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CONTRACTORS, APPROXIMATE IDENTITIES AND
FACTORIZATION IN BANACH ALGEBRAS

MIECZYSLAW ALTMAN

The concept of a contractor has been introduced as a tool
for solving equations in Banach spaces. In this way various
existence theorems for solutions of equations have been
obtained as well as convergence theorems for a broad class
of iterative procedures. Moreover, the contractor method
yields unified approach to a large variety of iterative pro-
cesses different in nature. The contractor idea can also be
exploited in Banach algebras.

A contractor is rather weaker than an approximate identity.
Since every approximate identity is a contractor, the following
seems to be a natural question: When is a contractor an
approximate identity? The answer to this question is investi-
gated in the present paper.

Concerning the approximate identity in a Banach algebra A it is
shown that if a subset U of A is a bounded weak left approximate
identity, then U is a bounded left approximate identity. This
important fact makes it possible to prove the well-known factoriza-
tion theorems for Banach algebras under weaker conditions of existence
of a bounded weak approximate identity.

2. Approximate identities. Let A be a Banach algebra.

DEFINITION 2.1. A subset Uc B A is called a left weak (or
simple) approximate identity for the set B if for arbitrary be B and
€ > 0 there exists an element w € U such that

@.1) lub — bl <.

DEFINITION 2.2. A subset U < B< A is called a left approximate
identity for B if for every arbitrary finite subset of elements b, € B
(t=1,2,---,n) and arbitrary ¢ > 0 there exists an element we U
such that

(2°2) Ilubt—b1”<5 for '1;::1,2,...’%.

A (weak) approximate identity U is called bounded if there is a
constant d such that [|u|| < d for all we U.

LeMMA 2.1. If U is a bounded subset of BS= A such that for
every pair of elements b;e B (¢ = 1, 2) and arbitrary € > 0 there exists
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an element ue U satisfying (2.2) with n = 2, then U is a left appro-
ximate identity for B.

Proof. The proof will be given by the finite induction. Given
arbitrary b,e B (1=1,2, -+-,n+ 1) and ¢ > 0. For ¢ >0 let u,e B
be chosen so as to satisfy

(2.3) ub; — bl <e for ¢=1,2 --+,n and |jul] <d.

For the pair u%, b,.,€ B and ¢, > 0 there is an element we U such
that

(2.4) Huto — woll <& and  ||ubasy — bawsll <&, [lull = d .

After such a choice we have ||ub;—b;|| < || ub; — uuob; || + || urob; — uob; || +
uob; — b; || S dey + Mey + g, <efori=1,2, -+, mand ||ub,s, — b, || <
& < & by (2.3) and (2.4), where M = max (||b;]:7=1,2, -+, %) and
& < (@+ M+ 1)~

LEMMA 2.2. If the subset U of A is a bounded weak left approwi-
mate identity for B&S A, then Uo U = [a€ Ala = uov; u, ve U], where
wov = U + v — uv, has the following property: for every pair of ele-
ments a,be B and € > 0 there exists ue Uo U such that

lua — all <e and |jlub— bl <e¢.

Proof. Given an arbitrary pair of elements a,be B and ¢ > 0,
let ve U be chosen so as to satisfy

(2.5) la —vall <A+ d)7 [v]l=d.
For b — vb and ¢ > 0 there exists we U such that
H(® — vb) — w(b —wvb)|| <e llwl=d.
Hence we obtain
16— ubl| = ||b — (w + v — wo)b|[ < e

and |ja —ual|=|[(@a —va) —w@—va)|]| <A+ e +d1 + d)7'e =g,
by (2.5), where u = w + v — wve Uo U.

LemMMA 2.3. If UcCA is a bounded weak left approximate identity
for A, then U is a bounded left approximate identity for A.

Proof. In virtue of Lemma 2.2 the set U U satisfies the assump-
tion of Lemma 2.1 and it can be replaced by U.

REMARK 2.1. A partial result concerning this problem has been
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obtained by Reiter [10], §7, p. 30, Lemma 1.

LEMMA 2.4. If U is a left bounded approximate identity for
itself, then U s the same for the Banach algebra generated by U and
wn particular for P.

Proof. The proof follows from the argument used at the end of
the proof of Theorem 2.1.

THEOREM 2.1. Let U be a bounded subset of the Banach algebra
A satisfying the following conditions:

(@) For every ue UUU-U and &> 0 there exists an element
ve U such that ||u — vull < e.

(b) For every element of the form uw — vu with w,ve U there
exists an element we U such that

Hu — vu) — wu — o) <e.

