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ON LOW DIMENSIONAL MINIMAL SETS

SooN-Kyu Kim

Let (X, G, f) be a topological transformation group. Sup-
pose that the phase space X is compact, separable metric, and
locally contractible and the group G is the additive group of
all real numbers R with the usual topology. If X is a minimal
set of dim;(X) <2 then X is a manifold, imposing a further
condition on the action when dim;(X)=2. Hence X is a
singleton, a circle or a torus according to its dimension.

A topological transformation group is a triple (X, G, f) consisting
of a topological space X, a topological group G, and a continuous
map f from G x X into X such that fle, ) = =, f(k, f(9, ©)) = flgh, ©)
for any «# in X and any g, 2 in G and the identity element e of G.

The phase space X of a topological transformation group (X, G, f)
is called a minimal set if for each x e X the closure of the orbit of
o is X itself. A locally contractible space X is a space such that for
each ¢ € X and for any open set U containing 2 there is an open set
V containing %, which is contractible in U to the point .

Chu [3] has shown that if the phase space X is a compact Haus-
dorff minimal set and dim,(X) < n, then H"(A, L) = 0 for every
proper closed subset A of X under any connected topological group G.
Here dim,;(X) is the cohomology dimension of X in the sense of Cohen
([2], [4D) and L is a principal ideal domain. The Alexander-Spanier
cohomology theory is used here. Using this result, Chu has answered
questions that were raised by Gottschalk [6]. He proved that the
universal curve of Menger and the universal curve of Sierpinski are
not minimal sets under any connected topological group.

Chu has also shown that some cohomological natures of a minimal
set are similar to those of a generalized manifold. We try to see
whether certain minimal sets are actually generalized manifolds. In
this regard, we have some results in low dimensions as mentioned in
the abstract.

We use the section theorem of Bebutov and Héjek and the umbrella
theorem of Bing-Borsuk that we state here.

The section theorem ([11: p. 332] and [8: p. 210])

Given a topological transformation group (X, R, f) with X separable
metric and a non-fixed point x, in X there exist sections S5, gener-
ating arbitrary small neighborhoods of #, in X. If X is locally compact
or locally connected, then S may be taken compact or connected
respectively. Furthermore, if X is compact and locally connected,
then S may be taken locally connected.
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The umbrella theorem ([1: Cor. 5.3]).

In an m-dimensional locally contractible separable metric space X
the set of all centers of n-dimensional umbrellas (see [1] for definition)
contained in X is of the first category of Baire.

We note that if the phase group is discrete then X is not neces-
sarily a homogeneous space hence not a manifold ([5], [6: p. 139]).

1. Zero and one dimensional minimal sets.

THEOREM 1. Let (X, R, f) be a topological transformation group
with X a locally connected compact separable metric space and R the
additive real group. Suppose X is a minimal set of dim, (X) =0 or
1. Then X s o singleton or a circle.

Proof. Since X is necessarily connected, X is a point if dim,(X)=0.
Let the dimension of X be 1. Since each point x€ X is not a fixed
point, by the section theorem of Bebutov and Hajek there is a section
generating arbitrary small neighborhoods of x in X. That is, there
exist 6 > 0,¢ < 0 and a set S, in f(S(z, 9), [—¢, €]) such that for each
y € f{S(x, 0), [—¢, ¢]) there exists a unique ¢, € R such that |{,| < ¢ and
fly, t,) € S, where S(z, d) is a d-neighborhood of z and S(z, o) is the
closure of S(x, 0). Furthermore, x is in S,. There is a homeomorphism
h: S < [—e¢, ] — f(S], [—¢, ¢]) © X defined by h{s, t) = f(s, t), s S., te
[—e¢, €].

Let S,={f(y,t,) €S|y e S(x,6)}. Then S, x (—¢, €) is homeomorphic
to an open neighborhood of # in X. So we may regard S, x (—¢, ¢) as
a neighborhood of z in X. Since the dimension of S, X (—¢, ¢) is 1, the
dimension of S, is 0 by [4: p. 222]. Since S, may be taken connected,
S, is the point z itself. Hence (—e¢, ¢) is a neighborhocd of ¢ in X.
This proves that each point 2 in X has an interval neighborhood.
Since X is compact, X is a circle.

