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SUBDIRECT SUM DECOMPOSITIONS OF
ENDOMORPHISM RINGS

JOHN J. HUTCHINSON AND JULIUS ZELMANOWITZ

The main result of this paper is that if a ring R is an
essential subdirect sum of prime rings and Mis a torsionless
i?-module, then the endomorphism ring of M is also an essen-
tial subdirect sum of prime rings.

In [4] Levy defined irredundant subdirect sums of rings. This
provided a unique decomposition of a left quotient semisimple ring as
a subdirect sum of left quotient simple rings. He also showed that
irredundant subdirect sums of prime rings possess some rather strong
uniqueness properties.

In [2] essential subdirect sums were defined and Levy's decom-
position theorem was obtained for essential subdirect sums. Further-
more in [3] it was shown that a ring R has a maximal left quotient
ring which is a direct product of full linear rings if and only if R
is an essential subdirect sum of rings whose maximal left quotient
ring is full linear.

In §1 of this paper we show that for subdirect sums of prime
rings, essential and irredundant subdirect sums are identical. We also
give some uniqueness properties of essential subdirect sums which are
even stronger than those for irredundant subdirect sums.

In §2 we show that if M is a torsionless 12-module and 22 is an
essential subdirect sum of prime rings, then the endomorphism ring
of M is also an essential subdirect sum of prime rings. We get this
theorem as a consequence of a more general result about Morita con-
texts. The proof of the more general result is notationally more
efficient.

1* Essential subdirect sums of prime rings* In what follows
R will be an associative ring which is not assumed to have an identity.

RM will express that M is a left JS-module. A submodule K of M
is an essential submodule if every nonzero submodule of M has non-
zero intersection with K. M will then be an essential extension
of K.

Let a set of nonzero rings {Ra\aeA} be given, and let {πa\aeA}
denote the set of projections from the (complete) direct product ]JaRa

onto Ra. J? is a subdirect sum of the Ra if there is an isomorphism
/ of R into J[aRa such that fπa is onto Ra for each a e A.

Let fβ be the map from R into ΐ[a^βRa defined by fβ:r—*
{rfπa\a Φ β}. The subdirect sum is irredundant if the kernel of fβ
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is nonzero for each β e A. If we identify R and Rf (which we
will henceforth do), then R^ΐ[aRa and the subdirect sum is irre-
dundant if and only if R f] Ra Φ 0 for all aeA (β n R<* = ker/α).

The subdirect sum is essential if R is an essential left i?-sub-
module of ϊ[aRa If the subdirect sum is essential, then it is irre-
dundant since Ra is an itϊ-submodule of Π X and Ra Π R Φ 0 for each
aeA.

LEMMA 1.1. If R is a subdirect sum of nonzero prime rings
{Ra\ae A}; then the subdirect sum is essential if and only if it is
irredundant.

Proof. If the subdirect sum is irredundant, then by [4, Prop,
4.2] the maximal left quotient ring R of R is equal to the direct
product of the maximal left quotient rings Ra of Ra. Since RS
ΐ[aRa £ IlaR it follows that RR is essential in ΐ[aRa and the subdirect
sum is essential.

The following example shows that essential subdirect sums and
irredundant subdirect sums are not in general the same, even for
left quotient semisimple rings.

EXAMPLE 1.2. Let Si and S2 each be the direct sum of two copies
of the integers. If

then R is a ring which is an irredundant subdirect sum of SL and S2.
However M — Rx where x = ((0, 0), (0,1)) is a nonzero 22-submodule
of SL 0 S2 but M Π R = 0. Hence R is not an essential subdirect sum
of S, and S2.

LEMMA 1.3. Suppose R is a subdirect sum of nonzero rings
Ru , Rn and each Ri is a subdirect sum of Qiyl, , Qifk. The natural
subdirect sum decomposition of R as a subdirect sum of the {Qi,j} is
essential if and only if R is an essential subdirect sum of Ru , Rn

and each Ri is an essential subdirect sum of Qifl, •••, Qi,hi.

Proof. [2, Prop. 2.2].

Loosely speaking, we may think of the preceding lemma as a
generalized associative law for essential subdirect sums. The following
example shows that irredundant subdirect sums do not have this
property.

