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COMPARISON OF DE RHAM AND DOLBEAULT
COHOMOLOGY FOR PROPER
SURJECTIVE MAPPINGS

R. 0. WELLS, Jr.

In this paper it is shown that if =: X — X is a proper
holomorphic surjection of equidimensional comglex manifolds
then the induced mapping =*: HY(X, 2%) —» HYX, 2%) on Dol-
beault groups is injective. As a consequence one obtains the
inequality h?*(X) = h#9(X) for the Hodge numbers of X and
X. This result is valid also in the case of vector bundle
coefficients, and can be generalized to the case of nondis-
crete fibres of the mapping = (non equidimensional case) by the
imposition of a Kihlerian condition on X. Corresponding re-
sults for differentiable mappings are formulated and proved.
Illustrative examples are provided to show the necessity of
the various assumptions made.

1. Introduction. Let 7: X— X be a surjective proper hol-
omorphic mapping of complex manifolds’. Our main result in this
paper (Theorem 4.1) asserts that if X is a Kzhler manifold, then
the mapping 7 induces injections

m*: HY(X, Q3) — HY(X, 2%)

(1-1) n*: H(X, C) — H"(X, C)

on the Dolbeault and de Rham groups, respectively. A consequence
of this is that we have inequalities

bi(X) = bi(X)

(1.2) o
h*4(X) = h7(X)

for the Betti numbers and Hodge numbers respectively (in the case
that X and X are compact, for instance). If x: Y — Y is a proper
surjective differentiable mapping of even dimensional orientable mani-
folds and ¥ is a symplectic manifold, then there is a natural gen-
eralization of the notion of the “degree of #”’. TUnder the hypothesis
that this degree is not zero,

(1.3) *: H(Y, R)— H'(Y, R) ,

is an injection (Theorem 4.4) (cf. also Borel-Haefliger [2]).
In the case that X and X above have the same dimension, then
the conclusion (1.1) and (1.2) still holds without any K&hler assumption,

1 All manifolds considered in this paper are assumed to be paracompact.
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i.e., for arbitrary complex manifolds (Theorem 3.1). If ¥ and ¥
above have the same dimension, then the conclusions (1.3) hold without
the symplectic assumption, but it is still necessary that degm # 0
(Theorem 3.2). This particular result is due to Hopf [10] (for compact
manifolds), and we give a new proof of his result in this paper.
Hopf showed that the induced mapping on integral homology was
surjective modulo torsion. Dualizing gives the assertion that the
induced map on cohomology injects. Hopf used the technique of
Lefschetz including the ring structure on homology induced by
intersection theory (this has been generalized in Borel-Haefliger [2]).
Our techniques involve differential forms and currents, currents
being de Rham’s generalization of the singular chains and cycles
used by Hopf. In particular the induced mapping on currents go
in the same direction as the induced mapping on cycles, a fact we
use very strongly in the proofs.

Grauert and Riemenschneider [8] proved that if 7: X— X is a
proper modification of compact Kahler manifolds, then the induced
mapping on Dolbeault groups is an injection, a special case of Theorem
3.1, mentioned in the previous paragraph. Their proof used Hopf’s
theorem along with the Hodge decomposition theorem for Kahler
manifolds. Our proof is more direct and does not use any Kahler
structure. Deligne [4] has the algebraic analogue of Grauert-Rie-
menschneider theorem for proper birational morphisms of smooth
schemes over a field k. Aeppli [1] has also studied the problem of
comparison of cohomology for proper modifications, and some of his
results were generalized by Grauert and Riemenschneider to the case
of complex spaces with singularities, which we do not consider in
this paper.

The method of proof of our results is based on using resolutions
of the sheaf C or 2% by differential forms with C= and distribution
coefficients (currents). This is similar in spirit to Serre’s proof of
his duality theorem (Serre [16]).

The theorems in this paper grew out of an investigation of the
behavior of harmonic forms under proper modification, and it is in
this context we hope to make applications of the injection theorems
at a later date.

Section 2 is devoted to a discussion of the global behavior of differ-
ential forms and currents under proper surjections and the interaction
of these concepts. In §3 we formulate and prove our results on com-
parison of cohomology for finitely sheeted ramified covering map-
pings, using some of the results from §2. In §4 the ideas of §2 and
§3 are generalized to surjection with nondiscrete fibres. In this
context the existence of a Kahler form plays a crucial role.