Then U 1is a bounded left approximate identity for the Banach
algebra generated by U as well as for the right ideal generated by U.
If U is commutative, then Condition (b) can be dropped.

Proof. Let a,be U and ¢ > 0 be arbitrary. In virtue of Condi-
tion (a) there exists ve€ U such that |ja — val]] < (1 + d)~'¢, where d
is the bound for U. Using (b) for b — vb we can choose w € U such
that

[[(b—vb) —wd—vb)] <e.
Thus, we obtain
lla —uall <e and [|b— ub||<c¢,

where u = w + v — wve UoU. Suppose that be UoU. Then for ¢, >
0 there exists u, € U such that |[b — ub|| <&. Fore>0letucU-U
be chosen so as to satisfy

la —ual]l <e and |Ju, — uu,f] < €.
Hence, we obtain
[Jub — b|| < [ub — wuod || + |[wtod —uob || 4 [[ud — b|| = de, + || b]le, + & <&

for proper choice of ¢, If a, be Uo U, then for ¢, > 0 choose u,, u, €
U such that

lla —uall <& and |[|b— ud|| <s¢,.
Then we find we Uo U such that
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u, — uw,|| <& and [|u, — uw,]] <&.
After such a choice we have
lua —a|| < |lue — uua|| + ||una — wa| + ||ue —al| < ds,+||all g+, <&
for proper &, and similarly
[lub —b|| < ||ub — wb || + || ursd — u,b || + || ud — 0| < dey+[ b6 +8, < €

for proper &. Thus, by Lemma 2.1, U-U is a bounded left approxi-
mate identity for UU U-U and so is U.

Now let a = >, wa; and b= 3", v;b;, where u;,v;€ U and
a;,b,eAd for t=1,+0,m;5=1,+--,m. For &>0 choose uelU
such that ||w; — uu;|| <& and ||v; — uv;]| <&, for i =1,---,n and
j=1,++-,m. Then

la— uall < |3 (u — wuja)

<&lal<e

for sufficiently small ¢, The same holds for b, that is ||b — ub|| < e.
The assertion of the theorem follows now from Lemma 2.1. If U
is commutative, then (b) follows from (a). Forlet a =u —vu, u, ve U.
Then |ja — wal|| = ||(u — wu) — (u — ww)v|| < ¢ if we U is such that
Hu — wu|| < @ + d)te.

For the set U c A let us define an infinite sequence of sets {P,}
as follows. Put P.=U, P,=U-U. Then P,=UoP, ,=UoUoc-++oU
(n times) is the set of all elements p of the form »p = u + v — wuw,
where v e U and ve P,_,. Let P be the union of all sets P,, that is
P:P1UP2U LAY

3. Contractors. Definition 3.1 (see [2]). A subset U of a Banach
algebra A is called a left contractor for A if there is a positive con-
stant ¢ < 1 with the following property.

For every ae A there exists an element u e U (depending on a)
such that

@3.1) la —uall = qlla]| -

A contractor U is said to be bounded if U is bounded by some
constant d.

LEMMA 3.1. Let U be a left contractor for A. Then for arbitrary
a € A there exists an infinite sequence {a,} < P such that

(3.2) la — a.all = ¢*[la]| and a,eP,.

Proof. By (3.1), let u, € U be chosen so as to satisfy the inequality
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3.3) le — weall < qllall .
Now let u,e€ U be such that
(3.4) (@ — ) — ua@ — wo)|| = qlla — wall .
Hence, we obtain from (3.3) and (3.4)
la — aal]l = ¢*llall , where a, = u, + U, — U, = Upou, € P, .

We repeat this procedure replacing in (3.4) u, by @, and u, by u,.
Thus, we have a, = u;0a,€ P;. After n iteration steps we obtain (3.2).

DEFINITION 3.2. A subset Uc A is called a strong left contrac-
tor for A if there exists a positive ¢ < 1 with the following property:
for every arbitrary finite set of a;€ A, =1,2, ..., n, there is an
element # € U such that

(3.5) lla: — uas || = qllasl] i=1,2 . m.

A left contractor U is said to be quasi-strong if for arbitrary pair
a;€ A(i = 1, 2,) of there exists an element ue U satisfying (3.5) with
n=2.

LEMMA 3.2. Let UcC A be a left quasi-strong contractor for A.
Then for every arbitrary pair of a,be A there exists an infinite
sequence {c,} < P such that

(3.6) lla = caall = ¢"llaf], ||b — ¢.b]| = ¢"]|b]]
where ¢, € P,,n =1,2, «+-.
Proof. The proof is similar to that of Lemma 3.1.

A similar lemma holds for strong contractors.

