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ON THE HYPERGROUP STRUCTURE
OF CENTRAL Λ{p) SETS

GEORGE BENKE

Let G be a compact group and let Γ be the set of equi-
valence classes of the continuous irreducible unitary represen-
tations of G. For γβ Γ denote by χr the character of γ, then
for E c Γ any function of the form Σ?=i anXrn(ϊi> ''' >7n e E and
au '-,aneQ will be called a central .^-polynomial, and the
set of all such functions will be denoted Z^~E. A set EaΓ
is a central Sidon set when the norms || H*, and || |U(||/|U —
ΣlαJ> where / — Σ^nXrJ are equivalent on z^"Ei and it is a
central Λ(p) set when the norms || ^ and || \\p are equivalent
on Z ̂ Έ* When G is abelian the algebraic structure of Λ(p)
and Sidon set has been studied extensively. In this paper the
structure of central Λ(p) sets is investigated in terms of the
hypergroup structure of Γ. In particular it is shown that
central Λ(p)(p > 2) sets cannot contain arbitrarily long "arith-
metic progressions."

1* Preliminary remarks* Following Helgason [2] we shall say
that a set S is hypergroup if to any pair (a, β) of elements from S
there corresponds a measure μa,β on S. For Γ, a hypergroup structure
is induced by the decomposition of tensor products. Thus if a, β e
Γa® β — φ r e r [ τ : <2(x) β]j, where [y:a®β] is a nonnegative integer
which is called the multiplicity of 7 in a (x) β, and the measure assigned
to the pair (a, β) is the discrete measure whose mass at y is [j: a (x)
β]. From the elementary properties of characters we write XTl Xϊn =
Xnto—torn ~ Σrer [T: ΎX (x) (x) ΊnXXγ- We shall denote by 1 the class
of the trivial one dimensional representation, and by 7 the class con-
taining the conjugates of representations in j. All the basic facts
about representations needed in this paper may be found in [3].

2* A necessary and sufficient condition for central Λ(2s). Al-
though the condition we are about to give is cumbersome, it will
allow us to get both necessary conditions and sufficient conditions which
are reminiscent of conditions given by Rudin [6, Thm. 4.5] for the
case where G is the circle group.

THEOREM. Let EaΓ and let s be a natural number, then the
following are equivalent.

(a) E is a central Λ(2s) set.
(b) There exists a constant B depending only on E and s such

that for every choice of positive real numbers au , aN and elements

19
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%, * , 7N £ E the inequality

Σ ( Σ akl - aφi Ύkl <g) - - (X) 7,J)2 ^
reΓ

holds, where the inner sum on the left is over all

(h, -..,k.)e{l, -- N}'.

Proof. The logarithmic convexity of the || | |p norms shows that
for p > 2 a set E is central Λ(p) if || ||2 and || | |p are equivalent on
Z^~~E [6, Thm. 1.4]. Accordingly, we will work with the || ||2 and
|| ||2S norms.

Suppose that E is a central Λ(2s) set, and choose positive real
numbers al9 , aN and yl9 , jNeE. Let ^ ^ denote the set {1, ,
N}% denote elements in Λ" by k, write akL, , αAg as α(/c), (7Ai, , ykg) e
Es as j(k) and 7fcχ ® (x) 7 ŝ as 7(fe) were (^, , ks) = A:. Define
/ = Σ L i β Λ v then

/• = Σ α(A)Zrί4)

= Σ «W Σ [r. Ί{k)]lr

= Σ (Σ a(k)[r. γ*Wr
7 e Γ ke Λ"

Using the fact that the irreducible characters are an orthonormal
family and E is a central Λ(2s) set we have

; = ιι/ ιiί = Σ ( Σ m i y - yik)\ί < (B\\f\\2r.

