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A TWO SIDED APPROXIMATION THEOREM
FOR 2-SPHERES

W. T. EATON

The side approximation theorem proved by R. H. Bing
and later improved by F. M. Lister states that a sphere S
topologically embedded in Euclidean three space can be e-
approximated with polyhedral spheres g(S) and h(S) such that
g(S - u Gi) c Int S, g(Gi) n S c f t , h(S - u Hi) c Ext S, and
h(Hi) Π S a Hi where {Gi} and {Hi} are respectively finite collec-
tions of disjoint ε-disks in S. In this article the theorem is
strengthened by showing that the sets uG; and uHi may
also be taken to be disjoint.

The theorem is a generalization of R. H. Bing's side approxima-
tion theorem [2], [3] and is used [7], [8] to distinguish certain de-
composition spaces from 3-manifolds.

The proof is divided into two main parts. In §2, Theorem 2.1
is reduced to Corollary 6.1 of §6 using techniques that are con-
sequences of Bing's side approximation theorem. The proof of
Corollary 6.1 is the main topic of this paper. The proof depends
on Lemma 5.15 and Theorem 5.16 of §5 which give the combinatorial
structure of collections of components associated with the general
position of two 2-spheres in a 3-manifold. The proofs of Lemma 5.15
and Theorem 5.16 depend in turn on the concepts of separation com-
plexes and winding functions introduced, respectively, in §§3 and 4.

2. Reduction to geometry* The main result of this paper is
Theorem 2.1 stated below. The purpose of this section is to reduce
the proof of Theorem 2.1 to Corollary 6.1 of §6.

THEOREM 2.1. If S is a 2-sphere in E3 and ε is a positive
number then there exists a finite collection {Gl9 , Gn, Hly * 9Hn}
of disjoint ε-disks in S and ε-homeomorphisms g, h: S—+ E3 such that

(2.1.1) g(S - U Int G,) c Int S,
(2.1.2) g(Gt) Π S c Int Gi9

(2.1.3) h(S - U Int Ht) c Ext S, and
(2.1.4) hiHt) n S c Int H^
Furthermore, g(S) and h(S) may be chosen to be polyhedral and

disjoint.

Proof. It follows from F. M. Lister's approximation theorem
[9] that there exists a disjoint collection of (ε/3)-disks Cu , C« in
S and (ε/3)-homeomorphisms g0, h0: S —> E3 such that go(S — U Int C^a
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Int S, ho(S - U Int Ct) c Ext S, go(C<) ίi S c Int C*, fto(Q Π S c Int Ci9

and go(S),ho(S) are polyhedral. Let VΊ, •••, V» be a collection of
disjoint open ε-subsets of Ez such that Ct U #0(C;) U fto(Ci) c F* There
is no loss in generality [4] in assuming that BdC* is tame.

The required disks Gif Hi will be disjoint subdisks of C< and the
required homeomorphisms g, h will have the properties that

g\S- \JC<= go\S- U Cif g(Ct) c V4, h\S - U C< = Λ 0 | S - U C,

and h(Ci) c F*. All of the adjusting is done in the F/s one-at-a-time
and independently. Let i be fixed and to simplify notation let C —
Ci, and F = F ί β Let Eo = Λ0(C) and ϋ3ί = #0(C) By standard scissor-
and-paste techniques we may assume that Eof]Eι= 0 .

By the polyhedral approximation theorem [1] we may polyhedrally
approximate C to obtain a disk Er such that E' Π (S - Int C) = Bd£" =
BdC, E7 c 7 , f f n ho(S) c Int JE70, and E' Π flro(S) c Int Et. We may
assume that E' and EΌ U £Ί are in general position. Let E" be the
component of E' — (Eo U E,) that contains Bd£". By filling in the
holes of E" with disks in EQ U Et pushed slightly to the sides of
Eo U Eιy we obtain a polyhedral disk E such that E Π (S — Int C) =
BdE = BdC, E c F, and JS7 Π Ao(S) = ^ n flro(S) = 0 .

Let δ = (l/9)p(E, E0{J E,). By [5, Theorem 9.1] there exists a
tame Sierpinski curve X c C such that BdC c X and the components
Xu X2, of C — X each have diameter less than 8. By the poly-
hedral approximation theorem [1], there exist disks Yt such that
BdΓ4 = BdJSΓ4, D = X\J (U Yd is a disk, Diam Yi < d, Γ4 c F, X, ΓΊ Yi =
<Z> M %Φ j , and Yi is locally polyhedral modulo Bd Yi. It follows
from [5] that D is tame. Keeping points of E* — V, go(S) — Int Eί9

S — Int E, and hQ(S) — Int £Ό fixed and moving no point as far as 8,
we first move EQ (J E U Ex into general position with respect to D
with BdE = BdD and then with a move " parallel" to D, we push
((JEΌ U S U ^ n f l ) - Bd^ to the inaccessible part of X (see [6] for
more details).

The preceding adjustments enable us assume without loss of
generality that Eo, E, Ex are polyhedral and disjoint, Eo U E U Eγ is
in general position with respect to D with ((Eo U E U E,) n D) — Bdi?
in the inaccessible part of X and

(2.2) no Cl Xi intersects more than one of Eo, E, E1 .

In order to apply Corollary 6.1 we add the ideal point oo to Ez,
let T be the 2-sphere (S - C) (J D, Ut be the component of S3 - T
containing Bdϋ^, and let E, EQ, E1 of Corollary 6.1 be as above. Let
Do, A be the singular disks of the conclusion of Corollary 6.1.

Since (Eo U Ex) Π D lies in the inaccessible part of X there is a
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natural open disk-with-holes ΰ* in S associated with each B e £%;
namely, let JB* be obtained from B by replacing each Y5 c B with
C1X,. If &ϊ* ={B*\Be&i} then Df = U {ClB\Be &ϊ* U &i] are
clearly singular disks, and A* Π A* = 0 since A Π A = 0 and each
Xy intersects at most one of Eo and Eγ. Some of the X/s may pass
through elements of g^; thus, A* may not lie in the closure of a
complementary domain of S. In the next paragraph we adjust the
D*'s so that each does lie in the closure of a complementary domain
of S while retaining the property A* Π A* = 0 . We first observe
that no element of ^ ί < intersects an element of gV For suppose
that X, c 5* e ^iί i , A 6 if* and I . ί l i ^ Q then, since X5 is con-
nected and Xj Π Ffc = 0 if & ̂  i, there exists a component ϋf of
X, Π Ui such that ϋΓ Π A Φ 0 and Γ, Π Cl iΓ ^ 0 . Since Y3 c 5 and
E separates A from J5 in Cl [7* by (6.1,2), Cl ίΓ intersects £7. Thus,
Cl Xj intersects both E and Ei and this contradicts (2.2).

For i = 0, 1, let /x* be a map on Ei with the property that
A*(Ei) = D* and /f lBd^ = 1. Let Eί be the component of

E0 n (/o^-^ci (Ext s) n A*)

that contains BάE0 and let E* be the component of

Ei n (/o^-xci (int S) n A*)

that contains BάE^ By the observations of the previous paragraph
there exist subsequences {X°k}, {X}}, of {X,} such that Cl(Ulfc°)Π
C1(U Xj) = 0 and/0*((Bd£Ό*) - BdE0) c C1(U XDJΠΦ&E* - BdEΌ) c
Cl (Ulj). Also, if Co is a component of ϋ70 — E* then there exists a
unique X,° such that /0*(BdC0)c XL Let £? = Cl(U {Co|/0*(BdC0)c XI}).
We apply the Tietze-Extension-Theorem to normal space EQ

k, closed
set BdJS70

fc, map f0* \ BdEo

k, and disk Cl XI to extend /0* | JEΌ* to JS70* U ^ofc.
Since {Cl Xζ\ is a null-sequence, extending /0* | E* to each Ef in the
above manner and piecing together the resulting maps yeilds a map
/o': Eo—>C1 (ExtS). In the same way, we construct a map f[:E1-^
Cl (Int 5). The maps f{: Eo — Cl (Ext S), //: Ei — Cl (Int S) have the
following properties /-{BdE, = 1, f{(E0 - BdE0) Π ho(S - Int C) = 0,

n flro(S - Int C) = 0,//(£?<) c F, and most importantly

= 0
By the results of [5], for each positive number δ there exist S-

maps a: Cl (Int S) -> Cl (Int S), /9: Cl (Ext 8) -> Cl (Ext S) such that Sf)
a(Cl(IntS)), Snβ(Gl(IntS)) are 0-dimensional and α|(Int S) - N =
1, /31 (Ext S) — N = 1 where AT is an arbitrary neighborhood of S. By
choosing <5 and N appropriately, in particular δ less than (l/2)ρ(fo(Eo),
fKEJ), we select maps a, β so that af^E,) c Cl (IntS), afUBAE, =
1, af[{E, - BdEγ) n gQ(S - Int C) = 0, «/;(#,) c F, /9/0

;(£Ό) c Cl (Ext 5),
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βfl I Bd£Ό = 1, βfi(E0 - Bd£Ό) Π hQ(S - Int C) = 0 , /5/0'(£Ό) c F, and
afoiEj) Π S, βfo(Eo) Π S are disjoint compact O-dimensional subsets of
IntC.