LEMMA 3.3. Let UcC A be a left strong contractor for A. Then
for every arbitrary finite set of elements a,c A,1=1,2, .-+, m, there
exists and infinite sequence {c,} C P such that

“az—c’rbaz”§qnuaw” fOT i=1)2,°°"m:
where c,e P,,m =1,2, ««-.

LEMMA 3.4. Suppose that U is a left bounded contractor for A
satisfying the condition (d + 1)g < 1. Then Uo- U is a left bounded
quasi-strong contractor for A.

Proof. Let § = (d + 1)g <1 and let a, b e A be arbitrary. Then
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choose ve U so as to satisfy
lla —vall < qllall, (vl = d.
For b — vb let we U be such that
1(® — vb) — w(b — vb) || = ¢l[b — vb]| .
Put u=w+ v —wve U-U. Then
lla — uall = [[(@ — va) — wla — va) || < qlla]| + dglla]| = Flla]|
and
16— ubd|l = || (b—vd) —w(b—vd)|| S qllb—vbl|=qllb]l + dg[|bl| = g][b]] -
Thus, Uo U is a bounded left quasi-strong contractor for A with con-

tractor constant ¢ < 1.

THEOREM 3.1. A left bounded contractor U for A is a left bounded
approximate tdentity for A iff U is a left approximate identity for
itself.

Proof. Let a,be A and € > 0 be arbitrary. Using Lemma 3.1,
we construct a sequence {a,} — P for a € A and {b,} < P for be A such
that

(G lle — awall = ¢*llall and [|b— b.b]l = ¢"[[b]] ,

where a,, b, e P,,n=1,2, -+.. In virtue of Lemma 2.4, for a,, b, €
P,c P and & > 0 we can choose u € U so as to satisfy ||a, — ua,|| <
& and || b,—ub,|| <&, Then we obtain, by (3.7), ||ua—a||<||ua—ua,a ||+
a0 — a.a|l + [a.0 — a|| < dg*|la|] + &lla]l + ¢"|la]| < & for suffi-
ciently large » and proper choice of &. A similar estimate holds
for b:

lub — bl = dg*|Ibl] + &l|b]| + ¢"[|b]| <e

for sufficiently large » and proper choice of ¢, The proof of necessity
is obvious.

THEOREM 3.2. Let U be a bounded left contractor for A. If
U satisfies the hypotheses of Theorem 2.1, then U is a left bounded
approximate identity for A.

Proof. The proof is the same as that of Theorem 3.1. The only
difference is replacing there Lemma 2.4 by Theorem 2.1.

THEOREM 3.3. Let U be a left bounded contractor for A satisfying
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the condition (d + 1)%¢ < 1. If U is a weak left approximate identity
for Uo-U, then U is a bounded left approximate identity for A.

Proof. Let ¢ and & > 0 be such that
@@+ g<((d+1)P°+2)g=<g<Ll.

By Lemma 3.4, U- U is a quasi-strong contractor for A with con-
tractor constant (d + 1)q. Hence, for arbitrary a, b€ 4 and u, € U there
exists an element we Uo U such that ||(a — u,a) — wie — wa)|| <
@+ Dglle — wall and [0 — u,b) — w(®b — wd)|| = (d + Dgl{d — wbd]|.
By assumption, there exists ve U such that ||w — vw|| < &q(d + 1)
Therefore,

lv(@ — wa) — (@ — wa)|| = [[vie — wa) — vw(e — wa) |
+ |vw(e — w,.a) — wla — ua)||
+ |lw@ — ua) — (@ — ua)||
< (d(d + g + &f(d + 1)7'q
+d+ Do)lle — wall .

Hence,

(3.8) o — weu)all = ((d + D¢ + &(d + D7) lle — wall .
Using the assumption again we can find u,e U such that

3.9) Nweou) — w(wou)|| < lla|l7eqlle — wall .

Hence, we have, by (3.8) and (3.9), [|w.e — al|| < ||u.a — u(vou)al| +
us(vou)a — (voua|l + [[(vou)a — al| < [d((d + 1)*q + &(d + D)7’ +
gs + (d + 1)’q + &(d + 1);9]lle — wa|l. Thus, we obtain,

(3.10) la — ual] < @lle — wall, u,e U.
Similarly, we get
(3.11) 16 — ub|| < ql|b — bl .

Since u, ¢ U was arbitrary, by the same argument, for uw,c U there
exists u,e U satisfying Conditions (3.10) and (3.11) with u, and u,
replacing u, and u, respectively. After n — 1 iteration steps we obtain
lla — uall < q*|la — wal| <€ and [[b — u,b|| = 7*[|b — wb|| <&, u,€
U, for sufficiently large n. Since a, b and € > 0 are arbitrary, it follows
from Lemma 2.1 that U is a bounded left approximate identity for A.

