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GROUPS IN WHICH AUT(G) IS TRANSITIVE ON
THE ISOMORPHISM CLASSES OF G

ALBERT D. POLIMENI

Let G be a finite group and let A(G) denote the group of
automorphisms of G. G is called a TVgroup if whenever Li
and L2 are isomorphic subgroups of G there is a φ e A(G)
such that Lf — L2 It is the object of this paper to determine
structural properties of Ti-groups of odd order. In particu-
lar, if G is a TVgroup of odd order, then it is shown that G
is a split extension of a Hall subgroup H, which is a direct
product of homocyclic groups, by a groups K whose Sylow
subgroups are cyclic. If G is a super solvable group of odd
order then it is shown that G is a Γi-group if and only if
G = HK as in the previous sentence and K is cyclic with
elements which induce power automorphisms on H. Finally,
it is shown that if G is a TVgroup of odd order, then every
subnormal subgroup of G is normal if and only if G is
supersolvable.

1* Preliminaries* Gaschutz and Yen [3] call a group G a
T(#>)-group, p prime, if A(G) acts transitively on the elements of G
of order p. G is called a T-group if it is a T^-group for all primes
p. The main theorem of their paper is

THEOREM A. If G is a T-group of odd order, then G is an
extension of a nilpotent Hall subgroup by a cyclic group.

The important steps in their proof are:
(a) If M is a minimal characteristic subgroup of the solvable

T(p)-group G, then G/M is a T(p)-group.
(b) Any Sylow p-subgroup of a solvable T(p)-group is also a

T(p)-group.
(c) If p is an odd prime and G is a solvable !Γ(^)-group, then

G has p-length ^ 1.
(d) A Γ-group of odd order has a normal Sylow subgroup.
(e) If G is a Γ-group of odd order, then the nonnormal Sylow

subgroups of G are cyclic.
Let p be a prime. We call a group G a TΊ(p)-group if A(G)

acts transitively on the subgroups of G of order p. Certainly a
2Vgroup is a 7\(:p)-group for each prime p. It is of interest to
point out that the Tits simple group (it has order 2n 33 52 13) is a
Γ1(3)-group; in fact, its subgroups of order 3 are conjugate. However,
it has extraspecial Sylow 3-subgroups, which are not Γ1(3)-groups.

473



474 ALBERT D. POLIMENI

It turns out that one can show that properties (a)—(e) are satisfied
if Tx replaces T, the proofs being similar to those given by Gaschutz
and Yen. For the sake of completeness we will include these argu-
ments. In the discussions which follow we will make frequent use
of the Feit-Thompson result [2], that all groups of odd order are
solvable.

LEMMA 1. Let G be a group of odd order. Then properties (a)—
(e) above hold if T is replaced by Tx.

Proof, (a) Let M be a minimal characteristic subgroup of the
solvable 7\(p)-group G, then M is an elementary abelian g-group for
some prime q.

Case 1. p Φ q. Let xM and yM be elements of G/M of order
p, so we can assume | x | = | y | = p. Thus there is a φ e A{G) such
that (x}φ = (y). The map φ induces an automorphism φ of G/M and

= (yM).

Case 2. p = q. Let xM be an element of G/M of order p. Since
p = q and G is a jΓΊ(p)-group ilf — {g e G \ gp = 1}, thus a? must have
order p2. We will be finished if we can show that every cyclic sub-
group of order p2 can be mapped (mod M) by an automorphism of
G to a fixed cyclic subgroup of order p2. Let P be a Sylow ^-sub-
group of G and let u be an element of the second center of P of
order p2. Let x be an element of G of order p2, then we can find
an inner automorphism of G which will map x into P. So we assume
xeP. By the TΊ(p)-hypothesis on G there is a ^eA(G) such that
(xp)φ = <%p>. It can be shown without too much trouble that
P £.Cσ(M), so we can choose c e CG(M) so that Pφc = P. If (α?*)* = uιp,
then since % is in the second center of P

Thus xφcu~ι e M. Hence there is an a e A(G/M) such that (xM)a =
OM>. So G/Λf is a T^-group.