Let (?, i ϊ be disjoint disks in Int C such that afl(Ex) ί l S c Int G
and /3/0

;(£Ό) Π S c Int H. We apply Dehn's lemma [10] to each of
af[{E^ and βfl(E0) in a small neighborhood and each to obtain real
disks E[ and E{, respectively. We obtain the maps g, h of the con-
clusion by adjusting gQ, hQ in V so that go(G) — Έ[ and ho(H) — El.

3* Separation complexes* In §2 we reduced Theorem 2.1 to
Corollary 6.1 of Theorem 5.16 in §§6 and 5, respectively. In this
section we develop the concept of a separation complex which is used
extensively in §§4, 5, and 6. We begin by reminding the reader of
the definition of a collar and then defining a separation complex.

DEFINITION 3.1. If M is a PL manifold and N is a PL manifold
in BdM then a collar of N in M is a PL embedding h of N x I into
M such that h(y x 0) = y, and h(N x (0, 1]) c Int M.

DEFINITION 3.2. If N is a compact, connected, orientable 2-mani-
fold in S3 with nonempty boundary and U is a side of JV (i.e., U
is the interior of a compact, connected 3-manifold M in S3 such that
N c BdM) then a collar of N to the U side of N is a PL embed-
ding h of N x I into Cl C7 such that h(y x 0) = y, and Λ(iV x
(0, 1]) c U.

DEFINITION 3.3. A separation complex is a finite collection K =
K, U K2 U iζ, of sets in S3 such that

(3.3.1) Kγ is a collection of disjoint PL simple closed curves, called
separation 1-simplices,

(3.3.2) K2 is a collection of compact, connected, orientable, PL
2-manifolds with nonempty boundary, call separation
2-simplίces, such that

(3.3.2.1) if σ e K2 and σ is the collection of separation 1-sim-
plices of K intersecting σ, then Bdσ — \J {τ\τ eσ)
and each element of σ is called a 1-face of <τ,

(3.3.2.2) if 0Ί, σ2 e K2 then 0\ Π o2 is a union of faces of each,
(3.3.3) K3 is a collection of compact, connected, PL 3-manifolds

with nonempty boundary, called separation S-simplices,
such that

(3.3.3.1) if σ e K3 and σ is the collection of separation 2-sim-
plices of K intersecting σ, then Bdσ = [j {τ\τ eσ} and
each element τ of σ is called a 2-/αce of σ; each
separation 1-simplex which intersects σ lies in Bdσ
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and is called a 1-face of σ,
(3.3,3.2) if σl9 σ2 e Kz then a1 Π o2 is a union of 1 and 2 faces

of each.

DEFINITION 3.4. A subcomplex of a separation complex K is a
subcollection L a K that is also a separation complex.

LEMMA 3.5. If K is a separation complex then L c K is a sub-
complex of K if and only if σ e L implies σ c L.

NOTATION. If K is a separation complex then \K\ = \Jσeκ&, and
if σ 6 K then σ denotes the subcomplex of K consisting of σ and
its faces.

DEFINITION 3.6. If K= Kγ U K2 u K3, L = Lγ u L2 U £ 3 are separa-
tion complexes, then a function f\\K\-+\L\ is a separation isomor-
phism from K to L if / is one-to-one onto, σ e i^ implies /(σ) e Z ,̂
and σeiΓ implies/(Bdσ) = Bd/(σ). Note that the function f\σeK
need not be a homeomorphism or even continuous. In general σ and
f(σ) are necessarily homeomorphic only if σ e i£Ί, in which case they
are both simple closed curves.

DEFINITION 3.7. If K, K' are separation complexes then Kr is a
subdivision of K if \K'\ — \K\ and each element of K is a union of
elements of K\

Suppose K, L are separation complexes, / is a separation isomor-
phism from K to L, and Kr is a subdivision of K. Does there exist
a subdivision 1/ of L such that K' and 1/ are separation isomorphic?
In general the answer is no as Figure 1 indicates. However, for
suitably restricted subdivisions Kf the answer is yes.

DEFINITION 3.8. If K — Kt u K2 U Kz is a separation complex then
a subdivision Kf = K[ U K2 (J Kζ of if is a separation subdivision of
Kit

(3.8.1) if σ G If/ then there exists τ e K2 such that σ e τ or σ c
Intr and separates r,

(3.8.2) if σ e K2 then (a) there exists a τ e K2 such that σ c r
or (6) there exists a r e K3 such that σ c τ, σ Π Bdr = Bdσ,
and σ separates τ.

One easily verifies the equivalence of Definition 3.8 with the
following:

DEFINITION 3.9. If K = Kγ U K2 U Kz is a separation complex,
then a subdivision Kr = K[ U K2 U Kϊ, is an elementary separation
subdivision of if if there are separation simplices a e K[ (i — 1 or 2),
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Kf = {σi, σ2, σz, σ^ σ$} L = {σ&, σi}

K = {σi, O4 U σs}

FIGURE 1

τu τ 2 6 K +ι, and τ e Ki+1 such that
(3.9.1) K' = {K- {τ}) U [τu r2, σ)
(3.9.2) r = rx U τ2, and
(3.9.3) σ = rx Π r2

(Note that if i — 2, then each face of σ lies not only in K[ but also
in jKi.) A subdivision K" of K is a separation subdivision if there is
a sequence iΓ = iΓ0, i^, , Kn = iΓ" such that, for each i > 0, ίQ is
an elementary separation subdivision of K^.

REMARK. The conditions of Definition 3.8 are often easier to
check then those of Definition 3.9. On the other hand, the conditions
of Definition 3.9 are easier to use in proofs about separation subdivi-
sions (e.g., see the proof of Lemma 3.10). Separation subdivisions
will be obtained in this paper by the methods outlined in Lemmas
3.10, 3.13, and 3.14.

LeMMA 3.10. Suppose K=K1 U K2 (J ϋΓ8, L = L, (j L2 (j L3 are sepa-
ration complexes, f is a separation isomorphism from K to L, and
Kf = Kl U Kl U Kζ is a separation subdivision of K. Then there
exists a separation subdivision L' = L[ U L'2 (J L\ of L and a separation
isomorphism f of K' to Lf such that f'{σ) — f(σ) if σ e K.

Proof. By induction on the number of elementary subdivisions
required to change K to K', it suffices to prove Lemma 3.10 when
Kf is an elementary separation subdivision of K. Let σ,, τly r2, and
τ be as (3.9) with (Case A) σ e K[ or (Case B) σ e K[.

Case A. Let M be a collar of /((BdrO - σ) in f(τ) and let M'
be a 2-manifold-with-boundary in f(τ) obtained by connecting up the
components of M with 2-dimensional tubes in Int/(r). The boundary
of M' is /((Bdr^ — σ) (J J where J" is a PL simple closed curve in
Int/(τ). Let U = L[ UL'2{jL'3 be defined by L[ = L, U {J}, U =
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(L2 - {/(r)}) u {M'9 Cl (/(τ) - M% and L[ = Lz. Let / ' be defined by
f'\\K\ — Intr = / | | ί Γ | — Intr, f'\σ is any one-to-one function onto
J, / ' I Int τ1 is any one-to-one function onto Int ikF, and / ' | Int r2 is any
one-to-one function onto (Int/(r)) — ikF.

Case B. This case is handled in much the same way as Case A,
Let M be a collar of /((BdrO - Int σ) in f(τ) and let Mr be a 3-mani-
fold-with-boundary in f(τ) obtained by connecting up the components
of M with 3-dimensional tubes in Int/(r). The boundary of M' is
/((BdΓi) — σ) U J where J is a connected PL 2-manifold in /(r) such
that J Π Bd/(τ) = BdJ = f(Mσ). Let L' = L[ (J L'2 U £3 be defined by
LI = L1? L2 = L2 U {/}, and L̂  = (L3 - {/(τ)}) U {M', Cl (/(τ) - M')}.
Let / ' be defined by / ' | | iΓ | - Int r = f\\K\ - Intr, / ' | I n t σ is any
one-to-one function onto Int J, / ' | Int τ1 is any one-to-one function onto
IntM', and / ' | I n t r 2 is any one-to-one function onto (Int/(r)) — Mf.

NOTATION. If K is a separation complex, L subcomplex of K and
K' a subdivision of K then 1/ denotes a subdivision of L induced
by K' given by L' = {σ e K'\σ a\L\}. Note that if K' is a separa-
tion subdivision of K then 1/ is separation subdivision of L.

We are greatly indebted to the referee for the notation K mod W
in definition 3.12, This concept has simplified our earlier exposition
considerably.