I would like to thank Reese Harvey, John Hempel, John Polking,
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and Oswald Riemenschneider for their useful comments in various
discussions concerning this work.

2. Differential forms and currents. Let X be a complex mani-
fold of complex dimension =, let &7 X) be the (C~) differential forms
on X of type (p, q), and let =27Y(X) be the compactly supported
differential forms in 7% X), equipped with their usual topologies.
We define the vector space .7 %(X) of currents of type (p, ¢) on X
as the dual space of the topological vector space " ?" Y(X) (cf. de
Rham [5]). Moreover, if £ — X is a holomorphic vector bundle on X,
then we let 7% X, E) be the E-valued differential forms on X of type
(p, @) and by 274X, E), the E-valued forms of compact support as
above. We let 2774 X, E) denote E-valued currents on X of type
(p, q), defined to be the dual of the topological vector space " " (X,
E*) equipped with its natural topology where E* is the dual bundle
to E (cf. e.g., Serre [16]). More generally, we let &7(Y) be the real-
valued differential forms of total degree r on an orientable differen-
tiable manifold of real dimension m, and by 2 "(Y) the (real) currents
of degree r on X defined as the dual of 2™ "(Y), where once again
2™ "(Y) denotes the compactly supported differential forms of degree
m — 1 on Y. In general we will denote the duality pairing of a
current Te 2 "(Y) with an element e 2™ "(Y) by the notation
(T, »> (cf. de Rham [5]).

We now consider a proper surjective holomorphic mapping 7: X —
X where X and X are complex manifolds of the same complex
dimension #. Then we have a homomorphism of complexes induced
by .

- gp.q(X‘) ___a__, gr.qﬂ()?) -
2.1) = ]
_ gr.q(X) __a__, g)p.qH(X) —_.

Similarly we have a homomorphism of complexes

— gn—p.n—q(j{) ) 9 gﬂ—p,n—qﬂ(f)
2.2) [= [
— gn—p,n—q(X) ¢ a _@ﬂn—p,n——q—l(X)

which induces by duality a homomorphism 7, of the dual complexes

— % 7(X) _a_*, St (X)) —>

23) Jm =
s X)L (X)) —
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where 0* is the dual to § in the duality .27 »4(X) = 27YX)'. Here
we use strongly the fact that 7 is proper so that the support of
the pullback of a form with compact support is still compact. We
observe that 0* = + 9, depending on the degree of the forms being
acted on (integration by parts, cf. Serre [16]). Thus if we replace
0* by 0 in (2.3) we have

Tk

— o R) o (X)) —
(2.4) ln'* )
—_— %/p.q(X) 9 > (%‘p.qH(X) _

where each square is either commutative or anticommutative. Now
consider the diagram

gr (%)~ 9 X)
(2.5) In’* ‘ J'z*
&P (X) —— (X)),

where 7 and 7 are the natural injections.

We want to study the obstruction to commutativity of the
diagram (2.5). To do this we introduce a geometric invariant of the
mapping 7, the degree of w. We want to do this in general for
differentiable manifolds. Suppose 7: Y — Y is a proper surjective
differentiable mapping of orientable differentiable manifolds of the
same real dimension m, then 7 induces a mapping

(Y5 (Y,
induced by duality from

(V) s gem(T) .

Then we define ¢ = 7,(1), where the constant 1 is considered as
a current on Y. Then since dr,(1) = 7, (d(1)) =0, it follows from
the regularity theorem for currents that z,(1) is a function on Y
which is constant on each component of Y. We call ¢ the degree
of the mapping 7. Moreover, if 7 has maximal rank on Y, and
¥,€ Y, then

©= 3, sgn(det(dm)(v))
yer—lyg)
where we mean by det (d7)(y) the determinant of the Jacobian matrix
dr at y expressed in terms of oriented local coordinates at both y
and y,. In other words,
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dn: T(Y) — T,(Y)

is either orientation preserving or not and g is the algebraic sum
of the number of points in 77'(y) counting a point positively or
negatively depending on the preservation of orientation or not. This
result is proved in Federer [6], and is a special case of our results
in §4 where we generalize the notion of degree for symplectic
manifolds. If 7 is orientation preserving (as in the case of a complex-
analytic map, for instance) then # is the number of points in 77'(¥,),
for any y,e Y.