To show (b) implies (a), let g = Σ^=i WX-rk be any central ̂ -polynomial.
As before

γeΓ
Σ b(k)[y: 7°

which by hypothesis is g (B(Σ*=ι I &* Γ)1/2)2s -

COROLLARY. Lei EaΓ he a central Λ(2s) set with constant B
so that | | / | | 2 s ^ β | | / | | 2 for all central E-polynomials f, then for any
finite subset F c E,

Σ f Σ [T: 7L (x) (g) Tj Y ^ S2s(card E)s .
γeΓ\(r)eFs /

Proof. In the theorem set a1 = = α^ = 1.
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REMARK. A case where this criterion is violated in a very simple
way is that of G — SU(2). Here Γ can be written as {1, 2, •} and
the Clebsch-Gordan [3, p. 135] formula shows that n(x)n = 1 0 3 0
• • 0 2n — 1. So if E is any set in Γ, take F = {n} c E, then

Σ [&• 2?: ® ^P = ^

and hence Γ cannot contain any infinite central Λ(4) sets. This fact
has already been observed by Helgason [2, p. 789].

3* A sufficient condition for central Λ(2s). Let F be any subset
of Γ and write as (7) the s-tuples (ylf •••, ys)eF8. Write (g) (7) for
7i (x) (x) 7S, and for (7) e F s let M((7)) stand for the set of irreducible
components of (x) (7). Furthermore, define

Note that when G is abelian rs(F, 7) is the number of ways we can
write 7 = 7kι (8) * (8) 7yfcs where 7 .̂ e JP and where a permutation of
the same set of 7fc/s is counted as a distinct partition of 7. The
following corollary generalizes Rudin's result [6, Thm. 4.5(b)].

COROLLARY. Let E a Γ and let s be a natural number. If E is
the union of sets E^i = 1, , j) for which there exist constants Ci
and Di depending only on Ei and s such that

(i) rs(Eif 7) ^ Ci for all yeΓ and
(ii) card M((j)) ^ D, for all (7) e E\

then
(a) E is a central Λ(2s) set and
(b) II/H2. ^ (EM^A)1/s)1/2ll/ll2 for all central E-polynomials f.

Proof. We show first that the Ei are central Λ(2s) sets by apply-
ing the theorem of §2. Choose positive numbers alf , aN and 7i, ,
jNeE{. Then

Σ

S Σ ( Σ [Ύ: 7("]2)( Σ a\k)φ(7, k))

where φ(j, k) = 1 if 7 appears in the decomposition of 7(fc) and φ = 0
otherwise. Observe that Σ r e r ί̂ (7, A:) = card M(y(k)) and so by hypothesis
this sum is
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Hence E, is a central Λ(2s) set and | |/ | | 2 β ^ (CΛ)1/21l/i|2 for any central
/ .

Now suppose that the Et

9s are disjoint, for if not they may be
replaced by Et — \J\z\Eι. If / = Σ ^Λ- is a central l?-polynomial
then f = f1 + . . . + f3. where /< = Σ r e ^ arXr

 a n ( *

2/ 3 \l

(Σll/illi)

since the ft are orthogonal.

REMARKS. (1) The condition (ii) of the previous corollary is also
necessary. Take F = {%, •••, Ύs}eE and apply the corollary in §2.
Then we have

£(, Σ
^ β! Σ [T: (g) (7)] = β! card Λf((τ))

where (T) in the last two expressions is the s-tuple whose components
are the elements of F.

( 2 ) The condition (ii) is always satisfied when sup {deg 717 e E) =
P < co. For if (j)eE% then the degree of (x)(7) is not larger than
Ps and hence there can be at most Ps elements in M((y)).