DEFINITION 3.11. Let K = K, u K2 u K3 denote a separation com-
plex in S3 and W a compact PL 2-manifold-with-boundary in S\ We
shall say that K and T^ are in general position if the following condi-
tions are satisfied:

(3.11.1) T7Π|jKi| = 0 .
(3.11.2) If r e JK"2 and J is a component of W C\ | r | , then either

J is a component of Bd W, or J is a simple closed curve
in Int W and r and W locally cross each other at J.

(3.11.3) If σ e K3, then Bd W Π Int σ = 0 and each component of
TF Π I σ I intersects Bdσ.

DEFINITION 3.12. If K and W are in general position, then we
define K mod W = K[ U Kί U iΓ3' as follows:

(3.12.1) K[ — Kχ\J {t I there exists a τ e K2 such that ί is a com-
ponent of Wf] \τ\}.

(3.12.2) Kί = {C\Y\ there exists a σ e iΓ3 such that F is a com-
ponent of W Π Int σ) U {Cl YΊ there exists a r e iΓ2 such
that Y is a component of \τ\ — ΫF}.

(3.12.3) i£"3' = {C12Ί there exists a σ e K3 such that Z is a com-
ponent of I (71 — PΓ}.

It is not necessarily true that K mod FT is even a separation com-
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plex (a 2-simplex might intersect the interior of a 3-simplex or a
1-simplex the interior of a 2-simplex). However, we do have the
following.

LEMMA 3.13. Let K denote a separation complex in S3 and W a
compact PL 2-manifold-with-boundary in S3 such that K and W are
in general position. Then K mod W is a separation subdivision of
K if and only if the following two conditions are satisfied:

(3.13.1) If τeK2 and J is a (nonempty) component of WΓi\τ\,
then J separates z.

(3.13.2) If σ e K3 and Y is a (nonempty) component of W Π Int σ,
then Cl Y separates σ.

Proof. First check that K mod W is a separation complex.
Conditions (3.8.1) and (3.8.2) follow respectively from (3.13.1) and
(3.13.2).

LEMMA 3.14. Suppose the following are given:
(3.14.1) Q is a PL 2-sphere in S\
(3.14.2) U is a component of SB — Q.
(3.14.3) K is a separation complex such that [iΓJcQ and

n{Int<j|σeiΓ3}c U.
(3.14.4) W is a compact PL 2-manifold-with-boundary such that

Wa U and W and K are in general position (3.12).
Then K mod W is a separation subdivision of K if condition (3.13.1)
is satisfied.

Proof. We check that (3.13.2) is also satisfied. Let σ e iΓ3, Y be
a nonempty component of W Π Int σ, and J be a nonempty component
of Bd Y. By (3.13.1) J separates the member τ of K2 that includes
J. Thus, let τ(J) be the closure of a component of τ — J. By (3.14.3),
(Bdτ(J)) - JaQ. For each component K of (Bdr(J)) - J we add
to τ(J) a disk in Q bounded by K, thus we obtain a singular 2-
manifold M(J) with boundary J. By (3.14.3), M(J) Π Intσ = 0 for
each component J of Bd Y. Thus, since the singular 2-manifold
(U {M(J) IJ is a component of Bd Y}) U Y separates Int σ, Y separates
Int σ.

4+ Winding functions* In this section we discuss the concept of
a winding function which is used extensively in §§5 and 6. We begin
by introducding notation that we use later for labeling abstract trees.

DEFINITION 4.1. A tree labeling system is a collection Γ of finite
sequences (au α2, , an) of nonnegative integers such that
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(4.1.1) (0) e Γ and is the only one element sequence in Γ,
(4.1.2) if (al9 α2, , O e Γ then (aly a2, , αw_0 e Γ if nΦl,

and (αl5 α2, αΛ_i, αΛ — 1) e Γ if αn ^ 0.
(4.1.3) A maximal element of Γ is finite sequence (al9 a2, , α j e

/* such that there does not exist a nonnegative integer
a such that (aly α2, αΛ, α) 6 7\

(4.1.4) the lexicographical ordering of Γ1 is 0, 00, 01, 02, , 000,
001, •••, etc.

(4.1.5) a frree labeling system for set ΰ is a one-to-one function
from Γ onto J5.

NOTATION. If Γ is a tree labeling system for set B then we use
lower case greek letters to refer to elements of Γ and denote the image
of a e Γ in B by ba e B. If a = (au α2 , an) e Γ and (il9 , i5) is a
sequence of nonnegative integers such that (al9 , an, ίl9 , ij) 6 Γ
then we write αLα2 an e /\ αiii2 i3-eΓ, respectively. If α =
(aly a2, "-,an)eΓ then | α | = 0 if n is an even integer and \a\ = 1
if w is an odd integer.

In items (4.2) through (4.9), R is a PL 2-sphere in S\ H is a
disk-with-holes in i2, F is a component of S3 — i2, and M = Λ(ίZ" x /)
is a collar of H in Cl F.

DEFINITION 4.2. A corner of Λf is h(E x [0, ί]) where E is a
collar of Bdίf in £Γ and 0 < t < 1.

DEFINITION 4.3. A compact, orientable, PL 2-manifold S in M
partitions M if for each component Y of S we have Y Π BdM" =
ΓΠ ((Bdilf) - H) = BdYΦ 0 .

The next lemma shows that a partition of M induces a special
type of separation subdivision of the separation complex M — {J\J is
a component BdiJ} U {H, BdM - Int H) (J

LEMMA 4.4. 7/ S partitions M then M mod S = Kλ (J i^2 U if3

is a separation complex having the property that the intersection of
each pair of elements of Kz is either empty or a single component of
S. Furthermore, there exists a tree labeling system Γ for Kz such
that H c Bdσ0 and σa Π oβ is nonempty if and only if either β = ai
or a = βi for some nonnegative integer i.

Proof. Let Y be component of S and J a component of Bd Y.
Since Bdikf — Int H is a disk-with-holes and Jc (BdM) — H, J separates
BdM — Int H. Thus, by Lemma 3.14, M mod S is a separation com-
plex. The other properties of M modS follow by induction on the
number of components of S.
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DEFINITION 4.5. If S partitions M then we call M modS the
separation complex supported by S in M.

DEFINITION 4.6. If R is a PL 2-sphere in S3, V is a component
of S* - R, H is a disk-with-holes in R, M is a collar of H in Cl F, S
partitions M, and if = Kx (J if2 U JSΓ8 is the separation complex supported
by S in ikf then function P: M-+S3 is a winding function with respect
to (M, S, H, R) if

(4.6ol) P\H = 1 and P is the identity on a corner of Λf,
(4.6.2) if σeK then {P(τ)\τeσ} — P(σ) is a separation complex

and P|σ is a separation isomorphism from σ to P(tf),
(4.6.3) if σ 6 K3 then P(σ- (S U H)) a S 3 - JK and P(σ n ( S u # ) ) c

5,
(4.6.4) if σ0, σi e K3 and ^0 Π OΊ is a component of S then P(σ0—

(S U H))y P{σι - (S U fl")) lie in different components of
S3 - i2, and

(4.6.5) if σ0, σ, e K3, σ0 Φ σ19 but P(σ0- (S U H)) Π Piσ.-iS U £Γ))^
0 then for i = 0, or 1, P{σi - (S U JET)) c Int P ^ ^ J and
P(σ4 Π(SU iϊ)) c Int P(^_, Π(SU IT)).

We now establish several properties of a winding function.

LEMMA 4,7. If P: M-^S* is a winding function with respect to
(M, S, H, R), K = Kx U K2 U K3 is the separation complex supported
by S in M, and Γ is a tree labeling system for K3 satisfying Lemma
4.4. Then it is impossible to have P(σβ) c P(σa) where a = βix in

for some positive integer n. In particular, P(σ0) c P(σa) implies a = 0.

Proof. Suppose the contrary, then there exist a smallest positive
integer n with the property that there exist a, β e Γ such that a =
βi, in and P(σβ) c P(σa). By (4.6.3), (4.6.4), and (4.6.5) either
P(σβh) c P(0βiL—i^) or there exists a nonnegative integer in+1 such
that P(σβi) c P(σβii...inin+ί). Suppose P(σβi) c P(σβir in^) then since
π is minimal, we must have n = 2 and σ̂ ^ = o^ .^^. But by (4.6.5)
P(tf> Π σ^) c Int P{θβiιh Π σ^ )̂, thus we have distinct 2-faces of σβh

pinched together by P contradicting (4.6.2). Hence we must have
P(σβh) c P(σβn+1).

The above argument is repeated to P(σβh) c P{σβiι ..<n+1) to find a
nonnegative integer i%+2 such that P(σβiίi2) c P{σHι . <w+1<Λ+2), and then
repeated over again. Eventually a nonnegative integer ίw+?, is found
such that P{σβiιh...ip) c P(σβil...in+p) and ^ iP+n is maximal in Γ.
One more application of the argument yields a contradiction.