We now have the following basic lemma concerning the commu-
tativity of the linear mappings in diagram (2.5), which we will use
in the next section for the comparison of cohomology.

LemMmA 2.1. In the diagram (2.5)
(2.6) Wi = T AT,

where ¢t 18 the degree of the mapping .

REMARK. In other words, the diagram (2.5) is commutative up
to a fixed constant multiple, which would not affect the passage to
cohomology later on.

Proof. Outside of a proper analytic subset S c X, the mapping
7 is a finitely sheeted covering mapping of sheeting number g. Let
n(S) = S, and thus we have that 7: X — S— X — S is a locally
biholomorphic covering mapping. By the Remmert proper mapping
theorem S is a proper analytic subset of X, and hence S is of
measure zero in X (ef. Gunning and Rossi [9]). If e &?Y(X),
then the current 4(®) is defined by its action on smooth forms with
compact support, i.e., by

@.7) @) ¥ = | @ A v, pe D uX) .
Similarly, on X,
@), 3 = [ oA ¥ Fe TR,

and 7, iw*p is the restriction of the current in*p to 7* " " Y(X)
2" 7" X). In other words,

(2.8) <7r>|<7;7[*¢, ’1[/‘> = SX,TL'*Q A n*’l//‘, ,Ipe @rn—p,n_q(X)

= Sg*(@ A .
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But we see that for p e €»Y(X), v ¢ 2" 7" (X),

X

(2.9) S;r*(sv N) = S @A) = “SH"” A=t Lso N

The middle equality in (2.9) follows easily by covering X — S (in a
locally finite manner) with open sets {U,} so that z=7*(U,) = U.U
-+- UU where =|yi:Uj— U, is a biholomorphic mapping. Then
letting {0.} be a partition of unity for {U,}, we see that for e &™*(X)

E}_gﬂ*v =2 S T = 3L M Svam =13 Svapm = SHW ,

LU )

since
Sjﬂ*pav-:s 0.7 , j:l,...,#.
v?, Uy

Thus (2.6) follows easily from (2.7), (2.8), and (2.9).

We want to generalize the above results to differential forms
with vector bundle coefficients. Suppose, as before 7: X — X is a
proper surjective mapping of complex manifolds of the same complex
dimension n. Let E— X be a holomorphic vector bundle over X,
and let £ = 7*E be the pullback of E by the mapping 7. Letting
7YX, E) be the differential forms on X of type (p, q¢) with coeffi-
cients in F, we have the diagram

— s wr(R By g (R, B —
(2.10) In* ) ]n*
— &79(X, E) — &7%(X, E) —
generalizing (2.1), where the o operator extends naturally to vector-
valued forms. Similarly, letting E* be the dual bundle to E, we
have
e o X BY) O e (X ) e—
(2.11) T i T*
— gy, E*)i_ gy X, BF) e—

where E* = 7*E*. By dualizing we obtain, in analogy to (2.5),
— (& B L (R By —

(2.12) ln* i lz*
—_ L%'p.q()(’ E) i, %mqﬂ(x" E) —,
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where 977X, E) is by definition the dual space to 2" *»* (X, E*).
Moreover, 0* = + o depending on the degree of the forms being
acted on (cf. Serre [16]). Thus we have

— X, B) = 57 (X, B)—
(2.13) lﬂ'* _ ln'*
s F X, B) — 55X, B) —>

where each square is commutative or anticommutative. Note that
locally, an element of .5¢7%X, E) can be written in the form

k
Z Ti®e:’ ’
J=1

where T; is a current of type (p, q), and ¢; is a holomorphic section
of E, and the action of 9 is given by o(T; Re;) = oT; RQe;, as in
the case of C~ forms. As before we consider the diagram

zro(X, B) 1 50X, B)
(2.14) {E* lﬂ*
g7 (X, B)— 579X, B),
where i and 7 are the natural injections.
LEMMA 2.2. If the mapping © has degree p, then

Ml = mwan* .