(b) Let P be a Sylow p-subgroup of G and let M be as in part (a).

Case 1. p Φ q. Then G/M is a T^-group and PM/M is a Sylow
p-subgroup of G/M. Thus by induction PM/M is a
Hence P is a

Case 2. p = q. Let C = CG{M), then P g C . Let x,yeP such
that I a I = I y I = p, then there is a ^ e A(G) such that <#/ = <j/>.
There is a c e C such that P^c = P; let a be the restriction of φlc to



GROUPS IN WHICH Auτ(G) IS TRANSITIVE 475

P, where Ic denotes the inner automorphism of G determined by c.
Then a e A(P) and (x}a = (xy° = (y)c = (y) since ?/ e Λf. Thus P is
a rL(p)-group.

( c ) Let P be a Sylow p-subgroup of G. Since P is a T^-group
a result of E. Shult [8] states that P is a homocyclic group. Hence
the Sylow p-subgroups of G are abelian, so that G has p-length <̂  1.

(d) Since G is a IVgroup it is a TΊ(r)-group for all primes r
dividing ]G|. Let M be as in part (a), then GjM is a T^rJ-group
for each prime divisor r of \G/M\. We show by induction that if G
is a group of odd order which is a T^rj-group for each prime divisor
r of \G\, then G has a normal Sylow subgroup. Thus G/M has a
normal Sylow subgroup QM/M, say a Sylow p-subgroup.

Case 1. p — q. Then Q is a normal Sylow p-subgroup of G.

2. p Φ q. Then Q = MQ19 where Qx is a Sylow p-subgroup
of G. All complements of M in Q are conjugate under M. Let
N = NG(Qi). By the Frattini argument we get that G = MN. Now
JlίnJV= MπZ(Q) is a characteristic subgroup of G, so ilίfl iV = 1
or M. If Af n N = 1, then ilί will be a normal Sylov/ p-subgroup of
G. If Λf Π N — M, then G = N and hence Qx is a normal Sylow sub-
group of G. Thus if G is a Γrgroup of odd order it must have a
normal Sylow subgroup.

(e) Since G is a TV-group it is also a Γ^rJ-group for each prime
r. Suppose G is a Tx(r)-group for each prime r and is minimal with
respect to having a noncyclic nonnormal Sylow subgroup Q, say Q is
a Sylow g-subgroup.

1. G has a unique minimal characteristic subgroup M. For sup-
pose Mi and M2 are distinct minimal characteristic subgroups of G.
By (a) and the minimality of G, since QMJMi are noncyclic for i =
1, 2, we know that QMJM1 and QM2/M2 are normal Sylow subgroups
of G/ϋίi and G/M2, respectively. Thus QMi<\G for i = 1, 2 and hence

fi Π QM2 <! G, a contradiction.

2. G = MQ. QM/M is a noncyclic Sylow subgroup of G/M, hence
^ G/M. Thus QM/M = Oq(G/M), so QM is characteristic in G.

Then Qilί is a T^-group for each prime r. If Qikf ^ G then Q < QM
by the minimality of G, and so Q <! G, a contradiction. Hence
G - MQ.