EXAMPLE 1.4. Suppose Sί9 S2, and R are as in Example 1.2, and
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let S3 = St. If Q = {(((a, b), (c, d)), (e, /)) | ((a, b), (c, d)) e R, (e, f) e Sz,
and a — e}, then Q is a ring and Q is an irredundant subdirect sum
of R and S3. The natural subdirect sum of Sl9 S2, and S3 is not irre-
dundant since S1f)Q = O.

LEMMA 1.5. Let C be an essential subdirect sum of prime rings
CΊ, , Cn and let A and B be prime rings. If an essential subdirect
sum of A and C is isomorphic to an essential subdirect sum of B and
C, then A= B.

Proof. If an essential subdirect sum of A and C is isomorphic
to an essential subdirect sum of B and C, then since C is an essential
subdirect sum of Cl9 •••, Cn we have by Lemma 1.3 that an essential
subdirect sum of A, Cl9 , Cn is isomorphic to an essential subdirect
sum of B, d , , Cn. By Lemma 1.1 the subdirect sum is irredundant,
and by [4, Theo. 3.2] the subdirect summands are unique up to iso-
morphism. Thus A = B.

Loosely speaking, the preceding lemma is a cancellation law for
essential subdirect sums of prime rings. The following example [4,
p. 74] shows that the corresponding result does not hold for irre-
dundant subdirect sums.

EXAMPLE 1.6. Let A be a polynomial ring in an infinite number
of indeterminants over the integers, and let B be the same polynomial
ring over the rationale. Then there is a homomorphism / (respec-
tively g) of A (respectively B) onto itself with a nonzero kernel. Let
C= A@B. Then R = {(x, (y, z))\xe A, (y, z) e C, f(x) - y) is a sub-

direct sum of A and C. The subdirect sum is irredundant since if
x is any nonzero element of ker /, then (x, (0, 0 ) ) e i n R) and if x is
any nonzero element of B, then (0, (0, x))eC f] R. However R~C
since the middle component can be omitted. Similarly we construct
an irredundant subdirect sum of B and C which is isomorphic to C.
Since A is not isomorphic to B, we have the desired example.

2* Essential subdirect sum decompositions of endomorphism
rings. Assume that {R, M, N, E) is a Morita context [1]. That is,
suppose BMJS and ENB are bimodules with R-R bimodule homomorphism

and E-E bimodule homomorphism

[ ,

satisfying
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m\nu m2] = (mu n^)m2 and n1{mu n2) = [nlf mx]n2

for all Tii e N and mi e M.

EXAMPLE 2.1. Let RM be any iϋ-module with E = Hom^M, M)
and N = RomR(M, R). Set (ra, /) = m/ for m e M and / e N and
define [/, m] via raj/, m] = (ml9 f)m for mx e M. Then (2?, M, ΛΓ, E)
is a Morita context which we will call the standard context for RM.
It is easy to see that ME is faithful and (M, /) = 0 implies / = 0.
It is also immediate that RM is torsionless if and only if (m, N) — 0
implies m = 0.

Henceforth we assume that {R, M, N, E) is a Morita context with
E Φ 0. If I is an ideal of R define /' = {e e jE7|(Λfe, ΛΓ) S /}; I ' is an
ideal of £7. Similarly for J an ideal of S, Jf = {r G ί2| [Vr, ikf] S J} is
an ideal of i?.

LEMMA 2.2. Lei P be a prime ideal of R which does not contain
(M, N). Then

(i) P' is a prime ideal of E, and
(ϋ) P = p " .

Proof, (i) If JETS P' where X and Y are ideals of E, then
(MZT, ΛΓ) S P so that (MX, N)(MX, N) = (MX[N, M]Y, N) S
(MXY, N) S P. Since P is prime, either (MY, N) S P or (ikfΓ, iSΓ) S
P Hence either X s P ' or 7 g P f and P' will be a prime ideal of
E provided P ' Φ E. Since (Λf, iV) g P, (ikf [iV, Jlf ], iV) - (M, iV)2 g P,
and this implies that P ' Φ E.