Proof. Suppose e &YX, E) and € £ 7" X, E*), then one
can give a meaning to and interpret @ A + as a scalar-valued diffe-
rential form on X of type (n, ») (cf. Serre [7]). We do this locally,
namely, if (e, ---, ¢,) is a local holomorphic frame for E over an
open set U (i.e., {e, ---, ¢,} is a basis for E, for each point in U) and
(ef, - -+, ef) is the dual frame for E*, then we can express

P =2p;RDe; p;€&"(U)
v=29; Qef, y;e &P (U),
and we let
PANAY=3p; N\ 4y;€&""(U) .

One can check that this definition of @ A ++ is independent of the
local frame used, and does give a globally defined scalar-valued
differential form. Using this we are able to interpret, for @¢
(X, E)
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P, ¥y = S;p A ¥, € (X, E*) .

Then the proof of this lemma follows in the same manner as the
proof of Lemma 2.1.

Turning now to differentiable manifolds we want to prove the
analogue of Lemmas 2.1 and 2.2. Suppose 7:Y —Y is a surjective
proper differentiable mapping of orientable differentiable manifolds
of the same dimension. Then we have the diagrams

. d ~
—&(Y)— &"(Y)—
(2.15) Iﬁ* Tﬂ*
d
—E(Y)— &NY)—

and

— (D) L (T —
(2.16) ln* lz*
s (Y) —L (V) —
derived in the same manner as (2.1) and (2.4). Once again (2.15) is
commutative, and (2.6) is commutative up to sign. Consider now
the inclusion diagram
Z(¥) —— o (¥)
(2.17) ]n* lﬂ*
£(Y)— 2 "(Y) .
LEMMA 2.3. In the diagram (2.17)
i = T AT*
where p 1s the degree of the mapping 7.

Proof. We have to proceed somewhat differently in this case
since the set of critical points S (points where m has less Ehan
maximal rank) of = is not necessarily of measure zero. Let n(S) =
S. Then it follows from Sard’s lemma that S has measure zero in

Y (cf. e.g., Sternberg [17], Chapter 1I). As in the proof of Lemma
2.1, it suffices to show that for e =2™(Y), where m = dim Y,

#ho=lm.
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But

=1

Moreover, if ze S, 7€ 2™(Y), then it follows that 7*7(x) =0. Namely
in local coordinates (v, - -, ¥,.) near m(x), we have 7(y) = f(¥)dy, A
oo A dy,. Thus

(@) = f@@)dm@) A -« A dra@) =0,

since 7 is not maximal rank at ze¢S. Thus we have

Y-8

and we are reduced to showing that

# SY—Sv - S?f—.’in*v

for the finitely sheeted covering mapping n: ¥ — S =Y — S. This
follows from the same arguments used in the proof of Lemma 2.1,
but taking into account the orientations in the integrals over the
local inverse images of a point y,c Y.

REMARK. We could have proved Lemma 2.1 in the same way
using Sard’s lemma instead of the fact that the set of points where
a holomorphic mapping has less than maximal rank is a proper
analytic subset.

3. Comparison of cohomology for ramified covering mappings.
In this section we formulate and prove our results on injection of
cohomology for ramified finitely-sheeted covering mappings, using
the results from §2.

THEOREM 3.1. Let m: X — X be a proper surjective holomorphic
mapping of complex manifolds of the same complex dimension, then
7 induces injections for all p, q, and r:

() =*: HY(X, 23) — H(X, 23),

(b) =*: H(X, C)— H"(X, C),

() =*: H(X, 2uE)) — H(X, 24=*E)),
for any holomorphic vector bundle E — X.

Let X be a compact differentiable manifold, then let 8.(X) =
dimg H'(X, R), r = 0, - -+, dim X, be the Betti numbers of X. If Xis
in addition a complex manifold we let 27 %(X) = dim; HY(X, 27) be the
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Hodge numbers of X? Then we have the following corollary to
Theorem 3.1.

COROLLARY 3.2. Let m: X — X be a surjective holomorphic map-
ping of compact complex manifolds of the same dimension, then

b(X) < b.(X),
RP(X) < h*(X) .

More generally, we can generalize part (b) of the above Theorem
3.1 to the differentiable category. For simplicity we restrict our
attention to orientable manifolds, since this avoids introducing differ-
ential forms of odd type (de Rham [5]). Analogous results can be
obtained for unorientable manifolds by making suitable assumptions
on the mapping 7.