3. Q is abelian. See the proof of part (c).
4. Q is cyclic and we have a contradiction. M is a module under

the action of Q. If M were not a faithful Q-module then for some
v e M, vx — v for each x e Q. Hence since G is a TΊ(p)-group we
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would get gx = g for each g e M and xeQ. Then Q <] G, a contradic-
tion. Let M = Mt x Mi x x Mm be a decomposition of M into
irreducible submodules. If Ut e Mi9 ut Φ 1, then Mt = <X* | a; e <2> for
i = 1, 2, , m. Let G* = {& 6 G | [$, t&J = 1}, ί = 1, 2, , m, then we
see that ΠΓ=iG{ = Λf. Let u = w ^ um and let G0 — {xeG\[x, u] = 1},
then [u, x] — 1 if and only if [ui9 x] = 1 for ί = 1, 2, , m. Thus
Go = M. A(G)/M transitively permutes the set Xof subgroups of order
p in M. Consequently M breaks up into A(G)-orbits Uί9 U2, •••, Uk,
each element in one orbit being the power of an element in any other.
Thus A(G) induces the same group of permutations in each U{. Since
QM — G is a normal subgroups of A(G), all QM-orbits on Ui have
the same cardinality, which does not depend on i. Since Go — M, u
belongs to a ζ>ilf-orbit of length | Q |. Hence ux belongs to a Qikf-orbit
of length | Q | . But this asserts that the irreducible ^(Q)-module
Mι is faithful. Thus ZP(Q) is a simple ring and Q must be cyclic.

We note that if G is abelian then G is a TΊ-group if and only if
G is a direct product of homocyclic groups. Finally, if Hx and H2

are 7\-groups such that ({H^, \H2\) = 1, then their direct product is
also a Γrgroup. Thus it suffices to consider nonabelian ΪVgroups of
odd order which have no Hall direct factors.

II• The main theorems • We see from Lemma 1 that if G is
a ΪVgroup of odd order then G has a normal Sylow subgroup and
the nonnormal Sylow subgroups are cyclic. We call a group 1-meta-
cyclic if each of its Sylow subgroups is cyclic. Hence we have

THEOREM 1. If G is a 2\-group of odd order, then:
(1) G = HK, where HnK= 1.
( 2) H is a normal Hall subgroup of G which is a direct product

of homocyclic groups.
(3) K is a 1-metacyclic Hall subgroup of G.

Proof. Let H be the product of the normal Sylow subgroups of G
and let K be a complement of H in G. G is a TΊ(^)-group for each
prime p hence each Sylow subgroup of G is homocyclic. Moreover,
part (e) of Lemma 1 tells us that K is 1-metacyclic.

It is important to point out that we cannot conclude that K is
cyclic in Theorem 1. For let H be an elementary abelian group of
order 53. The group SL3(5) has a subgroup K of order 31 3 which is
Frobenius. Let G be the splitting extension of H by K, then G is
a 7\-group in which the isomorphism classes are actually conjugacy
classes. So the best we can say is that K is 1-metacyclic.

It is an easy matter to see that 1-metacyclic groups are ΪVgroups
(for the structure of 1-metacyclic groups see [5], p. 146).
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LEMMA 2. Let G be a 1-metacyclic group. Then G is a TΓgroup.

Proof. Let Lλ and L2 be isomorphic subgroups of G and suppose
G = KJί» where Kγ = G', i ^ and X2 are cyclic, and (| K, |, | ίΓ81) = 1.
Then Lx = (Lx Π K,)T and L2 - (L2 n 1QS, where | T \ = \ S | is a divisor
of [K2\. Since L : = L2 and Kx is cyclic, we have Lι<C\K1 — L2{\ Kx.
By a Hall theorem there is an element xe Kλ such that Sx S iζj
Without loss of generality one may assume T ^ iΓ2, so we have Sx — Γ
as iΓ2 is cyclic. Thus L2

X = (L2 Π IQ^S* = (L2 n K,)T = L,. So G is
a TVgroup.

Henceforth, if a group satisfies conditions 1-3 of Theorem 1 then
we say it satisfies conditions 1-3.

LEMMA 3. Let G be a group satisfying conditions 1-3 and let Lι

and L2 be isomorphic subgroups of G such that Lλ[\ H — L2f] H.
Then Lx and L2 are conjugate.