LEMMA 4.8. If P is a winding function with respect to (M, S,
H, R) then
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(4.8.1) H - P(M - H) separates P(M) - P(BdM) from S3 - P(M)
in S3 - P(BdM - H), and

(4.8.2) P(M) contains a collar of P(BάM — Int H) to the side of
P(BάM — Int H) that contains a corner of M.

Proof. Suppose pq is an arc from peS* — P(M) to q e P(M) —
P(BdM) that lies in S3 - P(BdM - H). Let r be the first point of
pq that intersect the compact set P(M). Since r is a boundary point
of the 3-manifold P(σ) for some σ e Kz and pq Π P(BdM - H) = 0 it
follows that r e Int P(S U H) c j?. By (4.6.2) and (4.6.4) since r is
the first point of intersection with P(M), rgP(S). Hence reP(H) —
P(S) = H- P(M- H) by (4.6.1) and (4.6.3), and the proof of (4.8.1)
is complete.

Let Γ be the tree labeling system for Kz in Lemma 4.4. The
collar required in (4.8.2) is constructed in P(M) by induction on the
elements of Γ. The set P(σ0) — (U P(^o«)) contains a collar No of
Cl((BdP(σ0)) - R) in P(σQ) such that No contains a corner of M by (4.6.1),
(4.6.2) and Lemma 4.7. We may assume that No Π P(σ0 Π S) is a collar
of BdP(<70 Π S) in P(<70 n S). Let Noi be a collar of Cl ((BdP(O) - JB)
in P(σoi)-({JaeroiP(σa)) where a e Γoi if and only if P(σa)-R c I n t P(σoί)
by (4.6.2) and (4.6.5). We may assume that Noi Π P(σoi Π S) is a
collar of BdP(σoi Π S) in P(σ 0 Π S) and iV0 Π P(σ0 Π σoi) = Noi Π P(σ0 Π σoi).

The induction step from σa to σai is similar. The required collar is
Ό{Na\a eΓ}.

The next lemma gives a lifting property for winding functions.

LEMMA 4.9. If P: M—*S3 is a winding function with respect to
(M, S, H, R), W is a compact 2-manifold such that each component of
W has nonempty boundary, W is in general position with respect to
R, Int Wd P(M) - P(BdM - Int JHΓ), and Bd W c P{H) - P(S). Then
there exists a compact PL 2-manifold W in M and a function P'\ M—>
S5 such that

(4.9.1) P ' | H = P\H = 1 and if K = Zi U K2{J KB is the separation
complex supported by S in M then P'{σ) — P(σ) if σ e K,

(4.9.2) W and K are in general position and if Wo is a com-
ponent of W then Wo Π BdM = Wo Π H = BdW0 Φ 0 ,

(4.9.3) K' = K mod W = K[ U K[ U K[ is a separation subdivi-
sion of K,

(4.9.4) if σeK3 then P'\σ is a separation isomorphism from σ'
to {P'(r)|reσ'},

(4.9.5) P'\ W is a separation isomorphism from W mod (S U H)
to W mod R,

(4.9.6) if σ0, σι e Kz and σ0 Φ σί but P(σ0) c P(σλ) then there exists
σ2 e K[ such that σ2 c σι and P(σ0) c Pf{σ2).
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Proof. Let Γ be the tree labeling system for Ks of Lemma 4.4.
For σeK3 let Γ(σ) = {aeΓ\P(σa) is a proper subset of P(σ)} and
let W(σ) = TPn(P(σ)- u {P(σβ)|αeΓ(σ)}). It is clear that PΓ =
U {W(σ)\σeK,} and TF(σα) n PF(0>) = 0 if σβ Π σβ = 0 by (4.6.5).
Also, ττ(σα) n τ r ( θ - T^ n (P(<7β n o - u {P(σβ) i # G r(σβ)}) = w n
(P(σ α Πσ α ί )- U{P(^)|/S6Γ(σαί)}) by (4.6.4) and the fact that W is
in general position with respect to R. By hypothesis on W, each
component Wi(σ) of TΓ(<7) is a compact 2-manifold with 0 Φ BdPΓi(σ)c
Int P(σ Π(SU H)) c i?. The 2-manifold W^σ) separates the 3-cell
bounded by R and containing Wi(σ): consequently, Wi(σ) separates
P(σ). If ί is a boundary component of Wi(σ) then there exists a
component Γ of σ Π (S (J H) such that ί c Int P( Γ) c i?. Since
P( Y) is a disk-with-holes, t separates P{Y). It now follows by Lemma
3.13 that L{σ) = L^σ) U L2(σ) U Lz{σ) = P(σ) mod PΓ(σ) is a separation
subdivision of {P(τ)\τeσ} = P(σ).

We use Lemma 3.10 to lift the [separation subdivision L(σ) of
P(σ) to σ. By Lemma 3.10 there exists a subdivision σ[ of <70 and
a separation isomorphism P'\σ0 from σj to L(σ0) such that (P'|σo)(r) =
P(τ) if r e σ0, and (P' | σ0) | H=P\ H. Proceeding inductively, we assume
that separation subdivision σf

a of σa and separation isomorphism Pf \ σa

from σ'a to L(σa) have been defined such that (P'\σa)(τ) = P(r) if
τ G σα. Let i be a nonnegative integer such that ai e Γ, as we have
observed before Wf) (P(σa n O - U {P(σβ) \ β e Γ(σa)} =WΓ) (P(σa Π σai) -
U {P(σβ)\β eΓ(σai)}) so by Lemma 3.10 there exists a separation sub-
division σ'ai of σai and a separation isomorphism P'\σai from Jά» to
L(σβί) such that (P'\σai)(τ) = P(r) if r e ^ and ( P ' I O I ^ Π σβ4 =

Let P ^ U e ^ ί P ' k ) , W r =U«e^( p ' k)
Properties (4.9.1), , (4.9.5) are straight forward consequences of
the construction. Property (4.9.6) follows since P(σ0) c P(0Ί) implies
that P(σ0) n TΓίαΊ) = 0 and the latter implies P(σ0) is included in an
element of Z/3(0Ί) since P(σo) is connected.

5* Structure theorems. The purpose of this section is to prove
the combinatorial structure theorems (Lemma 5.15 and Theorem 5.16)
for components associated with the general position of two arbitrary
PL 2-spheres in E\ Throughout this section an arbitrary PL 2-sphere
R in S3 is fixed. Also, a choice function μ on the collection of non-
empty sets of simple closed curves in R is fixed. Some of the objects
defined below depend on R or μ, but to save notation no special
attention is called to this fact.

DEFINITION 5.1. Let Sf be the collection of all 4-tuples (X, U,
q, m) such that
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(5.1.1) X is a compact, connected, PL 2-manifold in S3 without
boundary and in general position with respect to R such
that if t is a component (simple closed curve) of R Π X
then t separates X,

(5.1.2) U is one of the two components of S* — X,
(5.1.3) q is a point of X — R, and
(5.1.4) m is a component (simple closed curve) of R Γ) X.
For a — (X, U, q, m) e &* the existence of the following objects

is clear and we use the following notation,
(5.2) Aa is the closure of the component of X — m that does not

contain q,
(5.3) Va is the component of S3 — R that contains the interior

of a collar of m in Aa,
(5.4) Ba is the disk in R bounded by m that contains a collar

of m in R Π Cl U,
(5.5) Cα is the closure of the component of Aa — R that contains

m in its boundary,
(5.6) Da is the closure of the component of Ba — Ca that contains

m in its boundary,
(5.7) \a\ is the number of components of Aa — R, and
(5.8) La is the collection of all components t of BdCα — BdDa

such that £ 6 Π Da = 0 where δ = (X, Z7, <?, ί).
Since Ca separates Cl Va and R is a 2-sphere, the following lemma

is easily established.

LEMMA 5.9 The sets Ca, Da, and La have the following properties:
(5.9.1) BdDa c BdCα,
(5.9.2) there exists a collar of BdDa in Da Π Cl U9 and
(5.9.3) if BdCa - BdDa Φ 0 then LaΦ 0 .

The existence of the following objects associated with a =
(X, U, q, m) eS* will be established by induction on \a\ in Lemma
5.15. See Figure 2.

(5.10a) Ha is a disk-with-holes in Da such that
(5.10.1a) m c BdiJα, and Bdiία a X Π R,
(5.10.2a) there exists a collar of BdHa in Ha Π Cl U,
(5.10.3a) Bdiϊα is the boundary of a compact, connected, 2-

manifold Ja in Aa.
(5.11a) Mα = h(Ha x I ) is a collar of Ha in Cl F α such that

(5.11.1a) h(BdHa x /) is a collar of BdJα in Jα,
(5.11.2a) Mα intersects a component F of X π Fα if and only

if Cl Y intersects Ha,
(5.12a) Sa is a partition of Ma and Ka = ifx(α) U ίΓ2(α) U ̂ ( α ) is

the separation complex supported by Sa in Ma,
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a=(X,Uyq,tn)

R

FIGURE 2

(5.13a) Xa is compact, connected, PL 2-manifold in Ss without
boundary and in general position with respect to R (J Sa

such that
(5.13.1a) Xa contains Ga = (BάMa) - Int Har

(5.13.2a) if t is a component of (S U Sa) ΓΊ Xa then t separates

(5.13.3a) if t is a component of (Xa — Ga) Π Sa then t separates
the component of Sa containing t.