Using the same technique one can prove the following

ProrosiTION 3.1. A left bounded quasi-strong contractor U for
A is a left approximate identity for A off U is a left weak approxi-
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mate identity for an infinite subsequence of {P,}.

Proof. Let a,be A and € > 0 be arbitrary. Using Lemma 3.2
for the pair a, b we construct an infinite sequence {c,} satisfying (3.6).
Now let us choose u € U so as to satisfy ||ue, — ¢.|| < & for infinitely
many %#. Then we obtain for ac A
lua — all = llue — uc,all + |luc.a — cuall + [le.a — all
<dg'|le]| + &llel] + ¢*lla]| < e

for some sufficiently large n and proper choice of ¢. A similar
estimate holds for b:

lub — b[| < dg"[|b]| + &[lb]] + ¢"[|b]l <&

for some sufficiently large » and proper choice of ¢. The proof of
necessity is obvious.

As an immediate corollary to Proposition 3.1 we obtain the
following

PROPOSITION 3.2. A left bounded weak approximate identity U for
U 1s a left approximate identity for A iff U is a left quasi-strong
contractor for A.

PROPOSITION 3.3. Suppose that U is a left bounded contractor
for A satisfying the condition (d+ 1)g <1. Then U is a left bounded
weak approximate identity for A iff U is the same for Uo U.

Proof. Let § and ¢, be such that
(3.12) @+Dg<d@+1+e)g=g<l1.

For arbitrary a€ A let w, € U be such that ||u,a — a|| = ¢||a]l. Then
choose v, € U so as to satisfy

o (we — a) — (wa — a)|| = qllua —all,
or equivalently, ||a.a — al| < ¢q||u,a — a]| with a, = v,ou, € Uo U. By
assumption, for a, there is an element u,e U such that
2.0, — a,]| < &llax — all-[la]|[™ .
Hence,
e — af] S [[u.a, — wata|] + || U0 — a0 + |la0 — al|
< dgllwa — al| + &llaa — al| + gllw.e — af|
= (@ + 1+ &)gllwma — afl
= qllwa —all,
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by (38.12). Thus, for arbitrary u, e U there exists an element u,c U
such that

lug —al] < qllua — all .
After n iteration steps we obtain
luwe — all = @"[lwe — al| < e(u, € U)

if » is sufficiently large.

4. TFactorization theorems. Let A be a Banach algebra and let
X be a Banach space. Suppose that there is a composition mapping
of A x X with values ¢-2 in X. X is called a left Banach A-module
(see [8], II (32.14)), if this mapping has the following properties:

(i) @+b-z2=a-x+b-zanda-(x+y) =a-z+ a-y;

(ii) (ta).x = tla-x) = a-(tx);

(iii) (ab):-x = a-(b-x);

(iv) lla-zl| = Cllall- |||
for all a, be A; =, y<€ X; real or complex ¢, where C is a constant =>1.
Denote by A, the Banach algebra obtained from A by adjoining a unit
¢, and with the customary norm |ja + te|| = ||a]| + |t]. Properties
(i)-(iv) hold for the extended operation (a + te)-x = a-x + tw.

The well-known factorization theorems for Banach algebras and
their extension to Banach A-modules are usually proved under the
hypothesis that the Banach algebra A has a bounded (left) approxi-
mate identity. Since, by Lemma 2.3 the existence of a bounded weak
left approximate identity implies the existence of a bounded left
approximate identity, all factorization theorems in question remain
true under the weaker assumption of the existence of a bounded
weak left approximate identity for A. However, a short proof of
the basic factorization theorem can be given without proving the
existence of a bounded left approximate identity for A. This proof
is based on Lemma 2.2 and on the argument used in the proof of
Theorem 2 in [3].

Let U be a bounded weak left approximate identity for A. Put
W = Uo U and denote by d the bound for W.

THEOREM 4.1. Let A be a Banach algebra having o bounded weak
left approximate identity U. If X is a left Banach A-module, them
A+ X is a closed linear subspace of X. For arbitrary ze A-X and
r > 0 there exist an element ac A and an element xe X such that
z=a-x, ||z — x| £ r, where x is in the closure of A-z.

Proof. It is easy to see that if z is in the closure of A-X,
then for arbitrary ac 4 and ¢ > 0 there exists we W such that
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4.1) lua —a]l < e and [|lu-z—2z| <e.