Proof. We go by induction on | G | Suppose Lι = H1T and
L2 — Hβ, where Hι~Lιf\H and S ^ K. Then there is an element
xe H such that Tx g K, so L? - HtT\ Let N= N^H,), then N =
HR where R^LK and <T% S> ̂  i2. Moreover, iV satisfies conditions
1-3. If R Φ K, then by induction there is an element y e N such
that Lty = L2. If N = G then H^G, so choose y e K so that ϊ 7 ^ = S
(this choice is possible by Lemma 2). Then Lί* = H ί T ^ = HλS = L2.

THEOREM 2. Let G be a group of odd order satisfying conditions
1-3. Then G is a Tx-group if and only if A(G) permutes the isomor-
phism classes of H transitively.

Proof. Assume A(G) permutes the isomorphism classes of H
transitively and let Lx and L2 be isomorphic subgroups of G. Then
Lx = (L, f]H)T and L2 = (L2 n H)S, where it is assumed S ^ K.
There is a φ e A(G) such that (LλnH)* = L2f]H, hence Lf = (L 2 nίί)? 7 ^.
Thus by Lemma 2 there is an xeG such that Lf * = L2. Thus G is
a TVgroup.

THEOREM 3. Lβί G be a supersolvable group of odd order. Then
G is a Trgroup if and only if G satisfies conditions 1-3 with K
cyclic and the elements of K induce power automorphisms on H.

Proof. Suppose G is a TVgroup. Then we know G satisfies con-
ditions 1-3, so we need to show that each element of K induces a
power automorphism on H. Let c e K and let p be a prime divisor
of \H\. Since G is supersolvable it has a normal subgroup of order
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p. Thus since G is a TΊ-group every subgroup of order p is normal in
G. Let A1 — (x 6 H \ \ x | is a prime) and suppose | A1 \ — p0^ p"r,
a prime factorization. Let B€ be the p rSylow subgroup of ^ and
suppose Bi — <αx> x <α2> x x <αs>, where \as\ — Pi for 1 ^ i ^ s.
We know that a) = αj* for some Ẑ  G Z, 1 ^ i ^ s, and (αxα2 αs)

c =
( α ^ a^ for some U e ϋΓ. Then Ẑ  Ξ= t, (mod p<), 1 ^ i ^ s, so if
6 G JB,, say 6 = αf1 αΓs> then δc = αΓlC a?*c = α^w c#m« = δ**.
So c induces a power automorphism on Bi9 1 ^ i ^ r. Now let a? G Aw

such that α? = xtxz xr, where | ίc41 = p< for i = 1, , r. Then
of = x* for some ί G Z, hence ί Ξ ί (mod p j , 1 ^ i ^ r So if # e Ax, y =
2/il/s 2/r where ^ G Bi9 then ye = y{ - yc

r = yl - * - yϊ = yf- So c in-
duces a power automorphism on Aλ. Let Afc = (xe J? | |a?| = p1 ^ pk

for some prime p | |£Γ|>, k ^ 1, and assumes c induces a power auto-
morphism on Ak. Then Ak is a characteristic subgroup of G and
G/Afc is a T ^ - g r o u p for each prime p\ \H\. Since G/Afc is super-
solvable it has a normal subgroup {aAk} of order p, where p is a
prime divisor of | G/Ak |. We can assume | α | = p f e + 1. Then αc = asb
for some 6 e Ak and some s e Z, so αpc = αpβ bp e <αp> as <αp> is
normalized by c. So we can assume bp = 1. Suppose #c = «* for all
x e A k , t h e n α p c = a p s — a p t . S o s = t ( m o d p f c ) , h e n c e y8 — y* if \y\ —
pι <^ pk. If I c I = w, then αf% = ίcί% = a? for all x e Ak, hence from
ac = asb one can find that a = α' ft *"1. Thus we get bn = as~sn+\
and since (n, p) — 1, we get 6 e <α>. Thus c normalizes <α> and hence
every cyclic subgroup of order pk+ί, for each prime p dividing \H\.
Using methods similar to those used for Ax one can show that c
induces a power automorphism on Ak+ι. Thus c induces a power
automorphism on H.