From (5.13.3a), the fact that (R - Ha) U Ga is a 2-sphere, and
Lemma 3.14 it follows that Kf

a = Ka mod (Xa - Int Gβ) = K[(a) U -KJ(α) U
iΓ3'(α) is a separation subdivision of Ka.

(5.14a) Pa is a function from S3 to S3 such that
(5.14.1a) Pa\S* - (Ma - Ha) = 1,
(5.14.2a) Pa\Ma is a winding function with respect to (Ma, Sa,

Haf R),

(5.14.3a) Pa\Xa is a separation isomorphism from Xa = Xa

mod (R U iSβ) t o ί = Xmod i2.
(5.14.4a) Pa(Ga)=Ja,
(5.14.5a) Pα(Mα) Π (Xα - Λί.) = 0 ,
(5.14.6a) if σeK5(a) then P J σ is a separation isomorphism

from σ' to {Pα(τ) | r e 5'}, and
(5.14.7a) if σ0, σ1 e K3(a) and σ0 Φ σx but Pα(σ0) c P ^ ) then

there exists σ2 e Ki{a) such that σz c o-x and Pα(σ0) c

LEMMA 5.15. If a — (X, U, q, where £f is given by (5.1)
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then there exists a 5-tuple (Ha, Ma, Sa, Xa, Pa) that satisfies (5 10a),
(5.11a), . . . , (5.14a).

Proof. The proof is by induction on \a\ given by (5.7). We use
the notation given by (5.1), •••, (5.8).

Suppose a = (X, U, q,m)eS^ and \a\ — 1. It is clear that Ca =
Aay Da = Ba and BdCα - BdDa. Let Ha = Da, Ja = Ca and let h be a
PL embedding of Ha x I into Cl Va such that h(y x 0) = y, h(Ha x
(0, 1]) c Va, h(BdHa x /) is a collar of Bd/α in Ja, and h(Ha x I )
intersects a component 7 o f J n F t t if and only if Cl Y intersects Ha.
Let Ma = h(Ha x I) and let Sβ = 0 . A one-to-one function P, given
by P|fl"β = 1, P(Ga) = Jβ, P(Int ilfα) - I n t L where L is the 3-manifold
bounded by Ha U Ja and containing a collar of J α in Cl U, is a trivial
winding function with respect to (Ma9 Sa, Ha, R). Let W=X Π (L — Ja)
and apply Lemma 4.9 to P and W and let Xα = W{J (X - L){J Ga,
Pa\Ma = P' where W, Pf are as in the conclusion of Lemma 4.9. It
is straight forward to check that (Ha, Ma, Sa, Xa, Pa) satisfies (5.10a),
. . . , (5.14a).

Inductively, we suppose that the 5-tuple (Hb, Mb, Sb, Xb, Ph) exists
with properties (5.10b), •••, (5.14b) provided that \b\ < k. Let a =
(X, U, q, m) G S^ with \a\ = k. By Lemma 5.9.1 we have that BάDa —
BdCα or BdCα — BdDa Φ 0 and we accordingly, break the induction
step into two cases.

Case A. BdDa = BdCα. In this case we do not need the induc-
tion hypothesis and we proceed formally as above for \a\ — 1. That
is, we let Ha = Da, Ja = Ca, Ma be a collar of Ha in Cl Va, Sa = 0 , L
be the 3-manifold bounded by Ha U Ja and containing a collar of Ja

in Cl U, and let Xa, Pa be obtained by the same application of Lemma
4.9 as was used above.

Case B. BdCα - BdDa φ 0. See Figure 3. By Lemma 5.9.3,
La Φ 0 and we let ma = μ{La) where μ is the choice function mentioned
in the first paragraph of §5. Let b = (X, U, q, ma). Since ma c Aa

we have that Ab c Aa and | b \ < | a \ — k. By the induction hypothesis
a 5-tuple (Hb, Mb, Sby .Xb, Pb) exists with properties (5.10b), , (5.14b).
By (5.6), m c Da. by (5.10b), (5.6), (5.9), HbdDbd Bb: and by (5.8)
Bb Π Da = 0 . Hence, Da f) Hb = 0 , m Π Hb = 0 and Afδ Π m = 0 by
(5.11b). Also, by (5.14.1b) and (5.14.3b) we have that m c Xb. Let
g be a P L homeomorphism of S3 onto S3 that is fixed outside a thin
shell neighborhood of Mb and pushes Mb across i2 to S3 — Cl Vb. Since
I>α Π iϊ& = 0 , m Π £Γδ = 0 it follows that no point near Da is moved
by g and #(m) = m. Let c = (g(Xb), g(Ub), g{qb), m) where Ub is the
component of Sz — Xb such that Hb Π Cl ?7& contains the collar of BdJϊ6
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b={X,U,q,ma)

c=(g(Xb),g(Ub),g(qb\m)

Mc

FIGURE 3

given in (5.10.2b), and qb = (Pδ|X6)~1(g). Since g removes components
of R Π Xb, in particular raβ, and by property (5.14.3b), it follows that
| c | < | 6 | < | α | = & . By the induction hypothesis, a 5-tuple (Hc, Mc,
Sc, Xc, Pc) exists with properties (5.10c), •••, (5.14c).

Let Ha = Hc, Ma = Me, and Ja = Phg~ι{Jc). By pushing Ma into a
smaller neighborhood of Ha if necessary, we may assume that (5.11.2a) is
satisfied and g~\\ Ma = l. Properties (5.10a), (5.10.1a), (5.10.2a), (5.10.3a),
(5.11a), (5.11.1a) are consequences of the corresponding properties for
c and the facts that Ph\Ma = 1 and g~ι\Ma = 1.

It follows from (4.7) that PC(MC) misses the interior of a collar
of m in Cl (SB — Ve). Since Hb is in the same component of S3 —
Pc(BdMc — He) that contains the interior of such a collar of m in
C1(S3 - Vc), it follows from (4.8.1) and (4.7) that Hb Π PC(MC) - 0 .

Let σ e Kz(c). Since g~x is a homeomorphism that only moves points
near Hh into Mb and Hb Π Pc(Mc)=0 we have by (5.14.2c), (4.6.2), (4.6.3)
that fiΓ1Pc|<7 is a separation isomorphism from σ to {g~ιPc(τ)\τ e σ) =
g-ιPc{σ) such that ^~LPc(σ Π Se) c i2 - Jϊδ. Let W = Sb\jHh and let
Q be the 2-sphere obtained from (R — Hb) U Gδ by pushing Gb slightly
away from Mh. Since ^"^((Bdσ) — Sc) c Xb and X6 satisfies (5.13b),
(5.13.2b), (5.13.3b) it follows that each component t of g~ιPc{{Bάσ) -
Sc) Π W separates the component of W containing t or t c Bd W, and
£ separates the [2-face of g~ιPc(σ) containing t. By Lemma 3.14
applied to Q and W, g~ιPc{σ) mod W is a separation subdivision of
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g~ιPc{σ). By Lemma 3.10 we assume without loss of generality that
S(σ) is a compact PL 2-manifold in σ such that if Y is a component
of S(σ) then 7ίΊ Bdσ - y n ((Bάσ) - Sc) = BdYΦ 0 and g"Ψc(Y)
is a component of W Π g^Pdσ).

Let Sa = Sc U (U {S(σ)\σe Kz(c)}). It is clear that Sa satisfies (5.12)
and g~ιPc\σ e K3(a) is a separation isomorphism from σ to {g~~ιPe{τ) \τ eσ}
that satisfies property (4.6.5).