(ii) It is easy to show that P" = {r e R\(M, N)r(M, N) S P}
Thus (ikί, N)P"(M, N) s P Since P is a prime ideal of # and does
not contain (M, N), it must be the case that P " S P The reverse
inclusion is obvious, and so P — P".

THEOREM 2.3. Let R be an essential subdirect sum of prime rings
{Ra\aeA}, and suppose that (R, M, N, E) is a Morita context such
that {Me, N) = 0 only if e = Oe E.1 Then E is an essential sub-
direct sum of prime rings {Eβ \ β e B) for some subset 2? £ A.

Proof. R is clearly semiprime and there exist prime ideals
{Pa\aeA} of R such that

( i ) R/Pa ^ Ra for each a e A,
(π) n«p« = o,
(iii) n « ^ Pa Φ> 0 for each β e A (R Π Rβ Φ 0).
Set / = {r e R | r(M, N) = 0}. / is an annihilator ideal, and we

Equivalently, E is semiprime and [N, M] is an essential left ideal of E.
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assert that / = {r eR\[Nr, M] = 0}. To see this, note that r(M, N) = 0
implies that (M[Nr, M], N) = (M, N)r(M, N) = 0, whence by hy-
pothesis [Nr, M] = 0; conversely, if [N, rM] = 0 then (r(M, N))2 =
(rM[Nr, M], N) - 0 whence r(M, N) = 0 because J? is semiprime.

Next, set B={βe A\Pβ 2 I and P^ g (M, iSΓ)} and C = { τ 6 A | P r 2
(j|f, JV)}. Since each Pa Ξ2 I(ikf, iV) = 0 and Pα is prime, it follows
that A is the disjoint union of B and C. We will prove that E is
an essential subdirect sum of the prime rings {Eβ = E/Pβ\βe B}; i.e.,
we show that (i) Π ^ ΰ ^ = 0, and (ii) Γ\β^βo,βeBPβ Φ 0 for any fixed
/3o€ δ

(i) If eeΓ\βeBPβ, then (Λfe, N)S ΓiβeBPβ, and so (Jlίe, JV) S
ΠβeB Pβ Π Πrsc Pr = ΠatA Pa = 0. Thus e - 0 and Γbβ* ̂  = 0.

(ii) Suppose Γ\β*βύ,βeB Pβ = 0 for some /So € J5. First observe that
/ Π ΠrtC Pr S ΠβeB Pβ n ΠreC Pr - Παe^ Pα - 0. But

n p.= n p,nπPr= n
^ ^ ^ βBβ^β γC βeBβ£π

γeC

= \reR\[Nr,M]S Π P,' = θ} Γ) Π i W Π Π i>r = 0 ,
I βeB,β^β0 ) γeC γeC

where the second equality comes from Lemma 2.2. This contradicts
Γ\aeA,a*β0Pa Φ 0, and establishes the claim.

In case C is the empty set (this occurs exactly when I — 0), we
define ΓϊrecPγ — 0, and the above proof is valid. Note that for the
standard context with RM torsionless we have 1=0 exactly when

RM is faithful.

COROLLARY 2.4. Let (R, M, N, E) be a Morita context such that
[Nr, M] = 0 only if r = 0 e R. If E is an essential subdirect sum
of prime rings, then the same is true for R.

Proof. Apply the previous theorem to the symmetric Morita
context (E, N, M, R).

COROLLARY 2.5. // RM is a torsionless module and R is an
essential subdirect sum of prime rings, then the endomorphism ring
of RM is an essential subdirect sum of prime rings.

Proof. Use the standard context for RM.

COROLLARY 2.6. If R is a semiprime ring with the maximum
condition on annihilator ideals, and (R, My N, E) is a Morita context
such that (Me, N) — 0 only if e = OeE, then E is a semiprime ring
with the maximum condition on annihilator ideals.

Proof. By [4, Theo. 3.13], R is a semiprime ring with the
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maximum conditions on annihilator ideals if and only if R is a sub-
direct sum of a finite number of prime rings. Theorem 2 3 ensures
that this property is inherited by E.

REMARK. The methods employed above do not seem sufficient to
treat the passage of chain conditions on one-sided annihilator ideals
to endomorphism rings. Results in this direction would be of interest.
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