THEOREM 3.3. Let n: X — X be a proper surjective mapping of
ortentable differentiable manifolds of the same dimension. Suppose
pt=degm # 0, then © induces an injection on the de Rham groups:

n*: H(X, R)— H"(X, R) .

REMARK. (1) Such a result is definitely false for integral
coefficients as the simple example of the covering mapping

w: S*—— P,(R)

shows since H'(S% Z) = 0, and H'(Py(R), Z) = Z,.

(2) As mentioned in the introduction Hopf [10] proved that
7. H(X, Z)/torsion H,(X, Z)/torsion is surjective (he assumed X is
compact), which implies Theorem 3.1 in this case.

(3) Any mapping 7: S*— S* of degree zero will not induce an
injection ©*: H'(S", R) — H'(S", R).

In preparation for the proof of Theorems 8.1 and 3.2 we have
to introduce various resolutions of the sheaves whose cohomology
we are interested in. Let X be a complex manifold, let &%? be
the sheaf of germs of C= (p, q¢)-forms on X, let %’ be the sheaf
of germs of currents of type (p, ¢), and let 2% be the sheaf of germs
of holomorphic p-forms on X. It is well known that there are
resolutions

)
|

0— 0% — &3 — &3 gyt —
3.1) lz‘d li li ~

0—— 0 —> P P
T2 Cf. e.g., Weil [18] or Wells [19].

|
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where the vertical maps ¢ in (3.1) are the natural injections of
smooth (p, 9)-forms into currents of type (p, ) (see Serre [16]). Let
?
_ Ker (g3/(X) — £3"'(X))
F]
Im (2% (X) — &574(X))
q
Hoo(X) = Ker (2 %1(X) '—; ¢ % X))
Im (2 %(X) — Z (X))

Hz

(3.2)

be the Dolbeault groups on X with smooth and distribution coef-
ficients, respectively. It follows that the injections ¢ in (3.1) induce
an isomorphism

H2(X0) — H24(X)

(3.3) N ///

H'(X, 2%) ,

since the resolutions in (8.1) are fine resolutions.

Similarly if X is a real differentiable manifold, we let &% be
the sheaf of real-valued differential forms of degree 7, and let 9%
be the sheaf of currents on X of degree r. Then we have the (de
Rham) resolutions

d d
0 R £S" &k &%

(3.4) J’id ; l’“ lz

d d
0 R 7y Ty % > e

Consequently, if we let

d 1
Hi(x) = Ker(£7(X) — gr(X))
Im (£7(X) — £7(X))
d 1
Hr(x) = Ker (%’(X)—dn%/” X))
Im (7" H(X) — % "(X))

(3.5)

then we have the diagram
1%
Hi(X)— H%(X)

(3.6) AN //

H'(X, R),

in analogy with (3.3), since (3.4) is a fine resolution of the constant
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sheaf R. Note that the mappings ¢ in (3.1) and (3.4) are injections,
whereas 7, in (3.3) and (3.6) are isomorphisms at the cohomology level.

Proof of Theorem 3.1. We consider first part (a). Using (2.5)
and (3.3) we obtain the diagram

Hzo(X) —* Hz2(X)
(3.7) Irz* jn*
H2o(X) — H2(X),

using the fact that 7*6 = 97* and by duality n,0 = +0dr,, depend-
ing on the degree. By Lemma 2.1 we have that i = m,in*, where
p is the degree of the mapping 7. Moreover, 5* and 7, are iso-
morphisms by (3.3). From this it follows immediately that z* is an
injection. Namely, if 7*¢ = 0, then m,7,7*¢ = pi& =0, and since
¢+ 0, and 7, is injective, it follows that & = 0.

To prove (b) we proceed in exactly the same manner using
Lemma 2.2 and (3.6), noting that n*d = dz*, and dz, = *7.d as
before.

To prove part (c) we tensor the resolutions (3.1) with <7 ,(E),
the sheaf of holomorphic sections of the given holomorphic vector
bundle, obtaining

0— 2 Q. PAE) — &2 Q. PulE) = &V Q. & (B) —>
(3.7 1id 1@' ~ li
0— % Qo P(B)— T3 Q. Pr(B) —— Y @y F1(E) —
where we note that

QUE) = Ox(N THX) @ B) = 24 @, Z+(E) .