We know that K is 1-metacyclic and induces power automor-
phisms on Hy hence KjCκ(H) is isomorphic to an abelian subgroup of
A(H). Thus K' ^ CK(H), so iΓ<3 G. Then letting Kx be a comple-
ment of K' in i ί we arrive at G = (HK')^ where i ϊ i Γ is a normal
Hall subgroup of G which is a direct product of homocyclic groups
and Kt is cyclic.

Conversely, if G is a group satisfying conditions 1-3 with the
elements of K inducing power automorphisms on H then one can
extend each element of A{H) to G. For if φ e A(H) define a: G-+G by
(hk)a = hφk, where h e H and keK. The essential feature is to show
that a: is a homomorphism. Let hjeίf h2kz e G and suppose kjik^1 = Λm

for all &GJf?, where meZ. Then

Thus α is an extension of ^ to G. Thus A(G) permutes the isomor-
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phism classes of H transitively, so by Theorem 2 G is a TVgroup.

Ill* ^-groups* A group G is called a ί-group [4] if every sub-
normal subgroup of G is normal. W. Gaschutz has studied ί-groups
and shown that if G is a solvable ί-group with G/L the largest nil-
potent factor group, then:

(a) G/L is Dedekind,
(b) L is an abelian Hall subgroup of odd order,
(c) the inner automorphisms induce powers on L.

It is clear that a solvable ί-group is supersolvable.

THEOREM 4. Let G be a Trgroup of odd order. Then G is a
t-group if and only if G is super solvable*

Proof. Assume G is supersolvable and let R be a subnormal
subgroup of G. Now G satisfies conditions 1-3, so R = (R n H)T
where T is cyclic and \T\\\K\. We can assume without loss that
T <Ξ: K. Choose a subgroup S of K maximal with respect to (R f) H)S
being subnormal in G. Then there is a subnormal series in G of the
form

l<RnH<(RnH)T<(RnH)S<HιS< - <HmS = HS<G.

We have (R n H)S ^ H,S < H2S and (| R n H)S/R ΠH\,\ H.S: (R Π
H)S\) = 1 . So (22 Π H)S/R Π H is characteristic in Hβ/R Π 2Γ.
Hence (R f] H)S <3 iί2S. Continuing this process we get (R Π ίί)S ^
SH. But (\RΠH)S/RΓ\H\, \HS: (R Γ\H)S\) = 1, so (RΓ\H)S/RΓ)H
is characteristic in flS/22 Π ίΓ. Thus (2? Π £Γ)S < G. Now R/R n Jϊ
is characteristic in (22 Π 2ϊ)S/22 n H since (22 n H)S/R f] H is cyclic.
Thus 22 <] G, and G is a ί-group.

It is clear that there exist ί-groups of odd order which are not
TV-groups.

IV* The general case. At this point I would like to make some
remarks which may prove useful in trying to characterize Γrgroups
of odd order. Given a TVgroup of odd order we know that it satisfies
conditions 1-3. Then:

1. G' - (G' Π H)K\
2. If P is the Sylow p-subgroup of H and P £ G', then P Π Gf =1

and P § Z(G). Thus we can write H = HJEL^ where Ht and H2 are
Hall subgroups of H, H, S Z{G), and 2Ϊ2 g G'. Moreover, G - ί Γ ^ ^
is a TVgroup if and only if H2K is a TΊ-group. Thus it suffices to
characterize Trgroups G for which ί ί g G ' .

3. The following lemma, which appears in other papers [see, for
example, 7], will be useful in the solution of this problem.
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LEMMA B Let G be a group satisfying conditions 1-3. Then
an element φ e A{H) is extendible to G if and only if φ normalizes
the image of K in A{H).

Thus we see that if L is a subgroup of A(H) which permutes
the isomorphism classes of H transitively and L normalizes the image
of K in A(H), then G is a Trgroup.
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