Let P — Phg~ιPc \ Ma. We now show that P is a winding function
with respect to (Ma, Sa, Ha, R). Property (4.6.1) is satisfied since Pc

satisfies (4.6.1), and g~\ Pb, as pointed out previously, are the identity
on a neighborhood of Ha. Property (4.6.2) is established by obser-
ving that, by the way Ka was constructed in the previous two para-
graphs, if σeK,(a) then Mb f] I n t g~ιPc{σ) = 0 or g"xPc{σ) = \L\

where L is a subcomplex of σ[ for some σoeKd(b) (σ[ is the
induced subdivision of σ0 by K'b). In the former case, (4.6.2) follows
since Pb\S* - (Mb - Hb) = 1. In the latter case, (4.6.2) follows by
(5.14.6b). Properties (4.6.3) and (4.6.4) are easy consequences of the
corresponding propertis for Pb and Pc and the way Sa was constructed
in the previous two paragraphs. We now establish property (4.6.5),
Suppose σ0, #i e JSΓ3(α), σ0 Φ σx and P(σ0 - Sa) ΓΊ P{σx — Sb) Φ 0 , then
(a) Mb Π Jut g-ΨM) = 0 for i = 0 , l or (b) g~ιPc(σt) c Mh, Mb n

Int g-'Pdσ^i) - 0 for i = 0, 1 or (c) g-'P&t) aMb,ί = 0, 1. In Case
(a), (4.6.5) follows from the corresponding property for Pc and the
fact that g"1 is a homeomorphism. In Case (b), P(σ^ — jS»β) c Int P(tf"i_ί)
since P ^ — Sfβ) is connected and fails to contain any point in BdPiσ^i)
by (5.14.5b). In Case (c), either (c.l) there exists a σ* e K3(b) such
that g~ιPe{σ^ c σ* for i = 0, 1 or (c.2) there exists distinct σ0*, σf e
ίΓ8(6) such that g~ιPMi) c σ*. In Case (c.l), (4.6.5) follows from the
corresponding property for Pc and the fact that g~ι is a homeomor-
phism and (5.14.6b). In Case (c.2), (4.6.5) follows from (5.14.7b) since
we must have Ph(σ?) c Ph{σ^ for i = 0 or 1, by property (4.6.5) for Pb.

Let TF = l n P ( I t t ) - P(Bdikfα - Int Ha)). Apply Lemma 4.9 to
P and W to obtain PΓ and P' satisfying (4.9.1), •••, (4.9.6).

Let Xa= W{jGaU(X- P'{M*)) and let Pa be given by Pa\Ma =
P ' and P α | S 3 — (Ma — Ha) = 1. We now varify the remaining pro-
perties of the conclusion of the Lemma 5.15 to complete the induc-
tion step. Properties (5.14.1a), (5.14.2a) are clear by (4.9.1) applied
to P \ Property (5.14.3a) follows from (4.9.5) applied to P', the defini-
tion given previously of Ja, and the fact that P | S 3 — (Ma — Ha) = 1.
Property (5.14.4a) is a consequence of the definition of Ja. Property
(5.14.5a) follows since Xa - Ma = X- P'(Ma). Properties (5.14.6a)
and (5.14.7a) are consequences of (4.9.4) and (4.9.6) respectively, applied
to P' . Properties (5.13.1a), (5.13.2a), and (5.13.3a) follow from the
definition of Xa and (4.9.3), (4.9.5).
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FIGURE 4

The following theorem gives the combinatorial structure of the
collection of components of R Π T, R - T, T - R, S3 - (T{J R) where
R and T are PL 2-spheres in general position in S3. The reader is
referred to Definition 4.1 for some of the notation used. See Figure
4 for an illustration.

Theorem 5.16. Suppose R, T are PL 2-spheres in S3 that are in
general position and m is a simple closed curve in R Π T such that
m bounds a disk D in T and a disk E in R such that R Π T c D Π E.
Let B be the 3-cell bounded by Cl (T-D) (J Cl (R-E) such that Int B Π
Int D — Int B Π Int E = 0 and let Uo, UΊ and Vo, Vx be respectively the
components of S3 — T, and S3 — R and such that Int B c Uo, Int B c Vo.
Then there exists a finite tree labeling system Γ, a A-tuple (mα, Ha>
Ma, Sa) for each aeΓ, and a function P from S3 to S3 such that

(5.16.1) ma is a component (a simple closed curve) ofDΠE with
m0 = m = BdD = BάE,

(5.16.2) Ha is a disk-with-holes in E such that
(5Λ6.2.1) BdHa = ma U ma0 (j m β l U ma2 U

(5.16.2.2) E - U {Ha\a e Γ}9 Ha Π Hai - mai,

(5.16.2.3) Ha contains a collar of BdHa in Cl(Z7|α!),
(5.16.3) Ma is a collar of Ha in Cl Vϊa] such that if \a\ — \β\

and a Φ β then MaΠ Mβ = 0 ,
(5.16.4) Sa is a partition of Ma that supports the separation
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complex K{a) = KΎ(a) U K2{a) U Kz(a), and
ifD* = U«er(BdMα - IntHa), S = U«erS« and K = KιuK2\j Kz, D*,
D are the separation complexes given respectively by Ki — (JLer Ki(oc),
5 * = D* mod (S U E) and D = D mod E then

(5.16.5) P\S3 — (\K\ — E) — 1, and P is the identity on a corner
of Ma for each aeΓ,

(5.16.6) P(D* is a separation isomorphism from J3* to D, and
a homeomorphism from D* onto D,

(5.16.7) if σ eK then {P(r) | τ e σ) = P{σ) is a separation complex
and P\σ is a separation isomorphism from σ to P(σ),

(5.16.8) if σeK, then P(σ-(S\J E))aS3-Rand P(σ Π (Su E))aE,
(5.16.9) if σ0, σx e K3 and σ0 Π oι is a component of S then P(σ0 —

(S U E)), P(oι - (Su E)) lie in different components of
Sz — R, and

(5.16.10) if σ0, σx e K3, σ0Φ σlf but P(σ0-(SUE)) Π P ( σ : - ( S u E ) ) Φ
0 then for i = 0, or 1, P(σ{ - (S U E)) c Int P(σ^
and P(a{ n ( S u E)) c Int P(σ1_ί Π ( S u E)).

Proof. The sets mα, Ha, Ma, Say and function P are constructed
inductively using Lemma 5.15, Lemma 3.14 and the properties of
winding functions given in (4.6), (4.7), (4.8), and (4.9). Let g be a
point in T — D and identify the 2-sphere R of the hypothesis and
the 2-sphere R of §5.

The 4-tuple α0 = (T, Uu q, m) is in £f of Definition 5.1. Let
(JEZo, Mo, So, Xo, PQ) be the 5-tuple of the conclusion of Lemma 5.15
with K(0) = ifi(0) U K2(0) U K4(0) the seperation complex supported by
SΌ in Mo with iΓ/(0) U K2'(0) U ̂ '(O) the separation subdivision of if(0)
of Lemma 5.15. Let m0 = m, and let m00, m01, m02, be the other
components of Bdif0. Since by (4.6.1), (4.8.1), (4.7) and (5.14.5) we
have B n P0(M0) = m, we let US, U? be the components of S3 - Xo

with Int B c US and let Γo = {0}. From the conclusion of Lemma 5.15
it follows that Γo, 4-tuple (m0, Ho, Mo, So), and function Po satisfy
(5.16.1), (5.16.3), (5.16.4), (5.16.5), (5.16.7), (5.16.8), (5.16.9), and
(5.16.10). Condition (5.16.2) is satisfied with the exception of the
requirement E — [Jaer0Ha and condition (5.16.6) is satisfied for P|D0*
where Df = Xo - (T - D) and D* = Dt mod So U E. The conclusion
of Lemma 5.15 shows that the following properties are also satisfied.

(α0) Po(ikfo) n (Xo - Mo) = 0 ,
(bo) if o e K3(0) then P0\σ is a separation isomorphism from σ' to

{P0(τ)\τeσ'}9 and
(c0) if σ0, σγ e iΓ3(0) and σo Φ σL but Po(^o) c P 0 (^Ί) then there

exists σ2 e K3(0) such that σ2 c σγ and P0(σ0) c P0{σ2).
We proceed inductively up the lexicograpical ordering of the mα 's.

Suppose for each element a of a tree labeling system Γk, a 4-tuple
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(ma, Ha, Ma, Sa), and function Pk from S3 to S3 exist that satisfy
(5.16.1), (5.16.2) as modified above, (5.16.3), , (5.16.5), (5.16.6) as
modified above, (5.16.7), , (5.16.10), and,

(ak) Pk({j{Ma\aeΓk)n(Xk- U {Ma\aeΓk}) = 0
(bk) if σ e Kz(k) then Pk\σ is a separation isomorphism from σr

to {Pk{τ)\τ e<7'}, and
(cΛ) if σ0, 0Ί e K3(k) and σ0 ^ σx but Pk(σ0) c P^σO then there exists

σ2 e Kζ(k) such that σ2 c 0\ and Pk(σ0) c Pk(σ2),
where ίΓ(Λ) = !£(&) U iζ(&) U KΛ(k) = U {£"(«) \a e Γk), K'(k) = K[(k) U
K2(k) U iΓ3

;(&) is the subdivision of K{k) given by K{k) mod (JSΓfc - U
{BdMa-Int Ha\aeΓk}),D^ = Xk-(T-D), and A* = Di mod (U{Sβ|α€
Γfe}) U E. Let C7ofc, Z7f be the components of Sz - Xk where Int B c Uf.