In fact, for ¢, > 0 there exist be A and y € X such that [|b-y — 2|| <
&. Since U is a weak bounded left approximate identity for A, by
Lemma 2.2, for & > 0 there exists we W such that |jua — al|| < &,
and [|ub — b|| < &. Hence, we obtain

Hu-z—z||=|lu-z—ub-y|| + [|ub-y — b-y|| + [|b-y — 2]|
=dCllz — b-yl|| + &Cllyll + &
< (@dC+ Cllyll + De, < ¢

for sufficiently small &, Now put a, = ¢, ¢, = (2d + 1)7'(u, + 2de)a, =
a;+ qe, where aj€ A, u, € W, @py; = (2d + 1) (Ups; + 2de)a,; =1,2, <«
We have a,=a,+q"e, where a,c A, ¢=2d(2d+1)™"; a,'€ A,; api—0,=
2d + 1) (Unss@0 — @) = (2 + 1) (Upr,0, — @) + (24 + 1)7q"(Uns, — €);
ah— a7t = a;' A+ 1) (Unss + 2de) ™ —ar" = azti(e— (2d + 1) (U, +2de)) =
@d + )la;l(e — %,e.). Let 2, = a;'-2. Then we obtain

[@ner — @all = C2d + D7 ek ][ |2 — %nrr - 2]

Since ||a;'|| £ (@ + d7Y)", let us choose u,., so as to satisfy (4.1)
with ¢ = @], and e =¢,=C'@2d +1)2 + d?)~*~™= ", Hence, we have
Unirtn — an]] <&, and ||, — @,|| < 27", It follows that the
sequences {a,} and {z,} converge toward a € A and z € X, respectively.
Evidently, z = a-2 and ||z — z|| £ 35| ®ny — .|| = 7. By (4.1), 2
is in the closure of A-z and so are x, = a”'z and, consequently, x.
Thus, A-2 is closed and its linearity follows from the following
observation. For arbitrary a,be 4; z,yc X and ¢ >0 let ue W be
such that [jua —all < C7([z|l + {lyl)™ and [[ub— b < CT'(|=] +
ly|)~'¢. Then we have

lacz+b-y—u@-z+b-9) = [[(@—ua) -z + (& — ud)-yl|
< Clla — waz|[[|2]] + Cl[b — ubdl| |[y]]
<e.

That is ¢+ + b-y is in the closure of A- X.

REMARK 4.1. Theorem 4.1 generalizes the factorization theorems
of Cohen [4], Hewitt [7], Curtis and Figa-Talamanca [6] [see also
Koosis [9], Collins and Summers [5], Hewitt and Ross [8]: (32.22),
(32.23), (32.26)].

In terms of contractors Theorem 4.1 can be formulated as

THEOREM 4.2. Suppose that the Banach algebra A has a left
bounded (by d) contractor U satisfying one of the following conditions:
@) U is a left approximate identity for itself.
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(b) U satisfies the hypotheses of Theorem 2.1.

() (d+ 1g<1and Uis a weak left approximate identity for
U-U.
Then all assertions of Theorem 4.1 hold.

Notice that in Case (¢) Proposition 3.8 is used.

A corollary to Theorem 4.1 is the following generalization of the
well-known theorem [see [8], II (32.23)].

THEOREM 4.3. Let A be a Banach algebra with a weak bounded
left approximate identity U. Let L = {z,} be a convergent sequence
of elements of A+ X, and suppose that r > 0. Then there exists an
element a € A and a convergent sequence & = {x,} of elements of A-X
such that:

Zo=0Q+%, and ||z, — 2, || = r for n=1,2, -+, where x, is in the
closure of A-2z,.

Proof. Let 27 be the Banach space of all convergent sequences
& = {x,} of elements of the closed linear subspace A-X of X with
the norm ||&]| = sup (||z.]l: 2= 1,2, ---). Consider the left Banach
A-module 2 with a-& = {a-2,}e2 Forée 2 put &, = {x,}e 2
with «, = ©,, for n = m. By Theorem 4.1 it is sufficient to show
that every &e .2 is in the closure of A.-.27 But &,— & as m — oo,
Therefore, let &, = {a,-2,} € 2 with a,-%, = a, -2, for n=m. By
Lemma 2.3 for ¢, > 0 there exists v e A such that

Jua;, — a;|| < & for i=1, .-+, m.
Hence, we have
lua; @ — a;- ;|| < Cella;]] < &

for sufficiently small ¢, and, consequently, |[u-&, — &.|| < &, where
€ > 0 is arbitrary.

REMARK 4.1. In Theorem 4.3 convergent sequences can be replaced
be sequences convergent toward zero. Then .2° will be the space of
all sequences of A.X convergent toward zero.
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