4. The relationship between central Sidon and central Λ(p)
sets* A set EaΓ will be called a central A set if there exists a
constant C depending only on E such that | | / | | p <; Cp1 / 2 | |/| |2 for all
2 < p < co and all central E'-polynomials / . In the case of abelian
groups, Rudin [7, p. 128] shows that every Sidon set is a central A
set. Using essentially the same technique Parker [5, p. 43] extends
this result to central Sidon sets which have a uniform bound on the
degrees of the representations in the set. Moreover, Parker [5, p. 73]
shows by an example that some sort of condition is required; he gives
an example of a central Sidon set which is not even central .4(4).
Using essentially the same technique as Rudin and Parker we will
characterize those central Sidon sets which are also central A(2s) or
central A. An interesting consequence of this result is that a central
Sidon set which is also central A(p) for all p must be a central A set.
It should be noted that sets which are central A(p) for all p < °°
need not in general be central A sets, in fact such sets exist in every
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infinite abelian group [1, p. 788],

THEOREM. Let EdΓ be a central Sidon set.
(i) E is central Λ(2s) if and only if there exists a constant B

depending on E and s, so that | |Z r | | 2 β ^ B for all yeE.
(ii) E is central A if and only if there exists a constant B depend-

ing only on E such that \\lr\\2s ̂  B for all ye E and s — 1, 2, - .

Proof. Since | |Z r | | 2 = 1 for all ye Γ we clearly have the "only
if" parts of (i) and (ii).

Suppose E is a central Sidon set and we have a constant B as
in (i). Let / = ΣiΓ=i αnXrw be a central ^-polynomial. Let

with the operation of coordinate wise multiplication and let en: Ω —>
{— 1, 1} be projection onto the wth coordinate. Since E is a central
Sidon set, for every ω e Ω there exists a central measure μω on G
s u c h t h a t μω(Ύn) = e n ( ω ) I d γ J n = 1, •••, N) a n d \\μω\l^C w h e r e C
depends only on E [5, p. 27]. We have

11/112 = \\μ»*μ»*f\\ϊ.^\\μ»\\ϊ\\μ»*f\\ι:

Σ anXrn(x)εn(ω) dx .

Integrating both sides of the inequality over Ω and using Fubini's
theorem and the inequality

(1
2s \l/2β

dω <
1/2

whose proof is the same as that of [8, 8.4, p. 213], we have

C2s22ss{

where the sum is over all (nlf

inequality this expression is

r.ιl
I |ZrlJ

I<te

, n.)e{l, •••, N}s. By Holder's

\2/2s

x)

that is, | ! / ! U ^

REMARKS. (1) Since deg-γ = = lim,^\\l r\ |2 s, (ii) is a restate-
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ment of Parker's result.
(2 ) The following are equivalent.

(a) There exists a constant B depending only on E and s so that
| |Z r | | 2 β ^ B for all yeE.

(b) There exist constants C and D depending only on E and s
so that

(i) [σ: (x)(7)] ^ C for all σ e Γ and yeE where (7) is the
s-tuple whose components are 7, and

(ii) card Λf((τ)) ^ -D for all 7 e # .
The orthogonality of the characters gives

r

JG

= ( (Σk:(8)(7)]χ.)(Σ[v:<5

= Σ [σ: (x) (7)][v: <g> (7)] [ χ r χ,ώ
( σ , v ) e / ' χ Γ JG

= v [σ:(x)(7)]2

Σ

Since the terms in this last sum are positive we have the equivalence
of (a) and (b).

5* Product groups and lacunarv projections* Let Ga, a e I be
a collection of compact groups with dual objects Γa. Let G = Π«e/ Ga be
the complete direct product and Γ = Πίei Γa be the incomplete direct
product. Then Γ is the dual object of G and the operations are all
the obvious coordinatewise ones [3, p. 27]. Let σaeΓa and let πa:
G —* Ga be the projection onto the α'th coordinate, then σaoπae Γ.
Write σ{ for the i-fold tensor product of σa in Γa and let M(σ{) be
the set of irreducible components of σ{ in Γa.