Let /\ + 1 = /** U {/?} where /9 is the next element in the lexico-
graphical ordering of the mβ 's. That is, if a — v 2 in is the last
element of Γk then /9 = ij* iΛ-i(in + 1) or /9 = i ^ iw0 depending
on which of these is the lowest subscript among the symbols labeling
the boundary components of the desk-with-holes U {Ha\a e Γk}. Let
ak+ι = (Xk9 J7|jsι, q, mβ) and apply Lemma 5.15 to obtain 5-tuple (Hβ, Mβ,
S, Xk+i, P) that satisfies the conclusion of Lemma 5.15 with K — Kx U
K2 U ̂ 3 the separation complex supported by S in Mβ. Properties
(5.16.1), (5.16.2) as modified above, and (5.16.3) and (5.16.3) are easily
established and we leave this to the reader. Label the components
(if there are any) of (BdHβ) — mβ with mβ0, mβί,

It follows by (5.14.2), (4.6.1), (4.8.1), (4.7), (5.16.2), and (5.16.4) that

Ga = BάMa- Int Ha. Hence, Xk+1 contains (Γ - D) (j (U {Ga \ a e Γk+J).
For σ e 1 3 , P(σ) may intersect U {Int Ma\aeΓk}: however, P(σ)

may intersect at most one of the sets Int Ma, a e Γk Let a{σ) be the
subscript such that P(σ) Π Int Ma{σ) Φ 0 . Proceeding as in Case B,
paragraph 4, of the induction step in the proof of Lemma 5.15 we
may apply Lemma 3.14 and Lemma 3.10 and assume without loss of
generality that S(σ) is a compact PL 2-manifold in σ such that if Y
is a component of S(σ) then YΓ\ Bdσ = ΓίΊ ((Bdσ) - S) = B d Γ ^ S
and P( Y) is a component of Sa{a) Π P(σ). Let Sβ = S U (U {S(σ) \ σ e K5}).
It is clear that Sβ partitions Mβ and let K{β) = K^β) (j iΓ2(/3) U ϋΓ3(/9)
be the separation complex that Sβ supports in Mβ, thus (5.16.4) is
satisfied. It is clear that P satisfies (5.16.7) and (5.16.10) for σ, σ0,
σx e Ks(β) since P satisfied (4.6.2) and (4.6.5) for σ, σ0, σx e K3 and the
applications of Lemma 3.14 and Lemma 3.10 haven't altered these
properties. Let K(k + 1) - Kx{k + 1) U K2(k +1) U K3(k +1) = U {K(a) \ a e
Γk+1} = K{k) U K(β), and Let Sk+ι = Ό{Sa\aeΓk+ι} = Sk U Sβ.

We now show that Pk-P\Mβ is winding function with respect to
(Mβ, Sβ, Hh R). Property (4.6.1) is satisfied since by (5.14.2), and
(5.16.5), respectively, P, Pk satisfy (4.6.1). Property (4.6.2) is estab-
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lished by observing that, by the way K{β) was constructed, if σ e
K3(β) then (U {Ma | a e Γk}) Π Int P(σ) = 0 or P(σ) = | L | where L is a
subcomplex of σ[ for some σQ e K(k) {σ[ is the induced subdivision of
<70 by K'(k)). In the former case, (4.6.2) follows by (5.16.5) and in
the latter case by (bk). Properties (4.6.3) and (4.6.4) are straight
forward consequences of the corresponding properties for P, (5.16.8)
and (5.16.9) for Pk, and the way Sβ was constructed. We now establish
property (4.6.5). Suppose σ0, σx e K9(β), σ0 Φ σly and PkP(σ0 - Sβ) Π
PkP{σ1 - Sβ) Φ 0 then (a) Ma Π Int Pfa) = 0 for i = 0, 1 and all a e
Γk, or (b) Pfa) c Ma, Mr Π Int Pfa-i) = 0 for some α, and all 7 € Γk9

or (c) P(a<) c Ma, Pfa^) c Mr for some α, ΊeΓk. In Case (a), (4.6.5)
follows from the corresponding properties for P, the way Sβ was
constructed, and (5.16.5). In Case (b), P^ia^ - Sβ) c Int PkPfa^)
since PkPfa^ - Sβ) c Xk - (U {Λfα |αeΛ}), -P*-P(̂ » - ^ ) is connected,
and by (ak). In Case (c), either (c.l) there exists a σ* e K3(k) such
that P(0i) c σ* for i = 0, 1 or (c.2) there exist distinct σ0*, ^Γ e -K"s(A)
such that P(^ί) c σf In Case (c.l), (4.6.5) follows from the corre-
sponding property for P and (bk). In Case (c.2), (4.6.5) follows from
(ck), sice we must have Pk(σf) c Pk(σt-%) for i = 0, or 1 by (5.16.10).

Let P f c + 1 — PkP. We showed in the previous paragraph that
Pk+1\Mβ is a winding function with respect to (Mβ, Sβ, Hβ, R). This,
combined with (5.16.5), (5.16.7), (5.16.8) and (5.16.9) for Pk establishes
(5.16.5), (5.16.7), (5.16.8), and (5.16.9) for Pk+ί. Property, (5.16.6) is
valid for Pk+1 since it is valid for Pk, P\ (J {Ga\aeΓk} = 1, and P\Gβ

is a separation isomorphism onto Jajc+1 oί Lemma 5.15.
Property (5.16.10) follows by the corresponding property for Pk

or P if either σθ9 σ1 e Ks(k) or σ0, σ1 e Kd(β). The other cases are (a)σ0 e
Kz(k), σγ e i^(^)^and P(σ^ Π Int Λfα = 0 for all aeΓkor (b) <70 e jKi(A),
σi e Kz{β), and P ^ ) c MΛ for some α 6 Γk. In Case (a), Pk+1(σ0—Sk+1)a
Int P4+ι(^i)ι and P4 + ι(σ0 Π (Sfc+i U JS)) c^Int A + I ( ^ Π (Sk+ι U -E)) since
Λ+i(^Ί - Sk+1) d Xk~ (Ό {Ma\aeΓk}), Pk+1(σ0 - Sk+1) is connected and
by (ak). In Case (b) either (b.l) JP(OΊ) C σ0 or (b.2) there exists a σ* e
X"8(fe) such that P{σx) c σ*. In Case (b.l) (5.16.10) follows by bk since
Pfa) must be the underlying set of a subcomplex of Kr{k) in α * In
Case (b.2), (5.16.10) follows from ck9 since we must have either Pk(σ*)a
Pk(σ0), or Pk(σ0) c Pk{σ*) by (5.16.10) for P 4 .

The properties remaining to be varified are (αA+1), (6A+i), and (ck+1).
We establish these by using the lifting property for winding functions
in Lemma 4.9. For σ e K,(k +1) let N(σ) = {τe K3(k +1) | Pk+1(τ) c Pk+1(σ)
and τ ΦG) and let W{σ) = Pk+1(Xk+1 - (U {Ga\a e Γk+1})) n (Λ+i(^) - U
{Pk+1(τ)Iτ e ΛΓ(σ)}). It is clear that (P,+1(U {MJa e Γk+1})-Pk+1(U{Ga\ae
Λ+i})) Π PA+i(-X*+i) = U {W(σ) I σ e K3(k +1)} and if σ0 ^ cτx then Int W(σ0) Π
Int W fa) = 0 . Also, by (5.16.8), (5.16.9), and (5.16.10), if σ0 Π ^
is a component of iSfc+1 then W(σ0) Π TT(^) = Pk+1(Xk+1 - U {Ga\ae
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Γk+1}) Π (Pk+1(σ0 n σ,) - U {Pk+I(τ)\τeJVfa)}) for i = 0 or 1. I t follows

that for each a e Γk+1, Wa = U {W(σ) | σ e K3(a)} is a compact 2-mani-
fold that satisfies the hypothesis of Lemma 4.9 along with winding
function Pk+1\Ma with respect to (Ma, Sa, Ha, R). Apply Lemma 4.9
for each aeΓk+1 and let Wa be the resulting compact 2-manifold,
K'{a) the resulting subdivision of K{a) satisfying 4.9.3 and Pk+1\Ma

the resulting function that satisfies (4.9.1), •••, (4.9.6).

Let Xk+1 = (U {Wa\aeΓk+1}) U (U {Ga\aeΓk+1}) (j (Xk+1 ~ Pk+1(U
{Ma\aeΓk+1})), let Pk+ι\ U {Ma\aeΓk+1} = U {(Pk+1\Ma)\aeΓk+1)} and
let K'(k + 1) = K[(k + 1) UKl(k + 1) U X?(* + 1) - U{#'(«) |αeΓ & + 1 } .
By (4.9.1), Pk+ί satisfies (5.16.5), , (5.16.10), thus it is only necessary
to varify (ak+1), (bk+1), and (ck+1). Property (ak+1) follows since Xk+1 —

U {Ma I a e Γk+ι) = Xk+1 - Pk+1( U {Ma \ a e Λ + 1 }) . Property (bk+1) follows

by (4.9.4). Property (ck) is established by observing that if Pk+1(σ0) c
Pk+1(σ) then PΛ+1(σ0) is in a component ϋΓ of Pk+ι(σ^ — ^ ( α j since
Pk+1(σ0) is connected and ^ ( O Ί ) Π Pk+1(σ0) = 0 by definition of ^ ( O Ί ) .

