-open cover (regular cover) Y* of
Q, then there exists Vi e ^ 1 ̂  i ^ n, with Q c Cix JJ?=i K

THEOREM 2. A Hausdorff space X is C-Compact (functionally
compact) if and only if it is absolutely closed and rim C-compact (rim
functionally compact).

Proof. A C-compact space is clearly absolutely closed and rim
C-compact. To prove the converse we use the following obvious
characterization of C-compactness: X is C-compact if and only if given
any open cover y of X, and any Ve J~ then there exist V^e 5*7
l^i^n, with X c 7U Cl UΓ=1 V{. Let then Ve T where T is an
open cover of X. Choose for each x e V a rim C-compact neighborhood
Vx with Vs c F. Select from the cover {T\{V}) U {Vx\xe V} elements
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Vi e T\{V}, l^i^n, and V.te{V.\xeV}, 1 ̂  i £ m, with

Let FfG^\{F}, 1 ^ J ^ % , be such that Cl VX%\V a Cl
l^i^m. Then

x= wcihj v,\j u v,

A functionally compact space is clearly absolutely closed and rim
functionally compact. The converse may be proved by using Theorem
1 (iii) and an argument similar to the one given above.

3* Embeddings* The absolute closed extensions constructed in
the following theorem are of the type described by Fomin [2].

THEOREM 3. Any rim C-compact (rim functionally compact) space
can be embedded as a dense subspace of a C-compact (functionally
compact) space.

Proof. Let X be rim C-compact (rim functionally compact). Let
& denote the base of all open sets whose boundaries are C-compact
(functionally compact). Let X = {ξx \ x e X} where ξx = {0 e & \ x e 0}
and let Y denote the set of all maximal ^-filters with empty
adherent set. Topologize E = X U Y as follows. Let a neighborhood
system for an element ξ G E be composed of all sets of the form
OE = {ζ' e E\Oeξ'} for Oeξ. Since & is a complemented base, that
is Oc G & for 0 e &, we have that E is an absolutely closed
extension of X [2]. To show that E is C-compact (functionally
compact) it is sufficient, by §2 Theorem 2, to show that E is rim
C-compact (rim functionally compact). To do this we note that
for any open set 0 of X, ClE OE\OE = OE U {ζ*\xe CIXO}, so that
{0^ 10 G &} is an open base for E with boundary of OE C-compact
(functionally compact).
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