Thus (3.7) gives both C~ and current resolutions of the sheaf 2°(E)
of E-valued holomorphic p-forms. By writing down the FE-valued
analogue of (3.3) and using Lemma 2.2 as in the proof of part (a)
above, part (c) follows immediately. We omit further details.

4. Kihler and symplectic manifolds. Let Y be an even dimen-
sional differentiable manifold of dimension 2%. If there is a differen-
tial form we &*Y) satisfying

@) dow=20

b)) oN---Aw#0o0nY

n factors
then we say that Y is a symplectic manifold and w is called the
symplectic form on Y. Note that a symplectic manifold is necessarily
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even dimensional (per definition) and orientable. For simplicity we let

a)":w/\.../\w,
k factors

and thus o is a volume element on Y. Suppose now that X is a
Kahler manifold with Kihler form . Then the pair (X, ) is a
symplectic manifold (ignoring the complex structure). Recall that
 is a d-closed form of type (1, 1) on X such that in local coordinates

=" > 9.6(2)d2.0Z5
2 ap

where the coefficient matrix (g.;) is a2 Hermitian symmetric positive
definite matrix. Moreover w is real, i.e., w = @, and it is the imag-
inary part of an Hermitian metric on X (cf. [18], [19]).

We would like to generalize the results in §3 to proper surjective
mappings of complex or differentiable manifolds where the fibres are
no longer discrete, but are (generically) submanifolds of higher dimen-
sion. As we shall see by simple examples later on this is not always
possible, but by restricting our attention to mappings of Kihler or
symplectic manifolds, we get the same class of results.

THEOREM 4.1. Let m: X — X be a proper surjective mapping of
complex manifolds. Assume that X is Kdahler, then the following
induced mappings on cohomology are imjections:

(a) =*: H(X, 23) — H'(X, 2%),

(b) =*: H(X, C)— H"(X, C),

(© =* HY(X, 03(B)) — H(X, Q%z*E)),
for a holomorphic vector bundle E —X.

Since every projective algebraic manifold is Kahler we have as
a consequence.

COROLLARY 4.2. Let m: X— X be a surjective holomorphic map-
ping of (compact) projective algebraic manifolds; then the conclusions
of Theorem 4.1 hold, in particular

b(X) = b(X),
hP(X) < hro(X) .

REMARK. At the end of this section we give an example of a
proper surjective holomorphic mapping 7: X — X where X is not
Kihler and such that n*: H(X, 23) — H*(X, 2%) is not injective.
This shows that some hypothesis such as the Kdhler assumption used
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above is necessary to get such a strong conclusion.

To prove these theorems we need an appropriate analogue of
Lemma 2.1 in conjunction with the resolutions used before. However,
note that in diagram (2.5) the mapping 7, does not carry currents
of type (p, q) to currents of type (p, ¢) if X and X do not have the
same dimension. This is the problem when dim X > dim X, and it
is at precisely this point that the Kahler (or symplectic) form will
play a role. Since there is no difference in general between the
Kahler and symplectic cases we will consider the Kahler case in
detail first, and later on consider the modification necessary for the
proof of Theorem 4.3.

Proof of Theorem 4.1. Suppose m: X — X is a proper surjective
holomorphic mapping and ® is a Kahler form on X. Suppose dim, X =
m = n + d, where n = dim.X, and suppose that d > 0. Then it is
easy to check that the induced mapping on currents (induced by
duality from the mapping 7* on forms) is of the form

Tyt FPHH(K) — (X)) .

Moreover, 7,0 = +or,, depending on degree. We want to define
a mapping

(4.1) 71 %" Y(X) — 2 Y(X)

to play the role of n, in (2.5). We first note that one can form
the wedge product of a smooth form and a current, obtaining a new
current. (cf. de Rham [5]). In particular, we can form the product
T A o?, for Te 227%X),i.e., the action of T A ®* on forms with
compact support is given by

(TN @ ) =T, @* A ), ye 2"""7(X).
In particular T A w?e % ?t+4+4(X). Thus we let
o(T) = 7 (T N\ @)
and the mapping (4.1) is well defined. We now have the diagram
&2 (X s 7 X)
(4.2) [n* J
&7 9(X) — 77 9X)
and the following lemma concerning the commutativity of (4.2).