THEOREM. Let G and Γ be as above and consider E = {ya =
τΐaoσa\ae I}. A necessary and sufficient condition that E be a central
Λ(2s) set is that there exist constants K and L both depending only
on s and the set {σa \ a e 1} so that

(a) [τa: σ
s

a] <£ Lfor all τae Γa and ae I, and
(b) card M(σs

a) ^ K for all a el.

Proof. Parker [5, p. 70] shows that E is a central Sidon set,
hence by the theorem in §4 we need a uniform bound on | |X rJ|2. as
a ranges over /. Since Haar measure on G is just the product of
the Haar measures on the Ga, we have | |X rJ|2 s = | |Z σJ | 2 β but by remark
(2) of §4 this is equivalent to the conditions (a) and (b).



ON THE HYPERGROUP STRUCTURE OF CENTRAL Λ(p) SETS 25

REMARK. If sup {deg σa\a e 1} — P < oo, then E is a central Λ(2s)
set.

6* Intersections with arithmetic progressions* Let o G Γ and
let iV be a natural number, we define the arithmetic progression of
length N generated by σ to be

A(σ, N) = U M(σj)
5 = 1

where CJ5' is the j-fold tensor product of σ.

THEOREM. Let E be a central Λ(p) set (p > 2) with constant B so
that \\f\\p ̂  -BII/II2 for all central E-polynomials / . Let σe Γ, then

card (A(σ, N) f] E) - 0 (N4idesσ)2lP) as N > 00 .

Proof. Choose ε and let D\N — Σre^(σ,2^) drXr and

γeA(σ,2N)

SO

(Σ

where the inner sum is over all (7, v) e A{σ, 2N) x A(σ, 2N). If we
write Fσ

2N = Σ^βΓ^αί ί 7 ^, QZ^ then Mayer [4, p. 688] shows that for
all N sufficiently large and ζ e A(σ, N)

a{FlNy ζ) ̂  rσ(N)/dζrσ(2N)

where rσ is a polynomial of degree ^ dj. Choose ^ > 0 small enough
so that (2~(degσ)2 - 7])~ι ̂  2 (degσ)2 + ε. Then for this η and ζ e A(σ, N)
we have for N sufficiently large that

( 1 ) a(F°2Nf ζ) ̂  (2~^2 - V)/dζ .

We also have \\FlN\\2 ^ ||F2V|U = Φί«r(β))a/(Σ^), and since Zr(e) - dr

we have

l l ^ l l . ^ Σ d\ = ra{N)
γcA(σ,2N)

for all iV sufficiently large as shown in [4, p. 687]. Hence

( 2 ) | | ^ | | 2 ^ i ^ i V ( d e g σ ) 2

for all N sufficiently large. Let / = Σseim^Ar) z<r> define a(f, ζ) so
that / = Σiζerdζa(f, ζ)Xζ, and suppose N is large enough to satisfy (1)
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and (2).
Then

card (E n A(σ, N)) = Σ < W , 0
ζ e Γ

Σ/c«(/,

sσ)2 - VΓ \ f{x)FlN{x)d

The logarithmic convexity of the || \\p norms gives || \\q <: || ||ί2~9)/<?|| \\llP.
Using this fact and the hypothesis that E was a central Λ(p) set, the
last expression is

Note that | | / | | 2 - (card (A(σ, N) f] Eψ2 and \\Fir\\, = #2V(1) = 1, so
that by (2) we have

(card (A(σ, N) n E))1'2 ^ B(2{ύQSσ)2 +

for all N sufficiently large, the size of N depending only on σ and ε.

COROLLARY. Let E be a central Λ set, and let σ e Γ. Then

card (A(σ, N) Π E) = 0(log N) .

Proof. For a central /ί set we may take B — Cp112 where C
depends only on E. In the last inequality of the previous proof, set
p = 41og(i£iV(deg<7)2), then

card (A(σ, N) n E) ^ (2 ( d e g σ ) 2 + ε)2C2e4 log (^iV(degσ)2)

for all N sufficiently large.
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