2. Two dimensional minimal sets. Let (X, R, f) be again a
topological transformation group (continuous flow). If a minimal set
of dim,(X) = 2 is a manifold then it is either a torus or a Klein bottle
since its Euler characteristic has to vanish [12: p. 197]. Since a Klein
bottle cannot be a minimal set by a result of Kneser [10: p. 153]
(we are told this by Arthur J. Schwartz), X must be a torus.

The following seems plausible.

Conjecture. Let (X, R, f) be a topological transformation group
with X a locally contractible compact separable metric space. Suppose
X is a minimal set and dim,(X) = 2. Then X is a manifold, hence

a torus.
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If we further assume that X is almost periodic, then X is a
homogeneous space [6: p. 343]. By an almost periodic topological
transformation group we mean that for given ¢ > 0 there exists a
relative dense subset of numbers {z,} such that for all x € X, d{(f(x, ¢t),
flx, t + 7,)) >e¢ for all te R and each 7,, where d is a complete metric
on X. A set Y of real numbers is called relative dense if there exists
a T>0such that YN - T,t+ T)# @ for all te R. Itis known
that such a space X is a torus by a result of [6: p. 39] and Lie group
theory. And Bing and Borsuk showed that such a space is a manifold
[1: p. 110]. But we give here a proof because the method of Theorem
1 can also be applied to prove this result and we hope that the
technique used in the proof is useful to prove that each point x in X
has a Euclidean neighborhood without assuming almost periodicity of
the action, thus proving the conjecture.

THEOREM 2. Let (X, R, f) be a topological tramsformation group
with X a locally contractible compact separable metric space and R the
additive real group. Suppose X is an almost periodic minimal set
of dim, (X) = 2. Then X is a manifold (hence a torus).

Proof. Note again that X is necessarily connected. Since each
2 in X is not a fixed point, by the section theorem of Bebutov and
Hajek there is a section generating arbitrary small neighborhoods of
2 in X. That is, as in Theorem 1, ¥ has an open neighborhood of
the form S, x (—¢, ¢) in X. Here a section S, may be taken connected,
locally connected and locally compact. Since the dimension of S, x (—¢, €)
is 2, the dimension of S, is at least 1 (in fact, it is 1 [4]). Since S,
is locally compact, connected and locally connected, there is a non-
degenerate arc «, in S, which contains y for each yeS,. Then
a,[0, 1] x [—e¢, €] is a closed 2-cell in X, and 2 x 0 =z € ,[0, 1] X [—¢, ¢].

Suppose «,(0, 1) X (—¢, €) contains a limit point x, of X — («,[0, 1] %
[—e¢,¢]). Take an open set V, of x, in a,(0, 1) x (—¢, &) such that V,
is compact and V, < «,(0, 1) x (—¢, ¢). Let V be an open neighborhood
in X such that V, = «,(0,1) x (—¢,¢e)N V. Since X is locally con-
tractible, there is an open neighborhood U of @, in X such that Uis
contractible in V to the point z, and U N (X — ([0, 1] x [—¢, ¢]) = @3
i.e., there is a continuous map H: U x [0, 1] — V such that H(y, 0) =
Y, H(y, 1) =, for each y e U. Then for a point z¢ U N (X — (a,[0, 1] x
[—e,el)), H,:[0,1] — V is a path from z to x, and H,[0, 1] N («,[0, 1] x
[—e, e VN (a]0,1] x [—e,e]) = V., Vo= a0, 1) x (—¢, ). There-
fore, there is a path from = to x, which misses a,[0, 1] x [—¢, ¢] —
a.(0,1) x (—¢g,e¢).

Considering the path is ordered from z to a,, there is a point
x,e V, such that x) is the first point of the path H, which meets V,.
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Therefore, there is 2-dimensional umbrella with x; as its center (see
[1] for definition). Then each point of X is a center of a 2-dimensional
umbrella by the homogeneity of X that follows by the assumptions.
This contradicts the umbrella theorem of Bing and Borsuk.

Thus an open 2-disk «,(0,1) X (—¢,¢) is an open set in X. If
x € a,0,1) then «,0,1) X (—¢,¢) is an open neighborhood of 2 in X.
Otherwise to get an open neighborhood of % that is an open 2-disk
we appeal to the minimality of X (or homogeneity of X in this case).
For if x has no open neighborhood that is an open 2-disk then there
is no element of R that sends « into the open set «,(0,1) X (—¢,¢).
This contradicts the minimality of X.

Therefore, X is a compact 2-manifold. Hence X is a torus by
the remark that we made in the beginning of the section.
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