LEMMA 4.4. There exists a constant tt > 0 such that
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i = TiT* .

We will prove this lemma below. To complete the proof of Theorem
4.1(a) we note first that 7* and 7 commute (up to sign depending
on the degree) with 6. Namely for ¢ we have

(1)) = 0@ (T N ) = =7 (3(T N @)
= xm,0T N 0) = £70T),

since dw = 0w = 0. Thus we have the induced diagram on cohomology

He/(X) —* H2/(X)

H(X) = H2o(X)

and by Lemma 4.4 we see that pi, = n*i,z. Thus it follows as
before that z* is injective.

The proof of parts (b) and (c) are similar to the proof of parts
(b) and (c) for Theorem 3.1, with the same modification used here
given by the Kahler form and will be omitted.

Proof of Lemma 4.4. To prove Lemma 4.4 it suffices to show
that there exists a constant g > 0 so that

|70 Ao =l 7,

for any 7€ &*"(X) (cf. the proof of Lemma 2.1). Once again we
let S be the set of points where 7 has less than maximal rank, and
let 7(S) = S. By using Sard’s lemma again it suffices to show that
(cf. the proof of Lemma 2.3)

S~ Jt*(v)/\wd:;zg 7.

X—8 X —~8

Now it is well known that 7: X — S— X — S is a differentiable
fibre bundle (cf. Kodaira-Spencer [13-III], Wells [19]), which is
proven by introducing a Riemannian metric on X — S and integrating
an appropriate system of ordinary differential equations. Let Y=
X— S and Y = X—S. Suppose for simplicity Y is a product manifold
(locally it is since it is a fibre bundle), i.e., Y=Y x M, and m: Y x
M—Y is projection on the first factor, where M is a compact
differentiable manifold of real dimension 2d. Then we see that we
have to compute

SYXMH*O(y) N 0y, m),
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where we let (y, m) denote the dependence on the two factors Y x
M. Of course 7*(n)(y) does not depend on the second factor. Then
by Fubini’s theorem we see that

@y | wwnewm =[] owm .

Now in the general case when Y is not necessarily a product we
let {U,} be a locally finite covering of Y so that 7= '(U,) is diffeo-
morphic to U, x M, where M = n~'(y,) for some fixed y,¢ Y. (We
may assume without loss of generality that Y is connected.) Let
{0} be a partition of unity subordinate to {U,}, and then we may
write

Jmrnet=3l_,, Foane

49 =3, 1., o oo
(4-5) - Sy[ix_lma)d:lﬁ(y) ’

where (4.4) follows as an application of (4.3), using the fibre pre-
serving diffeomorphism 7 '(U,) = U, x M. Thus the lemma will
follow if we can show that

(4.6) S,ﬂ(y,‘“d = f(v)

is a constant positive function on Y. Clearly f(y) > 0 for all y since
f(y) is the volume of 7 '(y) with respect to the volume element
®?|,-1,. Now w? is a current of type (d, d) on Y, and thus 7,@? is
a current of type (0, 0) on Y, moreover since dr, = 7,d, and dw? =
0, we see that dz,w? = 0, which implies by the regularity theorem
for currents (cf. the resolution of R given by (3.4)) that 7.w® is a
constant. We claim now that w,w? is simply the function f(y),
gives by (4.6), considered as a current, and this will finish the proof
of the lemma. If ¢+e¢ 2™%(Y), then

e, vy = |0t A7y,
=| rovw,

as we saw above in (4.5) and therefore 7,w? as a current agrees
with the function f(y). Thus f(y) must be constant.

We can generalize Theorem 4.1 to the differentiable category.
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Let 7: Y —Y be a proper surjective differentiable mapping of orien-
table even dimensional manifolds, where we assume that ¥ is sym-
plectic with symplectic form w. Suppose that 2d = dim ¥ — dimY >
0, and then consider ¢ = m,(w?) e 22°(Y). Then as before, ¢ will
be constant on the components of Y, and we call ¢ the symplectic
degree of the mapping 7 (which depends on the choice of symplectic
form w).