The lift of C\Z is the required σ2, that is, σ2 = {Pk+ι\σ^)~ι{C\ Z).

The induction step is now complete. The above process terminates
when {]{Ha\aeΓk} is the disk E, thus completing property (5.16.2).
The reason for not including properties (αfc), (bk), (ck) in the conclusion
to Theorem 5.16 is that they are "empty" in the sense that (D[j
(T- D))f)(U{IntMa\aeΓ}) = 0.

6* Disjoint singular disks* We now prove the following corol-
lary to §§3, 4, and 5.

COROLLARY 6.1. Suppose T is a 2-sphere is S3, D is a PL sub-
disk of T, and E is a PL disk in S3 in general position with respect
to T such that E f] T c D and BάE = BάD. Let Uo, Ux be the com-
ponents of S3 — T and suppose that E{(i = 0, 1) is a PL disk in general
position with respect to D such that BάEt c Ui9 E{ fails to intersect
the 2-sphere E U (T - D), and T — D, BdEΌ, Bd£Ί are in the same
component of S3 — (D (J E). Let Fι (i = 0, 1) be the component of
Ei Π Ui that contains B d ^ . Then for i = 0, 1 there exist collections
&i, %?i of components of D — Ei and of Ei Π Ui respectively such that

(6.1.1) if A e J i , S e ^ then Cl AoClB = 0,

(6.1.2) if Ae g^ and Be&^i then E separates A from B in
Cl U^ and

(6.1.3) the set Di = U{C1 A\ Ae ^ U ifj is a singular disk with
BάDi — Bdi?; obtained by pasting in the sense that there
exists a map / f : Et —•> Di such that fi\Fi = 1 and if K is
any component of /f'(Cl A) for i e ^ U g7* then fi\K is
a PL homeomorphism onto Cl A.
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Proof. It follows from the polyhedral approximation theorem of
Bing [1] that we may assume that the 2-sphere T is piecewise linear.
In order to use Theorem 5.16, we assume that the component of
S3 — T have been labeled so that Cl (Z7Ί) contains a collar of BάE in
E and B is a collar of Cl (T - D) in Cl UQ such that BΠ E = BάE,
and for i = 0, or 1, B Π Eκ = 0 Let R be the 2-sphere defined by
R = E{J ((BάB) - (T - D)) and let the components of S3 - R be Vo,
Vx where Int B c Fo. It follows that B - m, Bdj£0, B d ^ are in the
same component of S3 — (D U E). We use the notation of Theorem
5.16, in particular let Γ, ma, Ha, Ma, Sa, K(a), K and P be as in the
conclusion. The map /< is found by cutting Et off on U {P((BάMa) —
Ha)\aeΓ, \a\ = 1 — i}, but first we observe some useful facts.

It follows from (5.16.2), (5.16.3) that
(6.1.4) Ma contains a corner in Cl (Z7iα| Π V\al)

Also, by (5.16.5), (4.8.2) we have that
(6.1.5) P(Ma) contains a collar of P(BdMa - IntHa) in Cl U[a{.
By (5.16.5), (5.16.7), , (5.16.10), respectively, we have, respec-

tively, (4.6.1), (4.6.2), •••, (4.6.5). Thus P\Ma is a winding function
with respect to (Ma, Sa, Ha, R); consequently, by (4.8.1) we have

(6.1.6) ((B - m) U Bd^o U BάE,) Π P(Ma) = 0 for all aeΓ.
We wish to establish that
(6.1.7) EiΠUί^(zEinP(U{Ma\aeΓ})c:EinP(U{Ma\aeΓ9 \a\ =

1 — i}) for i = 0 or 1.
Let A = {Y\ Y is a component of £7t Π ϋΊ_i such that there does

not exist a σ e K3 such that 7 c P(0 )} and let B = {Z\Z is a com-
ponent of I?, Π Int P(σ) where σ e (J {i^(^) I α e Γ, | α | = 1} and there
does not exist a τ e U {Kz{a) \ a e Γ, \ a \ = 1 — i} such that P{σ) c P(r)}.
Suppose 4̂ u B Φ 0 , then there exists an outermost element of A (J B
in Ei. That is, there exists an element We A U B such that TF' fails
to separate W from B d ^ in Et for all i f ' e A u ΰ . Let w be the
outermost component of Bd W and let X be the component of Ei — T
such that w c BdZ but X Π TF= 0 . If TF e A then, since w c P(Bdσ -
(S U E)) for some σ e Kd and because of (6.1.5), it follows that there
exists a Ze B such that X (z Z contradicting that W is an outermost
member of A U B in Et. If WeB, then, by (6.1.5) since TF is also
an outermost member of B, it follows that XeA contradicting that
W is an outermost member of A (J B in E^ Hence we must have
A{J B = 0 and (6.1.7) is established.

We wish now to establish that
(6.1.8) E separates E{ - P(U {Mα\α eΓ, \α\ = 1 - i}) from P(U

{(Bdikfα) - Hα\αeΓ, \α\ = i}) in Cl U*.
Suppose (6.1.8) is false, then by (6.1.7) there exists an arc αb

from α to b such that αe E, - P([j {Mα\αeΓ}), beP((BάMα) - Hα)
for some αeΓ with | α | = i, and Int αb αUi — E. However, by (6.1.5)
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there exists a point c in ab near b such that c e (P(Ma) — P(BdΛQ) Γ)
Ui But this contradicts (4.8.1), thus (6.1.8) is established.

The collections g*<, ̂  (i = 0, 1) of the conclusion will be chosen
such that {J{A\Ae g ^ c ^ - P ί i l ί - M α l α e Γ , | α | = l-i})and Ό{G\A\Ae
3fίi c P(u {BdJkQ-iϊ|αeΓ, | α | = l-i}). Properties (6.1.2) and (6.1.1)
will then follow by (6.1.8) and the fact that P(U {(BdΛQ - Ha\ae
Γ,\a\ =i})f)P([J{(BdMa)- Ha\aeΓ, \a\ = 1 - i}) = 0 .

If m is a component of DπEi then we let E^m) be the disk m bounds
is #,. Let g7 = {X\X is a component of Et - P(U {Λfα|αeΓ, | α | =
1 — i}). Each member of g?/ is an open disk-with-holes whose boundary
consists of one "outer" simple closed curve and perhaps several "inner"
simple closed curves. We accordingly let ^ = {m|m is a component
of BdX for some Xe §?/, and XdEi{m)} and ^ = {m\m is a com-
ponent of BdXfor some Xe g7/, and Xf] E^m) = 0}. For each me
._Λ we find a disk-with-holes Z>(m) c P(u {(Bdikία) - ίζ . lαeΓ, | α | =
1 — i}) such that m c BdD(m) and if ^ is a component of (BdjD(m)) —
m then w e ^ i and u c E^m). The D(m)'s bridge the gaps between
elements of g?/ and enable us to define the map ft of the conclusion
(see Figure 5).

rfθ(Eθ)

FIGURE 5

Let m G U^; then m c P(Bdσ — (Si) E)) for a unique σ e Kz(a) with
[α[ = 1 — i. Let Y be the component of P(σ) Π JŜ  that contains m.
Clearly 7 c E^m), and since there does not exist a τ e J ζ such that
P(σ) c Int P(τ) it follows by (6.1.5) that each component of (BdΓ) - m
is in ^ . Since each component t of Bd Y separates T, we have that t
separates the 2-face τ of {P(T)\Te σ) that contains t. By Lemma 3.14,
Y separates P(^), and by Lemma 3.10 we may assume without loss
of generality that there exists a compact, connected PL 2-manifold
σo(zσ such that σ0 Π Bάσ — σ0 ΓΊ ((Bάσ) — (S U -&)) = Bdσ0 and P\σ0 is
a separation isomorphism from σQ to {t\t is a component of Bd Y] U {Y}
Let m' be the component of Bdσ such that P{mf) = m. The 2-mani-
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fold σ0 separates M(a) so let D'{m) be the component of (BάM(a)) — σ0

that contains m' in its boundary but does not contain H(a). It follows
that BdD'(m) c Bdσ0. Let D(m) = P(D'(m)).

For ma G ^ , let X(mα) be the element of gf/ that contains ma in
its boundary and let ma0, maU be the remaining components of
BdX(mα). Also, let mβ0, mβl, be the components of (BdD(mβ)) — mβ.
Let mi = B d ^ , then for i = 0, 1, /<, g7*, £ ^ of conclusion are given
respectively by

X(mj) U ( U ^(w W l )) U ( U Άmohΰ) U ( U 2?(mMl><ϊf^) U

< - {X(mt)} U {X(moil,2)} U {X(m0hi2hh)} U •

i - {J0(mMl)} U {D(mohhh)} U {i)(moί l ί2ί3ί4ί5)} U .

That there exists no circularity in ft(Ei) follows from the fact that
BdD(ma) c Eiima) or, in other words, we proceed always from the
"outside" to the "inside" along Et.
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