THEOREM 4.3. Let 7: Y — Y be a proper surjective differentiable
mapping, where ¥ and Y are even dimensional orientable manifolds,
and 7 has nonzero symplectic degree. Then the imduced mapping
on de Rham cohomology

x*: H(Y, R)—> H"(Y, R)

18 an injectjon. In particular, if Y and ¥ are compact, then
br( Y) é br( Y)'

The proof of Theorem 4.3 now follows in exactly the same
manner as the proof of Theorem 4.1 using the symplectic form
instead of the Kidhler form. We omit further details.

REMARK. Theorem 4.3 is clearly false without an additional
assumption (such as ¥ is symplectic) as the Hopf fibration 7: S* — S*
clearly does not induce an injection on de Rham cohomology.

We would now like to give an example of a proper surjective
holomorphic mapping of complex manifolds 7: X — X, where the
conclusion of Theorem 4.1 is not valid. This will show that an
additional assumption (such as X being Kihler in Theorem 4.1) is
necessary to conclude injection for the induced cohomology groups.
Our example will be a Hopf surface X which is mapped surjectively
onto P,(C).

Explicitly, consider C* — {0}, and let I" be the discrete group of
automorphisms of C* — {0} defined by 7(z, 2,) = (e™z, ¢™z,), me Z.
Thus I" = Z, and if we let X = (C* — {0})/I" be the quotient space,
and 7,: C* — {0} — X be the quotient mapping, then X is a compact
complex manifold which is diffeomorphic to S* x S®. This is one of
the simplest examples of a compact complex manifold which is not
Kihler (since b,(X) = 1) and is due to Hopf (cf. [12], [19]). Consider
the diagram

C: — {0} =5 P,

2

X
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where 7, is the usual projection of C* — {0} onto P(=P(C)). Then
the action of the group I" commutes with 7, and thus 7, induces the
mapping 7: X — P,. Now A" (P) =1, and we will have our desired
example if we can show that A“(X) = 0. This we will do now in
several steps. First we will compute the other Hodge numbers for
X (following Kodaira [11]). We note first that A*%(X) < by(X) for
any compact (complex) surface, and since b(X) =0, we have Ar**(X)
(= p,(X), the geometric genus) = 0. Thus X is an elliptic surface
in Kodaira’s class VII, (Kodaira [11]). Noether’s formula for a com-
pact surface is®

12(h** — B** + 1) = S ¢+ e,
X

where ¢, and ¢, are the Chern classes of X (considered as differential
forms in the de Rham group, for instance). Since H¥X, C) =0, we

have ¢ = 0. Since X = S' x S it follows that S 6= 1X) = 0 (the
X

Euler characteristic). Consequently, we obtain that A** = 1. Then

we have the Hodge numbers for X (using Serre duality)

hz,o — ho,z — hl,O — h1,2 =0
(4'7) ho,l — h2.1 — h0.0 — h2,2 — 1 .

We remark that any elliptic surface in Kodaira’s class VII, has the
same Hodge numbers as in (4.7).
Frohlicher proved in [7] that for any compact complex manifold X

(4.8) 2, (=17 (X) = 1(X) .

Using the Hodge numbers from (4.7), along with the fact that the
%(X) = 0 vanishes, we obtain easily from (4.8) that h"(X) =0 (cf.
Kodaira-Spencer [13-II]).

Thus, in summary, we have that

7: X — P,(C)

is a surjective holomorphic mapping of compact complex manifolds
which does not induce an injection on the induced mapping

T HI(PM Qk’l) - HI(X’ ‘QI}) ’
since A"(X) =0, and A*(P) = 1.
REMARK. We want to mention one reason why the need for a

3 Cf. Kodaira ]11]; this is a consequence of the Atiyah-Singer-Hirzebruch-Rieman-
Roch Theorem.
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Kahler metric disappears in Theorem 4.1 as soon as the fibre dimension
becomes zero. Namely, the crucial ingredient in the proof of Theorem
4.1 is the fibre integral (4.6)

=\ o

==1(y)

The function f(y) is the volume of the fibre 7w '(y) with respect to
the metric @ given on X. The Kihler assumption dw = 0 insures
that the fibres all have the same volume. In the case of zero dimen-
sional fibres, the volume f(y) is merely the number of points in the
inverse image (the degree of the mapping) which is also constant
and independent of any metric on X.
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